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ANTI FUZZY K-IDEALS OF ORDERED SEMIRINGS

M. MURALI KRISHNA RAO

ABSTRACT. In this paper we introduce the notion of anti fuzzy ideals, anti fuzzy k—ideals
of ordered semirings and we study the properties of anti fuzzy ideals, anti fuzzy k—ideals,
homomorphic and anti homomorphic image and pre-image of fuzzy ideals, anti fuzzy
ideals and anti fuzzy k—ideals of an ordered semiring. We characterize the ideals of an
ordered semiring in terms of anti fuzzy k—ideals.

1. INTRODUCTION

The notion of a semiring was introduced by Vandiver [21]] in 1934. Semiring is a well
known universal algebra. A universal algebra (S, +, -) is called a semiring if and only if
(S,+), (S, -) are semigroups which are connected by distributive laws, i.e.,a(b + ¢) =
ab+ ac, (a+b)e = ac+ be, forall a,b,c € S. Though semiring is a generalization of a
ring, ideals of semiring do not coincide with ring ideals. For example an ideal of semiring
need not be the kernel of some semiring homomorphism. To solve this problem Herniksen
[5] defined k—ideals and lizuka [[10] defined h—ideals in semirings to obtain analogous of
ring results for semiring. Semiring have been used for studying optimization theory, graph
theory, matrices, determinants, theory of automata, coding theory, analysis of computer
programmes, etc.

The notion of a I'-ring was introduced by Nobusawa as a generalization of ring in 1964.
Sen [19] introduced the notion of I'- semigroup in 1981. The notion of a ternary algebraic
system was introduced by Lehmer in 1932, Lister introduced ternary ring. In 1995, Murali
Krishna Rao [16] introduced the notion of a I'- semiring which is a generalization of I'-
ring, ternary semiring and semiring. The fuzzy set theory was developed by Zadeh [22]
in 1965. The fuzzification of an algebraic structures was introduced by Rosenfeld [20]
in 1971. Biswas [4] introduced the concept of anti fuzzy subgroups. Kim and Jun [12]
introduced the concept of anti fuzzy ideals in near rings. Mandal [15] studied fuzzy ideals
and fuzzy interior ideals in an ordered I"'—semiring. Biswas [4]] introduced the concept of
an anti fuzzy subgroup of a group and studied the basic properties of a group in terms of
anti fuzzy subgroups. Akram and Dar [2] defined anti fuzzy h—ideals in hemirings and
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discussed basic properties. Fuzzy sets in ordered semigroups were first studied by Kehay-
opulu and Tsingelis [11]. Hong and Jun [9] defined anti fuzzy ideal of a BCK-algebra.
In this paper, we introduce the notion of anti fuzzy ideals, anti fuzzy k—ideals of ordered
semirings and we study the properties of anti fuzzy ideals, anti fuzzy k—ideals, homomor-
phic and anti homomorphic image and pre-image of fuzzy ideals, anti fuzzy ideals and anti
fuzzy k—ideals of an ordered semiring.

2. PRELIMINARIES

In this section we will recall some of the fundamental concepts and definitions, which
are necessary for this paper.

Definition 2.1. [1]] A set S together with two associative binary operations called addition
and multiplication (denoted by + and - respectively) will be called a semiring provided
(i) addition is a commutative operation.
(i) multiplication distributes over addition both from the left and from the right.
(iii) there exists 0 € Ssuchthatz +0=zandx-0=0-2 =0, forallz € S.

Definition 2.2. [1] A function f : R — M where R and M are semirings is said to
be semiring homomorphism if f(a + b) = f(a) + f(b) and f(ab) = f(a)f(b), for all
a,b € R.

Definition 2.3. [22]] Let M be a non-empty set. Then a mapping f : M — [0, 1] is called
a fuzzy subset of M.

Definition 2.4. [22]] Let f be a fuzzy subset of a non-empty set M. For ¢ € [0, 1], the set
fi={x e M | f(x)>t}iscalled alevel subset of M with respect to f.

Definition 2.5. [5] Let M be a semiring. A fuzzy subset p of M is said to be fuzzy
subsemiring of M if it satisfies the following conditions

(1) p(x +y) = min {p(@), p(y)}

(i1) p(zy) > min {p(z), p(y)}, forall z,y € M.

Definition 2.6. [3]] A fuzzy subset i of a semiring M is called a fuzzy left (right) ideal of
M 1if it satisfies the following conditions

(1) p(x +y) = min{u(z), p(y)}

(i) ply) > ply) (u(e)), for all 2,y € M.

Definition 2.7. [5] A fuzzy subset i of a semiring M is called a fuzzy ideal of M if it
satisfies the following conditions

(1) p(x +y) = min{u(z), u(y)}

(#) p(zy) > maz {p(z), u(y)}, forall z,y € M.

