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ANTI FUZZY K-IDEALS OF ORDERED SEMIRINGS

M. MURALI KRISHNA RAO

ABSTRACT. In this paper we introduce the notion of anti fuzzy ideals, anti fuzzy k−ideals
of ordered semirings and we study the properties of anti fuzzy ideals, anti fuzzy k−ideals,
homomorphic and anti homomorphic image and pre-image of fuzzy ideals, anti fuzzy
ideals and anti fuzzy k−ideals of an ordered semiring. We characterize the ideals of an
ordered semiring in terms of anti fuzzy k−ideals.

1. INTRODUCTION

The notion of a semiring was introduced by Vandiver [21] in 1934. Semiring is a well
known universal algebra. A universal algebra (S,+, ·) is called a semiring if and only if
(S,+), (S, ·) are semigroups which are connected by distributive laws, i.e., a(b + c) =
ab+ ac, (a+ b)c = ac+ bc, for all a, b, c ∈ S. Though semiring is a generalization of a
ring, ideals of semiring do not coincide with ring ideals. For example an ideal of semiring
need not be the kernel of some semiring homomorphism. To solve this problem Herniksen
[5] defined k−ideals and Iizuka [10] defined h−ideals in semirings to obtain analogous of
ring results for semiring. Semiring have been used for studying optimization theory, graph
theory, matrices, determinants, theory of automata, coding theory, analysis of computer
programmes, etc.

The notion of a Γ-ring was introduced by Nobusawa as a generalization of ring in 1964.
Sen [19] introduced the notion of Γ- semigroup in 1981. The notion of a ternary algebraic
system was introduced by Lehmer in 1932, Lister introduced ternary ring. In 1995, Murali
Krishna Rao [16] introduced the notion of a Γ- semiring which is a generalization of Γ-
ring, ternary semiring and semiring. The fuzzy set theory was developed by Zadeh [22]
in 1965. The fuzzification of an algebraic structures was introduced by Rosenfeld [20]
in 1971. Biswas [4] introduced the concept of anti fuzzy subgroups. Kim and Jun [12]
introduced the concept of anti fuzzy ideals in near rings. Mandal [15] studied fuzzy ideals
and fuzzy interior ideals in an ordered Γ−semiring. Biswas [4] introduced the concept of
an anti fuzzy subgroup of a group and studied the basic properties of a group in terms of
anti fuzzy subgroups. Akram and Dar [2] defined anti fuzzy h−ideals in hemirings and
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discussed basic properties. Fuzzy sets in ordered semigroups were first studied by Kehay-
opulu and Tsingelis [11]. Hong and Jun [9] defined anti fuzzy ideal of a BCK-algebra.
In this paper, we introduce the notion of anti fuzzy ideals, anti fuzzy k−ideals of ordered
semirings and we study the properties of anti fuzzy ideals, anti fuzzy k−ideals, homomor-
phic and anti homomorphic image and pre-image of fuzzy ideals, anti fuzzy ideals and anti
fuzzy k−ideals of an ordered semiring.

2. PRELIMINARIES

In this section we will recall some of the fundamental concepts and definitions, which
are necessary for this paper.

Definition 2.1. [1] A set S together with two associative binary operations called addition
and multiplication (denoted by + and · respectively) will be called a semiring provided

(i) addition is a commutative operation.
(ii) multiplication distributes over addition both from the left and from the right.

(iii) there exists 0 ∈ S such that x+ 0 = x and x · 0 = 0 · x = 0, for all x ∈ S.

Definition 2.2. [1] A function f : R → M where R and M are semirings is said to
be semiring homomorphism if f(a + b) = f(a) + f(b) and f(ab) = f(a)f(b), for all
a, b ∈ R.

Definition 2.3. [22] Let M be a non-empty set. Then a mapping f : M → [0, 1] is called
a fuzzy subset of M.

Definition 2.4. [22] Let f be a fuzzy subset of a non-empty set M. For t ∈ [0, 1], the set
ft = {x ∈ M | f(x) ≥ t} is called a level subset of M with respect to f.

Definition 2.5. [5] Let M be a semiring. A fuzzy subset µ of M is said to be fuzzy
subsemiring of M if it satisfies the following conditions
(i) µ(x+ y) ≥ min {µ(x), µ(y)}
(ii) µ(xy) ≥ min {µ(x), µ(y)}, for all x, y ∈ M.

Definition 2.6. [5] A fuzzy subset µ of a semiring M is called a fuzzy left (right) ideal of
M if it satisfies the following conditions
(i) µ(x+ y) ≥ min{µ(x), µ(y)}
(ii) µ(xy) ≥ µ(y) (µ(x)), for all x, y ∈ M.

Definition 2.7. [5] A fuzzy subset µ of a semiring M is called a fuzzy ideal of M if it
satisfies the following conditions
(i) µ(x+ y) ≥ min{µ(x), µ(y)}
(ii) µ(xy) ≥ max {µ(x), µ(y)}, for all x, y ∈ M.

Definition 2.8. [5] An ideal I of a semiring M is called a k−ideal if for all x, y ∈ M, x+
y ∈ I, y ∈ I ⇒ x ∈ I.

Definition 2.9. [5] Let f and g be fuzzy subsets of semiring M. Then f ◦ g, f + g, f ∪
g, f ∩ g, are defined by

f ◦ g(z) =

{
sup
z=xy

{min{f(x), g(y)}},

0, otherwise.
; f + g(z) =

{
sup

z=x+y
{min{f(x), g(y)}},

0, otherwise

f ∪ g(z) = max{f(z), g(z)} ; f ∩ g(z) = min{f(z), g(z)}
x, y ∈ M, for all z ∈ M .