Definition 2.8. [5] Anideal I of a semiring M is called a k—ideal if forall x,y € M, z+
yel,yel=xecl

Definition 2.9. [5] Let f and g be fuzzy subsets of semiring M. Then fog, f+ g, f U
g, f N g, are defined by

Fogls) = { ngf;{mm‘{f(:v%g(y)}}, 4 gle) = { Zﬁggy{mZﬁ{f(x),g(y)}},
0, otherwise. 0, otherwise
fUg(z) =max{f(z),9(2)}: fNg(z) =min{f(2),9(z)}
x,y € M, forall z € M.
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Definition 2.10. [5] Let A be a non-empty subset of M. The characteristic function of A
is a fuzzy subset of M, defined by

() = 1, ifx € A
TZ 0, ifee A

Definition 2.11. [15] A semiring M is called an ordered semiring if it admits a compatible
relation < . i.e. < is a partial ordering on M satisfies the following conditions. If a < b
and ¢ < d then

(1) a+c<b+d (i) ac < bd (iii) ca < db, for all a,b,c,d € M.

Example 2.12. Let M = [0, 1], +, - binary operations be defined as x+y = max{z, y}, z-
y = min{z, y} for all 2,y € M. Then M is an ordered semiring with respect to usual or-
dering.

Definition 2.13. [15] Let M be an ordered semiring and A be a non-empty subset of M.
A is called a subsemiring of an ordered semiring M if A is a sub-semigroup of (M, +)
and AA C A.

Definition 2.14. [15] Let M be an ordered semiring. A non-empty subset A of M is
called a left (right) ideal of an ordered semiring M if A is closed under addition and
MACA(AM C A) andforany a € M,b € A,a < bthena € A. A is called an ideal
of M if it is both a left ideal and a right ideal.

Definition 2.15. [15] Let M be an ordered semiring. A fuzzy subset p of M is called a
fuzzy subsemiring of M if

() p(z +y) = min{pu(e), p(y)} Qi) plzy) = min{p(x), wly)}
(i) = <y = p(r) > ply), forallz,y € M.

Definition 2.16. [15] Let i be a non-empty fuzzy subset of an ordered semiring M. Then
1 1s called a fuzzy left (right) ideal of M if

@)z +y) > min{p(x), u(y)} () pley) > ply) (p())
(iil) = <y = p(z) > uly), forallz,y € M.

Definition 2.17. [15] Let a function ¢ : M — N be a (anti) homomorphism of ordered
semirings M, N and p be a fuzzy subset of M. Then p is said to be ¢ homomorphism
invariant if ¢(a) = ¢(b) then p(a) = p(b), fora,b € M.

3. ANTI FUZZY IDEAL AND ANTI FUZZY K-IDEAL OF ORDERED SEMIRINGS

In this section we introduce the notion of anti fuzzy ideals and anti fuzzy k—ideals of
ordered semirings and study some of their properties. Through out this section M is an
ordered semiring we mean M is an ordered semiring with zero 0.

Definition 3.1. A fuzzy subset i of an ordered semiring M is called an anti fuzzy left(right)
ideal of M if it satisfies p(z+y) < maz{u(z), u(y)}, pley) < ply) (ulzy) < p(z)), forallz,y €
M,and z < y = p(x) < p(y).

Definition 3.2. A fuzzy subset i of an ordered semiring M is called an anti fuzzy ideal of
M if p is both an anti fuzzy left ideal and an anti fuzzy right ideal of M.

Definition 3.3. Let M be an ordered semiring. An anti fuzzy ideal x of M is said to be an
anti fuzzy-k—ideal of M if p(x) < max{p(z +y), u(y)}, foral z,y € M.
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Example 3.4. Let M be the set of all non negative integers. +, - binary operations defined
by usual addition and usual multiplication of integers Then M is an ordered semiring with
respect to usual ordering < .
L ifz=0;
Define p(z) = %, ifx €{2,4,6,---};
1, otherwise.

for all z € M. Then p is an anti fuzzy k—ideal, of M.

Theorem 3.1. If i is a k—anti fuzzy ideal of an ordered semiring M then M, = {z | x €
M, p(x) = 0} is either empty or a k—ideal of an ordered semiring M.

Proof. Suppose p is a k—anti fuzzy ideal of an ordered semiring M,
M, ={z |z e M, p(x) =0}, M, # ¢,z,y € M,. Then

w(x) =0, u(y) = 0, u(x +y) < max{p(z), u(y)} =0
=u(z+y) =0.
Therefore x +y € M,,.
Nowzxz € M,,y € M

() = 0 and p(y) < minfu(), p(y)} = 0
=zy € M,.
Letx,x +y € M,
=u(@) =0,u(x+y) =0
=u(y) =0.
Therefore y € M,,. Hence M, is a k—ideal of an ordered semiring M.

Letz € M,y € M, and 2 < y. Then p(z) < p(y) = 0 = p(x) = 0. Therefore
x € M,,. Hence the theorem. O

Definition 3.5. Let M be an ordered semiring. If p is an anti fuzzy-ideal of an ordered
semiring M, forany t € [0, 1], 1y is defined by iy = {2 € M | p(x) < t} then py is called
an anti level subset.

Theorem 3.2. Let i be an anti fuzzy ideal of an ordered semiring M. Then p is an anti
fuzzy k— ideal of M if and only if non-empty set s is a k—ideal of M, for any t € (0, 1].

Proof. Suppose u is an anti fuzzy ideal of an ordered semiring M. Let x,y € ;. Then
p(x) <t p(y) <t p(e+y) < max{p(z), w(y)} <t

=T+ Y E p.

p(xy) < minf{p(z), p(y)} <t

Lety,z +vy € p. Then pu(y) < t, p(x 4+ y) < t. Since u is an anti fuzzy k—ideal of
M. We have p(z) < max{u(z +y), n(y)} <t = px) <t =z € w.

Hence p; is a k—ideal of M. Suppose a € M,b € u; and a < b. Then p(a) < u(b) <
t = a € u;. Hence 4 is an ideal of an ordered semiring M.

Conversely suppose that y; is a k—ideal of an ordered semiring M, for any ¢ € (0, 1].
Let z,a € M and u(a) = t1, u(z 4+ a) = t2, putt = max{t1,t2}. Then a € p; and
x+a € . Since py is a k—ideal, we have x € p, therefore u(z) < max{u(z+a), u(a)}
for all z,a € M. Hence p is an anti fuzzy k—ideal of an ordered semiring M.

Let z,y € M and = < y. Suppose u(x) > u(y) = t, (say). Theny € py and = & py.
This is a contradiction to the fact y; is an ideal of ordered semiring M, for all ¢ € [0, 1].
Therefore pu(x) < p(y). Hence p is an anti fuzzy k—ideal of an ordered semiring M. [
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Theorem 3.3. Let p be a fuzzy subset of an ordered semiring M. p is an anti fuzzy k—ideal
of M if and only if u° is a fuzzy k—ideal of M.

Proof. Let M be an ordered semiring and y be an anti fuzzy k—ideal of M and z,y € M.

pix+y)=1-pe+y) =1 —-max{p(x),u(y)} = mn{l - u(x),1 - pu(y)}

= min{u(z), u°(y)}
pé(zy) =1 — play) = max{p(z), u°(y)}-
Therefore 1€ is a fuzzy ideal of M.
pé(@) =1—p(x) 21— max{u(z +y), u(y)} = min{l — p(z +y),1 - py)}
= min{x“(z +y), n°(y)}.
Suppose z < yand x,y € M.

=pf(x) = p(y).
Hence 1€ is a fuzzy k—ideal of an ordered semiring M.
Conversely suppose that 1€ is a fuzzy k—ideal of an ordered semiring M. Let x,y € M.

Wz +y)=1—p(z+y) <1-min{p(z), p(y)} = max{p(z), u(y)}
wzy) =1 - p(zy) < 1—max{p(x), u°(y)} = min{p(x), u(y)}.
Therefore p is an anti fuzzy ideal of an ordered semiring M.
pw(x) =1 —pf(x) <1—min{p(z +y), n(y)} = max{l — p(x +y), 1 — pu(y)}
= max{u(z +y), u(y)}
Letx,y € M and x < y.

=pu(z) > p(y)
=pu(r) < py).

Hence p is an anti fuzzy k—ideal of an ordered semiring M. O

Theorem 3.4. Let A be a non-empty subset of an ordered semiring M, t € [0,1) and a
fuzzy subset u of M such that
t, ifreA
way={ 5 ¥

1, ifz¢ A

Then p is an anti fuzzy ideal of an ordered semiring M if and only if u; = A is an ideal
of an ordered semiring M.

Proof. Suppose p is an anti fuzzy ideal of an ordered semiring M and z,y € A.
Then p(x) = ¢, p(y) =t, p(z+y) <max{u(z), w(y)t =t = plz+y) =t =r+y €
A p(ay) < min{p(z), u(y)} =t = a2y € A.
Letx € M,y € Aand z < y. Then u(x) < p(y) =t, since y € A.
Therefore x € A. Hence puy = A is an ideal of M.
Conversely, let A be an ideal of M.

case(i) If z,y € A,z +y,zy € A = p(zy) = 1.
Then pu(z + y) < max{u(z), u(y)}, p(zy) < minfu(z), u(y)}-
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case(ii) f z € Ay ¢ Ajx+y & Ajzy € A = plx) = t,uly) = Liple +y) =
1, u(xy) = t. Then
p(x +y) < max{p(x), u(y)}, pley) < min{u(z), u(y)}-
case(iii) fx € A,y ¢ A, x+y ¢ A= plx) =t,uly) =Lpur+y =lzye A=
p(zy) = t. Then
p(z +y) < max{p(z), n(y)}, plzy) < min{u(z),
case(iv) If y € Ajx ¢ Ajzy € Aandz +y ¢ A = u(x)
t, u(zy) = 1. Then
p(x +y) < max{p(@), n(y)}, pley) < min{p(@), w(y)}-

Suppose x,y € M and z < y. We can show p(z) < u(y).
Therefore p is an anti fuzzy ideal of the ordered semiring M. (]

w(y)}-
=1Luly) = t,ulx+y) =

Corollary 3.5. I is an ideal of an ordered semiring M if and only if x 1 is a fuzzy ideal of
an ordered semiring M.