268 M. MURALI KRISHNA RAO

Definition 2.10. [5] Let A be a non-empty subset of M. The characteristic function of A
is a fuzzy subset of M, defined by

χ
A
(x) =

{
1, if x ∈ A;
0, if x /∈ A.

Definition 2.11. [15] A semiring M is called an ordered semiring if it admits a compatible
relation ≤ . i.e. ≤ is a partial ordering on M satisfies the following conditions. If a ≤ b
and c ≤ d then

(i) a+ c ≤ b+ d (ii) ac ≤ bd (iii) ca ≤ db, for all a, b, c, d ∈ M.

Example 2.12. Let M = [0, 1], +, · binary operations be defined as x+y = max{x, y}, x·
y = min{x, y} for all x, y ∈ M. Then M is an ordered semiring with respect to usual or-
dering.

Definition 2.13. [15] Let M be an ordered semiring and A be a non-empty subset of M.
A is called a subsemiring of an ordered semiring M if A is a sub-semigroup of (M,+)
and AA ⊆ A.

Definition 2.14. [15] Let M be an ordered semiring. A non-empty subset A of M is
called a left (right) ideal of an ordered semiring M if A is closed under addition and
MA ⊆ A (AM ⊆ A) and for any a ∈ M, b ∈ A, a ≤ b then a ∈ A. A is called an ideal
of M if it is both a left ideal and a right ideal.

Definition 2.15. [15] Let M be an ordered semiring. A fuzzy subset µ of M is called a
fuzzy subsemiring of M if

(i) µ(x+ y) ≥ min{µ(x), µ(y)} (ii) µ(xy) ≥ min{µ(x), µ(y)}
(iii) x ≤ y ⇒ µ(x) ≥ µ(y), for all x, y ∈ M.

Definition 2.16. [15] Let µ be a non-empty fuzzy subset of an ordered semiring M. Then
µ is called a fuzzy left (right) ideal of M if

(i) µ(x+ y) ≥ min{µ(x), µ(y)} (ii) µ(xy) ≥ µ(y)
(
µ(x)

)
(iii) x ≤ y ⇒ µ(x) ≥ µ(y), for all x, y ∈ M.

Definition 2.17. [15] Let a function ϕ : M → N be a (anti) homomorphism of ordered
semirings M,N and µ be a fuzzy subset of M. Then µ is said to be ϕ homomorphism
invariant if ϕ(a) = ϕ(b) then µ(a) = µ(b), for a, b ∈ M.

3. ANTI FUZZY IDEAL AND ANTI FUZZY K-IDEAL OF ORDERED SEMIRINGS

In this section we introduce the notion of anti fuzzy ideals and anti fuzzy k−ideals of
ordered semirings and study some of their properties. Through out this section M is an
ordered semiring we mean M is an ordered semiring with zero 0.

Definition 3.1. A fuzzy subset µ of an ordered semiring M is called an anti fuzzy left(right)
ideal of M if it satisfies µ(x+y) ≤ max{µ(x), µ(y)}, µ(xy) ≤ µ(y)

(
µ(xy) ≤ µ(x)

)
, for all x, y ∈

M, and x ≤ y ⇒ µ(x) ≤ µ(y).

Definition 3.2. A fuzzy subset µ of an ordered semiring M is called an anti fuzzy ideal of
M if µ is both an anti fuzzy left ideal and an anti fuzzy right ideal of M.

Definition 3.3. Let M be an ordered semiring. An anti fuzzy ideal µ of M is said to be an
anti fuzzy-k−ideal of M if µ(x) ≤ max{µ(x+ y), µ(y)}, for all x, y ∈ M.
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Example 3.4. Let M be the set of all non negative integers. +, · binary operations defined
by usual addition and usual multiplication of integers Then M is an ordered semiring with
respect to usual ordering ≤ .

Define µ(x) =


1
4 , if x = 0;
1
3 , if x ∈ {2, 4, 6, · · · };
1, otherwise.

for all x ∈ M. Then µ is an anti fuzzy k−ideal, of M.

Theorem 3.1. If µ is a k−anti fuzzy ideal of an ordered semiring M then Mµ = {x | x ∈
M,µ(x) = 0} is either empty or a k−ideal of an ordered semiring M.

Proof. Suppose µ is a k−anti fuzzy ideal of an ordered semiring M,
Mµ = {x | x ∈ M,µ(x) = 0}, Mµ ̸= ϕ, x, y ∈ Mµ. Then

µ(x) = 0, µ(y) = 0, µ(x+ y) ≤ max{µ(x), µ(y)} = 0

⇒µ(x+ y) = 0.

Therefore x+ y ∈ Mµ.

Now x ∈ Mµ, y ∈ M

⇒µ(x) = 0 and µ(xy) ≤ min{µ(x), µ(y)} = 0

⇒xy ∈ Mµ.

Let x, x+ y ∈ Mµ

⇒µ(x) = 0, µ(x+ y) = 0

⇒µ(y) = 0.

Therefore y ∈ Mµ. Hence Mµ is a k−ideal of an ordered semiring M.
Let x ∈ M,y ∈ Mµ and x ≤ y. Then µ(x) ≤ µ(y) = 0 ⇒ µ(x) = 0. Therefore

x ∈ Mµ. Hence the theorem. □

Definition 3.5. Let M be an ordered semiring. If µ is an anti fuzzy-ideal of an ordered
semiring M, for any t ∈ [0, 1], µt is defined by µt = {x ∈ M | µ(x) ≤ t} then µt is called
an anti level subset.

Theorem 3.2. Let µ be an anti fuzzy ideal of an ordered semiring M. Then µ is an anti
fuzzy k− ideal of M if and only if non-empty set µt is a k−ideal of M, for any t ∈ (0, 1].