Lemma 3.6. If i1 is an anti fuzzy ideal of an ordered semiring M and pu(x+y) = 1,x,y €
M then p(z) = 1 or u(y) = 1.

Proof. Suppose 1 is an anti fuzzy ideal of an ordered semiring M, z,y € M and u(x +

y) = L op(z +y) < max{u(),u(y)} = 1 < max{u(z),u(y)} = w(@) = Lor
u(y) = 1. O

Theorem 3.7. If f and g be anti fuzzy k—ideals of an ordered semiring M then f N g is
also an anti fuzzy k—ideal of an ordered semiring M.

Proof. Suppose f and g are anti fuzzy k—ideals of the ordered semiring M and z,y € M.
fngle+y)=min{f(z+y)g(z+y)}
< min{max{f(z), f(y)}, max{g(z), 9(y)}}
= max{min{f (), g(x)}, min{f(y), g(y) }}
= max{f Ng(z), f Ng(y}

fNg(zy) = min{f(zy), g(zy)}

< min{min{f (), f(y)}, min{g(2), g(y) }}
= min{min{f(z), g(x)}, min{f(y), g(y) }}
=min{f Ng(z), f Ng(y}

fNg(z) =min{f(z),g(z)}
< min{max{f(z +y), f(y)}, max{g(z +y), 9(y) }}
= max{min{f(z + y), g(z + y) }, min{ f(v), g(y) } }
=min{f Ng(z), fNg(y)}

Suppose z,y € M and z < y.

=f(z) < f(y) and g(z) < g(y).

fNg(z) =min{f(z),g(z)}
< min{f(y),9(y)}
= fng(y).

Hence f N g is also an anti fuzzy k—ideal of the ordered semiring M. g
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Theorem 3.8. If f and g are anti fuzzy k—ideals of an ordered semiring M then f U g is
also an anti fuzzy k—ideal of an ordered semiring M.

Proof. Let f and g be anti fuzzy k—ideals of the ordered semiring M and z,y € M.
fUugle+y) =max{f(z+y),g9(z+y)}
< max{max{f(z), f(y)}, max{g(z), g(y)}}
= max{max{f(z), g(z)}, max{f(y), g(y)}}
= max{fUg(z), fUg(y)}

fUg(zy) = max{f(zy),g(zy)}
< max{min{f(z), f(y)}, min{g(z), 9(y)}}
= min{max{ f(z), g(z)}, max{f(y),g(y)}}
=min{fUg(z), fUg(y)}

fUg(x) = max{f(x),g(z)}
> max{max{f(z +y), f(y)}, max{g(z + y), g(y) }}
= max{max{f(z +y),g(z + y)}, max{f(y),9(y) }}
= max{f Ug(z+y), fUg(y)}.
Suppose z,y € M and z < y.
=f(x) < f(y) and g(z) < g(y).
fU g(2) = max{ f(x), g(x)}
< max{f(y), 9(y)}
= fUgy).
Hence f U g is also an anti fuzzy k—ideal of the ordered semiring M. g

Definition 3.6. An anti fuzzy k—ideal p of an ordered semiring M is said to be a normal
if u(0)=0

Theorem 3.9. Let p1 be an anti fuzzy k—ideal of an ordered semiring M. If u™ be a fuzzy
subset of M is defined by u* (x) = u(z) — u(0) for all x € M then p* is a normal anti
fuzzy k—ideal of M and u* C p.

Proof. Let ;1 be an anti fuzzy k—ideal of the ordered semiring M and ;1 be a fuzzy subset
of M, defined by u* () = pu(z) — pu(0) for all z € M. For any z,y € M

pt(x+y) = plx +y) — p(0)

max{u(x), p(y)} — p(0)

= max{yu(z) — p(0), u(y) — n(0)}
max{p*(z), 1" (y)}

pt (zy) = p(zy) — p(0)
< min{pu(x), u(y)} — 1(0)
= min{p(x) — (0), u(y) — 1(0)}
= min{p"(z), ut (y)}

IN
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We have p(z) < max{u(z +y), u(y}

=) — p(0) < max{p(z +y) — p(0), u(y) — n(0)}

= (2) < max{p" (z +y), n* ()}

pt(x) = p(x) — u(0)
=ut(0)=0
Suppose z,y € M and x < y.
(z) < pu(y), since p is an anti fuzzy k—ideal
() = p(0) < ply) — p(0)
=pt(z) < p'(y).

Hence p is an anti fuzzy k—ideal of M. Clearly u contains u™ and p™ is a normal anti

fuzzy k—ideal of M. Let u be a fuzzy subset of M and a € M. Then the set {b € M |
w(b) < u(a)} is denoted by I,. O

=
=

Theorem 3.10. Let 1 be an anti fuzzy k—left ideal of an ordered semiring M. If a € M
then I, is a left k—ideal of an ordered semiring M.

Proof. Let p be an anti fuzzy k—ideal of the ordered semiring M and a € M. We have
w#(0) < p(z) for all x € M. Therefore 0 € I,. Let b,c € I,. Then u(b) < p(a) and

pu(e) < pla).
(b + ¢) < max{u(b), u(c)}
< max{u(a), p(a)}
= p(a).
Then b+ ¢ € I,,. Suppose b € I,,c € M. Then p(b) < p(a). Now p(cb) < u(b) < p(a).
Therefore ¢b € I,.
Suppose z € M,y € I, and < y. Then pu(y) < p(a) and p(z) < p(y) = wplx) <
w(y) < u(a). Therefore z € I,.
Suppose x € I, and x +y € I,.
= p(x) < pla), p(x +y) < p(a)

= pu(y) < max{u(z +y), p(z)} < pla)
= y € I,. Hence I, is a left k—ideal of the ordered semiring M. O

Corollary 3.11. Let i be an anti fuzzy right k—ideal of an ordered semiring M and a €
M. Then 1, is a right k—ideal of an ordered semiring M.

Corollary 3.12. Let i be an anti fuzzy k—ideal of an ordered semiring M and a € M.
Then 1, is a k—ideal of an ordered semiring M.

Definition 3.7. A family of fuzzy subsets {y; | ¢ € I} of an ordered semiring M, then

\/ wiis defined by \/ p;(x) = sup{ui(z) |i € I}, forallz € M.
i€l iel

Theorem 3.13. If {y; | i € I} is a family of anti fuzzy ideals of an ordered semiring M

then \/ p; is an anti fuzzy ideal of an ordered semiring M.
el
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Proof. Let {u; | @ € I} be a family of anti fuzzy ideals of the ordered semiring M and
x,y € M. Then we have,

(\/ .Ui) (z+y) =sup{pi(z+y) | iel}
i€l
< sup{max{p;i(z), pi(y)} i € I}
= max{sup (), sup 11;(y) }
i€l i€l
= max { \/ pi(), \/ Mz‘(y)}
el el

(\/ Mz‘) (wy) = sup{pi(wy) | i € T}

icl

IN

sup{min{u;(z)u;(y)} |1 € I}
= min{sig) i), SUp 1 ()}

= min {\/ pi(z), \/ Mz‘(y)} .
iel iel
Suppose x,y € M and x < y.Then
wi(z) < pi(y), foralli e T
= \/ pi(x) < \/ 13 (y)-
iel iel

Hence \/ p; is an anti fuzzy ideal of M. O
i€l

Definition 3.8. Let p be a fuzzy subset of X and o € [0,1 — sup{p(z) | x € X}] The
mapping pL : X — [0, 1] is called a fuzzy translation of j if

pd () = p(x) + o

Definition 3.9. Let 1 be a fuzzy subset of X and 5 € [0, 1]. Then mapping
Mi‘f : X — [0, 1] is called a fuzzy multiplication of y if ,ué” (x) = Bu(x).

Definition 3.10. Let y be a fuzzy subset of X and o € [0,1 — sup{pu(z) |z € X}], B €

[0, 1]. Then mapping ué‘/fg : X — [0, 1] is called a magnified translation of y if ug/[g x)

Bu(x) + a, forall z € X.

Theorem 3.14. A fuzzy subset y is an anti fuzzy k—ideal of an ordered semiring M if and
only if uX is an anti fuzzy k—ideal of an ordered semiring M
Proof. Suppose p is an anti fuzzy k—ideal of the ordered semiring M and x,y € M.
pol(e+y) = ple+y) +a
< max{u(x), u(y)} + o
= max{pu(z) + a, uy) + a}
= max{pg (2), & (4)}
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pa (zy) = play) +
< min{u(z), u(y)} + o
— min{pu(z) + o, ply) + o}
= min{y’, (z), u} (y)}

po () = p(z) + o
< max{p(z +y), u(y)} +a
= max{u(z +y) + o, u(y) + a}
= max{pug, (z +y), 1é, (v)}-
Let x < y.Then u(x) < p(y)
=pu(r) +a < puly) + o
=g (2) < pg ()-

Hence pZ is an anti fuzzy k—ideal of the ordered semiring M.
Conversely suppose that z. is an anti fuzzy k—ideal of the ordered semiring M, .,y €
M.

p(x+y) + o= pl(x+y)

< max{u, (x), 14, (y)}

= max{u(z) + a, p(y) + a}
(Y)} + o

= max{u(z), p
Therefore u(z + y) < max{u(z), u(y)}.

plwy) + o = pg, (wy)
< min{pg (), 0, ()}
= min{u(z) + o, u(y) + o}
= min{u(z), u(y)} + a
Therefore p(zy) < min{u(z), u(y)}.