Proof. Suppose µ is an anti fuzzy ideal of an ordered semiring M. Let x, y ∈ µt. Then
µ(x) ≤ t, µ(y) ≤ t, µ(x+ y) ≤ max{µ(x), µ(y)} ≤ t
⇒ x+ y ∈ µt.
µ(xy) ≤ min{µ(x), µ(y)} ≤ t

Let y, x + y ∈ µt. Then µ(y) ≤ t, µ(x + y) ≤ t. Since µ is an anti fuzzy k−ideal of
M. We have µ(x) ≤ max{µ(x+ y), µ(y)} ≤ t ⇒ µ(x) ≤ t ⇒ x ∈ µt.
Hence µt is a k−ideal of M. Suppose a ∈ M, b ∈ µt and a ≤ b. Then µ(a) ≤ µ(b) ≤
t ⇒ a ∈ µt. Hence µt is an ideal of an ordered semiring M.

Conversely suppose that µt is a k−ideal of an ordered semiring M, for any t ∈ (0, 1].
Let x, a ∈ M and µ(a) = t1, µ(x + a) = t2, put t = max{t1, t2}. Then a ∈ µt and
x+a ∈ µt. Since µt is a k−ideal, we have x ∈ µt, therefore µ(x) ≤ max{µ(x+a), µ(a)}
for all x, a ∈ M. Hence µ is an anti fuzzy k−ideal of an ordered semiring M.

Let x, y ∈ M and x ≤ y. Suppose µ(x) > µ(y) = t, (say). Then y ∈ µt and x /∈ µt.
This is a contradiction to the fact µt is an ideal of ordered semiring M, for all t ∈ [0, 1].
Therefore µ(x) ≤ µ(y). Hence µ is an anti fuzzy k−ideal of an ordered semiring M. □
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Theorem 3.3. Let µ be a fuzzy subset of an ordered semiring M. µ is an anti fuzzy k−ideal
of M if and only if µc is a fuzzy k−ideal of M.

Proof. Let M be an ordered semiring and µ be an anti fuzzy k−ideal of M and x, y ∈ M.

µc(x+ y) = 1− µ(x+ y) ≥ 1−max{µ(x), µ(y)} = min{1− µ(x), 1− µ(y)}
= min{µc(x), µc(y)}

µc(xy) = 1− µ(xy) ≥ max{µc(x), µc(y)}.
Therefore µc is a fuzzy ideal of M.

µc(x) = 1− µ(x) ≥ 1−max{µ(x+ y), µ(y)} = min{1− µ(x+ y), 1− µ(y)}
= min{µc(x+ y), µc(y)}.

Suppose x ≤ y and x, y ∈ M.

⇒µ(x) ≤ µ(y)

⇒1− µ(x) ≥ 1− µ(y)

⇒µc(x) ≥ µc(y).

Hence µc is a fuzzy k−ideal of an ordered semiring M.
Conversely suppose that µc is a fuzzy k−ideal of an ordered semiring M. Let x, y ∈ M.

µ(x+ y) = 1− µc(x+ y) ≤ 1−min{µc(x), µc(y)} = max{µ(x), µ(y)}
µ(xy) = 1− µc(xy) ≤ 1−max{µc(x), µc(y)} = min{µ(x), µ(y)}.

Therefore µ is an anti fuzzy ideal of an ordered semiring M.

µ(x) = 1− µc(x) ≤ 1−min{µc(x+ y), µc(y)} = max{1− µc(x+ y), 1− µc(y)}
= max{µ(x+ y), µ(y)}.

Let x, y ∈ M and x ≤ y.

⇒µc(x) ≥ µc(y)

⇒µ(x) ≤ µ(y).

Hence µ is an anti fuzzy k−ideal of an ordered semiring M. □

Theorem 3.4. Let A be a non-empty subset of an ordered semiring M, t ∈ [0, 1) and a
fuzzy subset µ of M such that

µ(x) =

{
t, if x ∈ A;
1, if x /∈ A.

Then µ is an anti fuzzy ideal of an ordered semiring M if and only if µt = A is an ideal
of an ordered semiring M.

Proof. Suppose µ is an anti fuzzy ideal of an ordered semiring M and x, y ∈ A.
Then µ(x) = t, µ(y) = t, µ(x+y) ≤ max{µ(x), µ(y)} = t ⇒ µ(x+y) = t ⇒ x+y ∈
A. µ(xy) ≤ min{µ(x), µ(y)} = t ⇒ xy ∈ A.
Let x ∈ M,y ∈ A and x ≤ y. Then µ(x) ≤ µ(y) = t, since y ∈ A.
Therefore x ∈ A. Hence µt = A is an ideal of M.

Conversely, let A be an ideal of M.

case(i) If x, y ∈ A, x+ y, xy ∈ A ⇒ µ(xy) = t.
Then µ(x+ y) ≤ max{µ(x), µ(y)}, µ(xy) ≤ min{µ(x), µ(y)}.
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case(ii) If x ∈ A, y /∈ A, x + y /∈ A, xy ∈ A ⇒ µ(x) = t, µ(y) = 1, µ(x + y) =
1, µ(xy) = t. Then
µ(x+ y) ≤ max{µ(x), µ(y)}, µ(xy) ≤ min{µ(x), µ(y)}.

case(iii) If x ∈ A, y /∈ A, x + y /∈ A,⇒ µ(x) = t, µ(y) = 1, µ(x + y) = 1, xy ∈ A ⇒
µ(xy) = t. Then
µ(x+ y) ≤ max{µ(x), µ(y)}, µ(xy) ≤ min{µ(x), µ(y)}.

case(iv) If y ∈ A, x /∈ A, xy ∈ A and x + y /∈ A ⇒ µ(x) = 1, µ(y) = t, µ(x + y) =
t, µ(xy) = 1. Then
µ(x+ y) ≤ max{µ(x), µ(y)}, µ(xy) ≤ min{µ(x), µ(y)}.