@) +a = pg (o)
< max{pg (z +y), 1o ()}
= max{p(z +y) + o, u(y) + a}
= max{u(z +y), m(y)} + a
Therefore p(x) > min{u(x + y), p(y)}-
Let z < y.Then X (z) < uX (y).
=pu(r) +a < ply) +a
=pu(z) < p(y)-
Hence p is an anti fuzzy k—ideal of M. (]

Theorem 3.15. A fuzzy subset u is an anti fuzzy k—ideal of an ordered semiring M if and
only if ,uJBV[ is an anti fuzzy k—ideal of an ordered semiring M.
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Proof. Suppose p is an anti fuzzy k—ideal of the ordered semiring M and x,y € M. Then
ph (x+y) = Bulz +y)
< Bmax{pu(z), u(y)}
= max{Bu(x), Bu(y)}
= max{pj’ (2), u§' (y)}-

' (zy) = Bu(ay)
< Bmin{u(z), u(y)}
= min{Bu(x), Bu(y)}
= min{p} (x), uj' (y)}.

ph () = Bulw)
< fmax{pu(z +y), 1(y)}
= max{Bu(r +y), Bu(y)}
= max{uf’ (z +y), g (v)}-
Let © < y.Then pu(z) < p(y)
=pu(x) < Buly)
=g (2) < B uly)-
Hence ,u% is an anti fuzzy ideal of the ordered semiring M.

Conversely, suppose that ,u% is an anti fuzzy ideal of the ordered semiring M and
z,y € M. Then

pg' (x +y) < max{ud’ (x), ug' ()}
= Bulz +y) < max{Bu(z), Bu(y)}
= Bmax{p(z), p(y)}
Therefore pu(z + y) < max{u(x), u(y)}

pi (zy) < min{pf’ (2), pg' (y)}

= Bmin{u(z), u(y)}

Bu(zy) = Bmin{u(z), u(y)}
Therefore p(xy) = min{p(x), u(y)}.
M

g (x) < max{pg' (z +y), 1y (v)}
= max{fu(z +y), Bu(y)}
= Bmax{u(z +y), n(y)}
Bu(x) = Bmax{p(z +y), u(y)}
Therefore p(x) < max{u(z +y), u(y)}.
Let z < y.Then ,ug/[(a:) < ﬁé\/[,u(y)
=Bu(z) < Bu(y)
= (@) < p(y).
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Hence p is an anti fuzzy k—ideal of M. O

Theorem 3.16. A fuzzy subset u is an anti fuzzy k—ideal of an ordered semiring M if and

only U‘ug{f : X — [0, 1] is an anti fuzzy k—ideal of an ordered semiring M.

Proof. Suppose p is an anti fuzzy k—ideal of the ordered semiring M.

& pg' is an anti fuzzy k—ideal of M, by Theorem

& Mg{g is an anti fuzzy k—ideal of M, by Theorem 3.14

O

4. HOMOMORPHIC, ANTI HOMOMORPHIC IMAGE AND PRE-IMAGE OF FUZZY IDEALS
AND ANTI FUZZY IDEALS OF AN ORDERED SEMIRING

In this section the concept of an anti homomorphism of ordered semirings has been
introduced. The properties of homomorphic, anti homomorphic image and pre-image of
fuzzy ideals and anti fuzzy ideals of an ordered semiring are studied.

Definition 4.1. A function f : M — N where M and N are ordered semirings is called a
homomorphism of ordered semirings if
fla+b) = f(a)+ f(b), f(ab) = f(a)f(b) anda < b= f(a) < f(b), foralla,b € M.

Definition 4.2. A function f : M — N where M and NN are ordered semirings is called
an anti homomorphism of ordered semirings if
fla+b) = f(a)+ f(b), f(ab) = f(b)f(a) anda < b= f(a) < f(b), foralla,b € M.

Theorem 4.1. Let M and N be semirings and ¢ : M — N be an onto anti homomor-
phism. If { is a homomorphism ¢ invariant anti fuzzy ideal of M then ¢(f) is an anti fuzzy
ideal of N.

Proof. Let M and N be semirings and ¢ : M — N be an anti homomorphism and f be
a homomorphism ¢ invariant anti fuzzy ideal of M. If x = ¢(a) = ¢ 1(z) = a. Let

t € ¢~Y(z) then ¢(t) = x = ¢(a), since f is ¢ invariant, f(t) = f(a) = ¢(f)(x) =
inf f(t) = f(a). Hence ¢(f)(z) = f(a).

tep~ ()
Let x,y € N. Then there exist a,b € M such that

¢(a) =,¢(b) =y = ¢la+b) =z +y
= o(f)(z +y) = fla+b) = max{f(a), f(b)}
= max{¢(f)(x), ¢(f)(y)}
¢(f)(zy) = f(ba) = min{f(a), f(b)}
= min{¢(f) (), o(f) ()}
Let z < y. Then ¢(a) < ¢(b)
=f(a) = f(b)
=o(f)(@) = o(f) ().
Hence ¢(f) is an anti fuzzy ideal of N. O
Theorem 4.2. Let M and N be ordered semirings and ¢ : M — N be an onto homomor-

phism. If f is a homomorphism ¢ invariant anti fuzzy k—ideal of M then ¢(f) is an anti
fuzzy k—ideal of N.

Proof. Let M and N be ordered semirings, ¢ : M — N be an onto homomorphism, f be a
homomorphism ¢ invariant anti fuzzy ideal of M and a € M. Suppose € N,t € ¢~ *(z)
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and z = ¢(a). Thena € ¢~ (x) = ¢(t) = x = ¢(a), since f is a ¢ invariant,
f(t) = fla) = o(f)(x) = ed (t) = f(a). Hence ¢(f)(x) = f(a). Letz,y € N.
Then there exist a,b € M such that ¢(a z,6b) =y = dla+bd) =z +y =
} = min{o(f )( ), o(f)(y)}-
b

O(f)(@ +y) = f(a+b) < max{f(a ),f(b))
d(ab) =p(a)¢(b)
2y
of(zy) =f(ab)
<min{f(a), f(b)}
=min{¢(f(z)),o(f(y))-}

(
We have f(a) < max{f(a+b), f(B)} = 6(F)(x) = max{6(f)(x +1), 6(/)(y)}, for all
x,y € M. Hence ¢(f) is an anti fuzzy k— ideal of N. a

Theorem 4.3. Let f : M — N be a homomorphism of ordered semirings and n be an anti
Sfuzzy ideal of N. If n o f = u then p is an anti fuzzy ideal of M.

Proof. Let f : M — N be a homomorphism of ordered semirings, 7 be an anti fuzzy ideal
of Nyno f=pandz,y € M.

p(x +y) =n(f(z+y) =n(f(x)+ f(y))
< max{n(f(z)),n(f(y))}
max{pu(x), u(y)}
n(f(zy)) = n(f(x)f(y))
min{n(f(x)), n(f ()}
min{(z), p(y)}-
Suppose z,y € M and < y. Since f : M — N be a homomorphism, we have
f(z) < fy)
=n(f(z)) <n(f(y))
=p(x) < p(y)
Hence p is an anti fuzzy ideal of M. ]

8

pw(zy)

IA

Definition 4.3. Let M and N be two ordered semirings and f be a function from M into
N. If p is a fuzzy ideal of IV then the pre-image of i under f is the fuzzy subset of M,
defined by f~1(u)(z) = p(f(z)) for all z € M.

Theorem 4.4. Let f : M — N be an onto homomorphism of ordered semirings. If u is an
anti fuzzy k—ideal of N then f~1(u) is an anti fuzzy k—ideal of M.

Proof. Suppose f : M — N is an onto homomorphism of ordered semirings and y is an
anti fuzzy k—ideal of N and x1, x5 € M.
FH ) (1 + 22) = p(f(21 + 22) = w(f(z1) + f(z2))
< max{p(f(z1)), p(f(22))} = max{u(f~ (1)), p(f " (22))}
FH ) (@122) = p(f(2122)) < min{p(f(21)), n(f(22))}
min{p(f " (21)), u(f 7 (22))}
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SN ) (@) = p(f () < max{u(f(z+y)), n(f(y))}

= max{(f'u(z +v)), (f 'ulz +y))}, forz,y e M.
Letxi,20 € M and 1 < x5.

=f(z1) < f(22)

=u(f(z1)) < p(f(22))

=) (@) < FH ) (2).

Letz,y € M, and z < y.

=f(x) < f(y)

=u(f(2)) < pu(f(y)

=fH)(@) < FH()(y)
Hence f~*(p) is an anti fuzzy k—ideal of M. O
Theorem 4.5. Let f : M — N be an onto anti homomorphism of an ordered semirings

if n is a fuzzy left ideal of N and i is the pre-image of 1) under f. Then p is a fuzzy right
ideal of M.