Suppose x, y ∈ M and x ≤ y. We can show µ(x) ≤ µ(y).
Therefore µ is an anti fuzzy ideal of the ordered semiring M. □

Corollary 3.5. I is an ideal of an ordered semiring M if and only if χI is a fuzzy ideal of
an ordered semiring M.

Lemma 3.6. If µ is an anti fuzzy ideal of an ordered semiring M and µ(x+y) = 1, x, y ∈
M then µ(x) = 1 or µ(y) = 1.

Proof. Suppose µ is an anti fuzzy ideal of an ordered semiring M,x, y ∈ M and µ(x +
y) = 1. µ(x + y) ≤ max{µ(x), µ(y)} ⇒ 1 ≤ max{µ(x), µ(y)} ⇒ µ(x) = 1 or
µ(y) = 1. □

Theorem 3.7. If f and g be anti fuzzy k−ideals of an ordered semiring M then f ∩ g is
also an anti fuzzy k−ideal of an ordered semiring M.

Proof. Suppose f and g are anti fuzzy k−ideals of the ordered semiring M and x, y ∈ M.

f ∩ g(x+ y) = min{f(x+ y), g(x+ y)}
≤ min{max{f(x), f(y)},max{g(x), g(y)}}
= max{min{f(x), g(x)},min{f(y), g(y)}}
= max{f ∩ g(x), f ∩ g(y}

f ∩ g(xy) = min{f(xy), g(xy)}
≤ min{min{f(x), f(y)},min{g(x), g(y)}}
= min{min{f(x), g(x)},min{f(y), g(y)}}
= min{f ∩ g(x), f ∩ g(y}

f ∩ g(x) = min{f(x), g(x)}
≤ min{max{f(x+ y), f(y)},max{g(x+ y), g(y)}}
= max{min{f(x+ y), g(x+ y)},min{f(y), g(y)}}
= min{f ∩ g(x), f ∩ g(y)}.

Suppose x, y ∈ M and x ≤ y.

⇒f(x) ≤ f(y) and g(x) ≤ g(y).

f ∩ g(x) = min{f(x), g(x)}
≤ min{f(y), g(y)}
= f ∩ g(y).

Hence f ∩ g is also an anti fuzzy k−ideal of the ordered semiring M. □
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Theorem 3.8. If f and g are anti fuzzy k−ideals of an ordered semiring M then f ∪ g is
also an anti fuzzy k−ideal of an ordered semiring M.

Proof. Let f and g be anti fuzzy k−ideals of the ordered semiring M and x, y ∈ M.

f ∪ g(x+ y) = max{f(x+ y), g(x+ y)}
≤ max{max{f(x), f(y)},max{g(x), g(y)}}
= max{max{f(x), g(x)},max{f(y), g(y)}}
= max{f ∪ g(x), f ∪ g(y)}

f ∪ g(xy) = max{f(xy), g(xy)}
≤ max{min{f(x), f(y)},min{g(x), g(y)}}
= min{max{f(x), g(x)},max{f(y), g(y)}}
= min{f ∪ g(x), f ∪ g(y)}

f ∪ g(x) = max{f(x), g(x)}
≥ max{max{f(x+ y), f(y)},max{g(x+ y), g(y)}}
= max{max{f(x+ y), g(x+ y)},max{f(y), g(y)}}
= max{f ∪ g(x+ y), f ∪ g(y)}.

Suppose x, y ∈ M and x ≤ y.

⇒f(x) ≤ f(y) and g(x) ≤ g(y).

f ∪ g(x) = max{f(x), g(x)}
≤ max{f(y), g(y)}
= f ∪ g(y).

Hence f ∪ g is also an anti fuzzy k−ideal of the ordered semiring M. □

Definition 3.6. An anti fuzzy k−ideal µ of an ordered semiring M is said to be a normal
if µ(0) = 0

Theorem 3.9. Let µ be an anti fuzzy k−ideal of an ordered semiring M. If µ+ be a fuzzy
subset of M is defined by µ+(x) = µ(x) − µ(0) for all x ∈ M then µ+ is a normal anti
fuzzy k−ideal of M and µ+ ⊆ µ.

Proof. Let µ be an anti fuzzy k−ideal of the ordered semiring M and µ+ be a fuzzy subset
of M, defined by µ+(x) = µ(x)− µ(0) for all x ∈ M. For any x, y ∈ M

µ+(x+ y) = µ(x+ y)− µ(0)

≤ max{µ(x), µ(y)} − µ(0)

= max{µ(x)− µ(0), µ(y)− µ(0)}
= max{µ+(x), µ+(y)}

µ+(xy) = µ(xy)− µ(0)

≤ min{µ(x), µ(y)} − µ(0)

= min{µ(x)− µ(0), µ(y)− µ(0)}
= min{µ+(x), µ+(y)}
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We have µ(x) ≤ max{µ(x+ y), µ(y}
⇒µ(x)− µ(0) ≤ max{µ(x+ y)− µ(0), µ(y)− µ(0)}
⇒µ+(x) ≤ max{µ+(x+ y), µ+(y)}.

µ+(x) = µ(x)− µ(0)

⇒µ+(0) = 0

Suppose x, y ∈ M and x ≤ y.

⇒µ(x) ≤ µ(y), since µ is an anti fuzzy k−ideal

⇒µ(x)− µ(0) ≤ µ(y)− µ(0)

⇒µ+(x) ≤ µ+(y).

Hence µ+ is an anti fuzzy k−ideal of M. Clearly µ contains µ+ and µ+ is a normal anti
fuzzy k−ideal of M. Let µ be a fuzzy subset of M and a ∈ M. Then the set {b ∈ M |
µ(b) ≤ µ(a)} is denoted by Ia. □

Theorem 3.10. Let µ be an anti fuzzy k−left ideal of an ordered semiring M . If a ∈ M
then Ia is a left k−ideal of an ordered semiring M.

Proof. Let µ be an anti fuzzy k−ideal of the ordered semiring M and a ∈ M. We have
µ(0) ≤ µ(x) for all x ∈ M. Therefore 0 ∈ Ia. Let b, c ∈ Ia. Then µ(b) ≤ µ(a) and
µ(c) ≤ µ(a).

µ(b+ c) ≤ max{µ(b), µ(c)}
≤ max{µ(a), µ(a)}
= µ(a).

Then b+ c ∈ Ia. Suppose b ∈ Ia, c ∈ M. Then µ(b) ≤ µ(a). Now µ(cb) ≤ µ(b) ≤ µ(a).
Therefore cb ∈ Ia.
Suppose x ∈ M,y ∈ Ia and x ≤ y. Then µ(y) ≤ µ(a) and µ(x) ≤ µ(y) ⇒ µ(x) ≤
µ(y) ≤ µ(a). Therefore x ∈ Ia.

Suppose x ∈ Ia and x+ y ∈ Ia.
⇒ µ(x) ≤ µ(a), µ(x+ y) ≤ µ(a)
⇒ µ(y) ≤ max{µ(x+ y), µ(x)} ≤ µ(a)
⇒ y ∈ Ia. Hence Ia is a left k−ideal of the ordered semiring M. □

Corollary 3.11. Let µ be an anti fuzzy right k−ideal of an ordered semiring M and a ∈
M. Then Ia is a right k−ideal of an ordered semiring M.

Corollary 3.12. Let µ be an anti fuzzy k−ideal of an ordered semiring M and a ∈ M.
Then Ia is a k−ideal of an ordered semiring M.

Definition 3.7. A family of fuzzy subsets {µi | i ∈ I} of an ordered semiring M, then∨
i∈I

µi is defined by
∨
i∈I

µi(x) = sup{µi(x) | i ∈ I}, for all x ∈ M.

Theorem 3.13. If {µi | i ∈ I} is a family of anti fuzzy ideals of an ordered semiring M
then

∨
i∈I

µi is an anti fuzzy ideal of an ordered semiring M.
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Proof. Let {µi | i ∈ I} be a family of anti fuzzy ideals of the ordered semiring M and
x, y ∈ M. Then we have,(∨

i∈I

µi

)
(x+ y) = sup{µi(x+ y) | i ∈ I}

≤ sup{max{µi(x), µi(y)} | i ∈ I}
= max{sup

i∈I
µi(x), sup

i∈I
µi(y)}

= max

{∨
i∈I

µi(x),
∨
i∈I

µi(y)

}
(∨

i∈I

µi

)
(xy) = sup{µi(xy) | i ∈ I}

≤ sup{min{µi(x)µi(y)} | i ∈ I}
= min{sup

i∈I
µi(x), sup

i∈I
µi(y)}

= min

{∨
i∈I

µi(x),
∨
i∈I

µi(y)

}
.

Suppose x, y ∈ M and x ≤ y.Then

µi(x) ≤ µi(y), for all i ∈ I

⇒
∨
i∈I

µi(x) ≤
∨
i∈I

µi(y).

Hence
∨
i∈I

µi is an anti fuzzy ideal of M. □

Definition 3.8. Let µ be a fuzzy subset of X and α ∈ [0, 1 − sup{µ(x) | x ∈ X}] The
mapping µT

α : X → [0, 1] is called a fuzzy translation of µ if
µT
α(x) = µ(x) + α

Definition 3.9. Let µ be a fuzzy subset of X and β ∈ [0, 1]. Then mapping
µM
β : X → [0, 1] is called a fuzzy multiplication of µ if µM

β (x) = βµ(x).

Definition 3.10. Let µ be a fuzzy subset of X and α ∈ [0, 1− sup{µ(x) | x ∈ X}], β ∈
[0, 1]. Then mapping µMT

β,α : X → [0, 1] is called a magnified translation of µ if µMT
β,α (x) =

βµ(x) + α, for all x ∈ X.

Theorem 3.14. A fuzzy subset µ is an anti fuzzy k−ideal of an ordered semiring M if and
only if µT

α is an anti fuzzy k−ideal of an ordered semiring M

Proof. Suppose µ is an anti fuzzy k−ideal of the ordered semiring M and x, y ∈ M.

µT
α(x+ y) = µ(x+ y) + α

≤ max{µ(x), µ(y)}+ α

= max{µ(x) + α, µ(y) + α}
= max{µT

α(x), µ
T
α(y)}
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µT
α(xy) = µ(xy) + α

≤ min{µ(x), µ(y)}+ α

= min{µ(x) + α, µ(y) + α}
= min{µT

α(x), µ
T
α(y)}

µT
α(x) = µ(x) + α

≤ max{µ(x+ y), µ(y)}+ α

= max{µ(x+ y) + α, µ(y) + α}
= max{µT

α(x+ y), µT
α(y)}.

Let x ≤ y.Then µ(x) ≤ µ(y)

⇒µ(x) + α ≤ µ(y) + α

⇒µT
α(x) ≤ µT

α(y).