Proof. Let f : M — N be an onto anti homomorphism of ordered semirings. If 7 is a
fuzzy left ideal of N, p is the pre-image of i under f, z,y € M.

ple+y) =n(f(z+y) =n(f(x)+ fly) = min{n(f(z)),n(f(y))}
= min{u(z), u(y)}
w(zy) = n(f(zy)) =n(fW)f(@) > n(f(z) = p).

Letz,y € Mandz < y.

Hence o is a fuzzy right ideal of M. (]

Corollary 4.6. Let f : M — N be an onto anti homomorphism of an ordered semirings.
if n is a fuzzy right ideal of N and i is the pre-image of 1 under f. Then y is a fuzzy left
ideal of M.

Corollary 4.7. Let f : M — N be an onto anti homomorphism of an ordered semirings.

if n is a fuzzy ideal of N and i is the pre-image of n under f. Then p is a fuzzy ideal of M.

Theorem 4.8. Let f : M — N be an onto anti homomorphism of ordered semirings. If u
is an anti fuzzy left k—ideal of N then f~'(p) is an anti fuzzy right k—ideal of M.

Proof. Let f : M — N be an onto anti homomorphism of ordered semirings, p be an anti
fuzzy left k—ideal of N and x1,x2,z,y € M.

S ) (e + 22) = p(f (21 + 22)) = p(f(21) + f(22))
< max{p(f(x1)), n(f(x2))}
= max{f () (z1), (1) (z2)}
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fﬁl(ﬂ)(ﬂflxz) p(f (@122)) = p(f (22) f(21))
(f(ffl))
() (1)
7 () = ( (#)) < max{u(f(z+y)),u(f(y)}
= max{f ™" ()(z +y). (1)1}

Let x <y. Then f(z) < f(y)
=u(f(x) < n(f(y))
= @) < f7H(uly))-

Hence f~!(p) is an anti fuzzy k—right ideal of M. O

Theorem 4.9. Let f : M — N be an onto anti homomorphism of ordered semirings. Then
anti homomorphic image of an anti fuzzy left ideal of M is an anti fuzzy right ideal of N.

Proof. Let f : M — N be an onto anti homomorphism of ordered semirings, p be an anti
fuzzy left ideal of M and 7 be a fuzzy subset of N such that no f = u.Leta,b € N, then
there exist 2,y € M such that f(xz) = a and f(y) =

n(a+0b) =n(f(x)+ f(y) = n(f(z+y))
= p(z +y) < max{u(x), u(y)}

= max{n(f(x)),n(f(y))}-

= max{n(a), n(b)}.

n(ab) = n(f(x)f(y)) = n(f(yx))

= p(yr) < p(z)

=n(f(z)) =n(a).

Let 2,y € M and = < y. Then pu(z) < u(y)
= n(f(@)) < n(f)).

Hence 7 is an anti fuzzy right ideal of the ordered semiring V. (]

Theorem 4.10. Let f : M — N be an onto anti homomorphism of an ordered semiring.
If n is an anti fuzzy left k—ideal of N and p is the pre-image of n under f then y is an anti
fuzzy right k—ideal of M.

Proof. Let f : M — N be an onto anti homomorphism of ordered semirings, 7 be an anti
fuzzy left k—ideal of N, i be the pre-image of n under f, x,y € M.

wx+y) =n(f(z+y) =n(f(z) + f(y) < max{n(f(z)).n(f(y))}
= max{u(z), u(y)}
w(xy) =n(f(zy)) =n(f(y)f(z) < n(f(z)) = p(z)
u(z) =n(f(z)) < max{n(f(z +y)),n(f(z))} = max{u(z +y), u(y)}.

Letz,y € M and x < y. Then f(z) < f(y), since f is an anti homomorphism.
= n(f(z)) <n(f(y)), since n is an anti fuzzy left k—ideal
= p(x) < u(y). Hence p is an anti fuzzy right k—ideal of the ordered semiring M. O

5. CONCLUSION:

In this paper, we introduced the notion of anti fuzzy ideals, anti fuzzy k—ideals of
ordered semirings and we studied the properties of anti fuzzy ideals, anti fuzzy k—ideals,
homomorphic, anti homomorphic image and pre-image of fuzzy ideals, anti fuzzy ideals
and anti fuzzy k—ideals of an ordered semiring. We studied if p is a k—anti fuzzy ideal of
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an ordered semiring M, then M,, = {x | x € M, p(z) = 0} is either empty or a k—ideal
of an ordered semiring M. If {y; | ¢ € I} is a family of anti fuzzy ideals of an ordered

semiring M then \/ u; is an anti fuzzy ideal of an ordered semiring M. If f : M — N
icl

be an onto homomorphism of ordered semirings, and y is an anti fuzzy k—ideal of N then

f~Y(u) is an anti fuzzy k—ideal of M. In the continuation of this paper, we characterize

ordered semiring, regular ordered semiring and simple ordered semiring in terms of their

anti fuzzy bi-ideals and anti fuzzy quasi ideals.
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