Hence µT
α is an anti fuzzy k−ideal of the ordered semiring M.

Conversely suppose that µT
α is an anti fuzzy k−ideal of the ordered semiring M, x, y ∈

M.

µ(x+ y) + α = µT
α(x+ y)

≤ max{µT
α(x), µ

T
α(y)}

= max{µ(x) + α, µ(y) + α}
= max{µ(x), µ(y)}+ α

Therefore µ(x+ y) ≤ max{µ(x), µ(y)}.

µ(xy) + α = µT
α(xy)

≤ min{µT
α(x), µ

T
α(y)}

= min{µ(x) + α, µ(y) + α}
= min{µ(x), µ(y)}+ α

Therefore µ(xy) ≤ min{µ(x), µ(y)}.

µ(x) + α = µT
α(x)

≤ max{µT
α(x+ y), µT

α(y)}
= max{µ(x+ y) + α, µ(y) + α}
= max{µ(x+ y), µ(y)}+ α

Therefore µ(x) ≥ min{µ(x+ y), µ(y)}.
Let x ≤ y.Then µT

α(x) ≤ µT
α(y).

⇒µ(x) + α ≤ µ(y) + α

⇒µ(x) ≤ µ(y).

Hence µ is an anti fuzzy k−ideal of M. □

Theorem 3.15. A fuzzy subset µ is an anti fuzzy k−ideal of an ordered semiring M if and
only if µM

β is an anti fuzzy k−ideal of an ordered semiring M.
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Proof. Suppose µ is an anti fuzzy k−ideal of the ordered semiring M and x, y ∈ M. Then

µM
β (x+ y) = βµ(x+ y)

≤ βmax{µ(x), µ(y)}
= max{βµ(x), βµ(y)}
= max{µM

β (x), µM
β (y)}.

µM
β (xy) = βµ(xy)

≤ βmin{µ(x), µ(y)}
= min{βµ(x), βµ(y)}
= min{µM

β (x), µM
β (y)}.

µM
β (x) = βµ(x)

≤ βmax{µ(x+ y), µ(y)}
= max{βµ(x+ y), βµ(y)}
= max{µM

β (x+ y), µM
β (y)}.

Let x ≤ y.Then µ(x) ≤ µ(y)

⇒βµ(x) ≤ βµ(y)

⇒µM
β (x) ≤ βM

β µ(y).

Hence µM
β is an anti fuzzy ideal of the ordered semiring M.

Conversely, suppose that µM
β is an anti fuzzy ideal of the ordered semiring M and

x, y ∈ M. Then

µM
β (x+ y) ≤ max{µM

β (x), µM
β (y)}

⇒ βµ(x+ y) ≤ max{βµ(x), βµ(y)}
= βmax{µ(x), µ(y)}

Therefore µ(x+ y) ≤ max{µ(x), µ(y)}.

µM
β (xy) ≤ min{µM

β (x), µM
β (y)}

= βmin{µ(x), µ(y)}
βµ(xy) = βmin{µ(x), µ(y)}

Therefore µ(xy) = min{µ(x), µ(y)}.

µM
β (x) ≤ max{µM

β (x+ y), µM
β (y)}

= max{βµ(x+ y), βµ(y)}
= βmax{µ(x+ y), µ(y)}

βµ(x) = βmax{µ(x+ y), µ(y)}
Therefore µ(x) ≤ max{µ(x+ y), µ(y)}.

Let x ≤ y.Then µM
β (x) ≤ βM

β µ(y)

⇒βµ(x) ≤ βµ(y)

⇒µ(x) ≤ µ(y).
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Hence µ is an anti fuzzy k−ideal of M. □

Theorem 3.16. A fuzzy subset µ is an anti fuzzy k−ideal of an ordered semiring M if and
only if µMT

β,α : X → [0, 1] is an anti fuzzy k−ideal of an ordered semiring M.

Proof. Suppose µ is an anti fuzzy k−ideal of the ordered semiring M.
⇔ µM

β is an anti fuzzy k−ideal of M, by Theorem 3.15
⇔ µMT

β,α is an anti fuzzy k−ideal of M, by Theorem 3.14
□

4. HOMOMORPHIC, ANTI HOMOMORPHIC IMAGE AND PRE-IMAGE OF FUZZY IDEALS
AND ANTI FUZZY IDEALS OF AN ORDERED SEMIRING

In this section the concept of an anti homomorphism of ordered semirings has been
introduced. The properties of homomorphic, anti homomorphic image and pre-image of
fuzzy ideals and anti fuzzy ideals of an ordered semiring are studied.

Definition 4.1. A function f : M → N where M and N are ordered semirings is called a
homomorphism of ordered semirings if
f(a+ b) = f(a) + f(b), f(ab) = f(a)f(b) and a ≤ b ⇒ f(a) ≤ f(b), for all a, b ∈ M.

Definition 4.2. A function f : M → N where M and N are ordered semirings is called
an anti homomorphism of ordered semirings if
f(a+ b) = f(a) + f(b), f(ab) = f(b)f(a) and a ≤ b ⇒ f(a) ≤ f(b), for all a, b ∈ M.

Theorem 4.1. Let M and N be semirings and ϕ : M → N be an onto anti homomor-
phism. If f is a homomorphism ϕ invariant anti fuzzy ideal of M then ϕ(f) is an anti fuzzy
ideal of N.

Proof. Let M and N be semirings and ϕ : M → N be an anti homomorphism and f be
a homomorphism ϕ invariant anti fuzzy ideal of M. If x = ϕ(a) ⇒ ϕ−1(x) = a. Let
t ∈ ϕ−1(x) then ϕ(t) = x = ϕ(a), since f is ϕ invariant, f(t) = f(a) ⇒ ϕ(f)(x) =

inf
t∈ϕ−1(x)

f(t) = f(a). Hence ϕ(f)(x) = f(a).

Let x, y ∈ N. Then there exist a, b ∈ M such that

ϕ(a) = x, ϕ(b) = y ⇒ ϕ(a+ b) =x+ y

⇒ ϕ(f)(x+ y) = f(a+ b) ≥ max{f(a), f(b)}
= max{ϕ(f)(x), ϕ(f)(y)}

ϕ(f)(xy) = f(ba) ≥ min{f(a), f(b)}
= min{ϕ(f)(x), ϕ(f)(y)}.

Let x ≤ y. Then ϕ(a) ≤ ϕ(b)

⇒f(a) ≥ f(b)

⇒ϕ(f)(x) ≥ ϕ(f)(y).

Hence ϕ(f) is an anti fuzzy ideal of N. □

Theorem 4.2. Let M and N be ordered semirings and ϕ : M → N be an onto homomor-
phism. If f is a homomorphism ϕ invariant anti fuzzy k−ideal of M then ϕ(f) is an anti
fuzzy k−ideal of N.

Proof. Let M and N be ordered semirings, ϕ : M → N be an onto homomorphism, f be a
homomorphism ϕ invariant anti fuzzy ideal of M and a ∈ M. Suppose x ∈ N, t ∈ ϕ−1(x)
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and x = ϕ(a). Then a ∈ ϕ−1(x) ⇒ ϕ(t) = x = ϕ(a), since f is a ϕ invariant,
f(t) = f(a) ⇒ ϕ(f)(x) = inf

t∈ϕ−1(x)
f(t) = f(a). Hence ϕ(f)(x) = f(a). Let x, y ∈ N.

Then there exist a, b ∈ M such that ϕ(a) = x, ϕ(b) = y ⇒ ϕ(a + b) = x + y ⇒
ϕ(f)(x+ y) = f(a+ b) ≤ max{f(a), f(b)} = min{ϕ(f)(x), ϕ(f)(y)}.

ϕ(ab) =ϕ(a)ϕ(b)

=xy

ϕf(xy) =f(ab)

≤min{f(a), f(b)}
=min{ϕ(f(x)), ϕ(f(y)).}

We have f(a) ≤ max{f(a+ b), f(b)} ⇒ ϕ(f)(x) = max{ϕ(f)(x+ y), ϕ(f)(y)}, for all
x, y ∈ M. Hence ϕ(f) is an anti fuzzy k− ideal of N. □

Theorem 4.3. Let f : M → N be a homomorphism of ordered semirings and η be an anti
fuzzy ideal of N. If η ◦ f = µ then µ is an anti fuzzy ideal of M.

Proof. Let f : M → N be a homomorphism of ordered semirings, η be an anti fuzzy ideal
of N, η ◦ f = µ and x, y ∈ M.

µ(x+ y) = η(f(x+ y)) = η(f(x) + f(y))

≤ max{η(f(x)), η(f(y))}
= max{µ(x), µ(y)}

µ(xy) = η(f(xy)) = η(f(x)f(y))

≤ min{η(f(x)), η(f(y))}
= min{µ(x), µ(y)}.

Suppose x, y ∈ M and x ≤ y. Since f : M → N be a homomorphism, we have

f(x) ≤ f(y)

⇒η(f(x)) ≤ η(f(y))

⇒µ(x) ≤ µ(y)

Hence µ is an anti fuzzy ideal of M. □

Definition 4.3. Let M and N be two ordered semirings and f be a function from M into
N. If µ is a fuzzy ideal of N then the pre-image of µ under f is the fuzzy subset of M,
defined by f−1(µ)(x) = µ(f(x)) for all x ∈ M.

Theorem 4.4. Let f : M → N be an onto homomorphism of ordered semirings. If µ is an
anti fuzzy k−ideal of N then f−1(µ) is an anti fuzzy k−ideal of M.

Proof. Suppose f : M → N is an onto homomorphism of ordered semirings and µ is an
anti fuzzy k−ideal of N and x1, x2 ∈ M.

f−1(µ)(x1 + x2) = µ(f(x1 + x2) = µ
(
f(x1) + f(x2)

)
≤ max{µ(f(x1)), µ(f(x2))} = max{µ(f−1(x1)), µ(f

−1(x2))}
f−1(µ)(x1x2) = µ(f(x1x2)) ≤ min{µ(f(x1)), µ(f(x2))}

= min{µ(f−1(x1)), µ(f
−1(x2))}
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f−1(µ)(x) = µ(f(x)) ≤ max{µ(f(x+ y)), µ(f(y))}
= max{(f−1µ(x+ y)), (f−1µ(x+ y))}, for x, y ∈ M.

Let x1, x2 ∈ M and x1 ≤ x2.

⇒f(x1) ≤ f(x2)

⇒µ(f(x1)) ≤ µ(f(x2))

⇒f−1(µ)(x1) ≤ f−1(µ)(x2).

Let x, y ∈ M, and x ≤ y.

⇒f(x) ≤ f(y)

⇒µ(f(x)) ≤ µ(f(y))

⇒f−1(µ)(x) ≤ f−1(µ)(y)

Hence f−1(µ) is an anti fuzzy k−ideal of M. □

Theorem 4.5. Let f : M → N be an onto anti homomorphism of an ordered semirings
if η is a fuzzy left ideal of N and µ is the pre-image of η under f. Then µ is a fuzzy right
ideal of M.

Proof. Let f : M → N be an onto anti homomorphism of ordered semirings. If η is a
fuzzy left ideal ofN, µ is the pre-image of η under f , x, y ∈ M.

µ(x+ y) = η
(
f(x+ y)

)
= η

(
f(x) + f(y)

)
≥ min{η(f(x)), η(f(y))}

= min{µ(x), µ(y)}
µ(xy) = η

(
f(xy)

)
= η

(
f(y)f(x)

)
≥ η(f(x)) = µ(x).

Let x, y ∈ M and x ≤ y.

⇒f(x) ≤ f(y)

⇒η(f(x)) ≤ η(f(y))

⇒µ(x) ≤ µ(y).

Hence µ is a fuzzy right ideal of M. □

Corollary 4.6. Let f : M → N be an onto anti homomorphism of an ordered semirings.
if η is a fuzzy right ideal of N and µ is the pre-image of η under f. Then µ is a fuzzy left
ideal of M.

Corollary 4.7. Let f : M → N be an onto anti homomorphism of an ordered semirings.
if η is a fuzzy ideal of N and µ is the pre-image of η under f. Then µ is a fuzzy ideal of M.

Theorem 4.8. Let f : M → N be an onto anti homomorphism of ordered semirings. If µ
is an anti fuzzy left k−ideal of N then f−1(µ) is an anti fuzzy right k−ideal of M.

Proof. Let f : M → N be an onto anti homomorphism of ordered semirings, µ be an anti
fuzzy left k−ideal of N and x1, x2, x, y ∈ M.

f−1(µ)(x1 + x2) = µ(f(x1 + x2)) = µ
(
f(x1) + f(x2)

)
≤ max{µ(f(x1)), µ(f(x2))}
= max{f−1(µ)(x1), f

−1(µ)(x2)}
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f−1(µ)(x1x2) = µ(f(x1x2)) = µ(f(x2)f(x1))

≤ µ(f(x1))

= f−1(µ)(x1)

f−1(µ)(x) = µ(f(x)) ≤ max{µ(f(x+ y)), µ(f(y))}
= max{f−1(µ)(x+ y), f−1(µ)(y)}.

Let x ≤ y. Then f(x) ≤ f(y)

⇒µ(f(x)) ≤ µ(f(y))

⇒f−1(µ(x)) ≤ f−1(µ(y)).

Hence f−1(µ) is an anti fuzzy k−right ideal of M. □

Theorem 4.9. Let f : M → N be an onto anti homomorphism of ordered semirings. Then
anti homomorphic image of an anti fuzzy left ideal of M is an anti fuzzy right ideal of N.

Proof. Let f : M → N be an onto anti homomorphism of ordered semirings, µ be an anti
fuzzy left ideal of M and η be a fuzzy subset of N such that η ◦ f = µ. Let a, b ∈ N, then
there exist x, y ∈ M such that f(x) = a and f(y) = b.
η(a+ b) = η(f(x) + f(y)) = η(f(x+ y))
= µ(x+ y) ≤ max{µ(x), µ(y)}
= max{η(f(x)), η(f(y))}.
= max{η(a), η(b)}.
η(ab) = η(f(x)f(y)) = η(f(yx))
= µ(yx) ≤ µ(x)
= η(f(x)) = η(a).
Let x, y ∈ M and x ≤ y. Then µ(x) ≤ µ(y)
⇒ η(f(x)) ≤ η(f(y)).

Hence η is an anti fuzzy right ideal of the ordered semiring N. □

Theorem 4.10. Let f : M → N be an onto anti homomorphism of an ordered semiring.
If η is an anti fuzzy left k−ideal of N and µ is the pre-image of η under f then µ is an anti
fuzzy right k−ideal of M.

Proof. Let f : M → N be an onto anti homomorphism of ordered semirings, η be an anti
fuzzy left k−ideal of N, µ be the pre-image of η under f, x, y ∈ M.

µ(x+ y) = η(f(x+ y)) = η(f(x) + f(y)) ≤ max{η(f(x)), η(f(y))}
= max{µ(x), µ(y)}

µ(xy) = η(f(xy)) = η(f(y)f(x)) ≤ η(f(x)) = µ(x)

µ(x) = η(f(x)) ≤ max{η(f(x+ y)), η(f(x))} = max{µ(x+ y), µ(y)}.
Let x, y ∈ M and x ≤ y. Then f(x) ≤ f(y), since f is an anti homomorphism.
⇒ η(f(x)) ≤ η(f(y)), since η is an anti fuzzy left k−ideal
⇒ µ(x) ≤ µ(y). Hence µ is an anti fuzzy right k−ideal of the ordered semiring M. □

5. CONCLUSION:

In this paper, we introduced the notion of anti fuzzy ideals, anti fuzzy k−ideals of
ordered semirings and we studied the properties of anti fuzzy ideals, anti fuzzy k−ideals,
homomorphic, anti homomorphic image and pre-image of fuzzy ideals, anti fuzzy ideals
and anti fuzzy k−ideals of an ordered semiring. We studied if µ is a k−anti fuzzy ideal of
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an ordered semiring M, then Mµ = {x | x ∈ M,µ(x) = 0} is either empty or a k−ideal
of an ordered semiring M. If {µi | i ∈ I} is a family of anti fuzzy ideals of an ordered
semiring M then

∨
i∈I

µi is an anti fuzzy ideal of an ordered semiring M. If f : M → N

be an onto homomorphism of ordered semirings, and µ is an anti fuzzy k−ideal of N then
f−1(µ) is an anti fuzzy k−ideal of M. In the continuation of this paper, we characterize
ordered semiring, regular ordered semiring and simple ordered semiring in terms of their
anti fuzzy bi-ideals and anti fuzzy quasi ideals.
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