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SCHAUDER-TYCHONOFF FIXED POINT THEOREM ON SEQUENTIALLY
COMPLETE HAUSDORFF STRONGLY CONVEX TOPOLOGICAL VECTOR
SPACES

G. SARAVANAKUMAR®*, K. A. VENKATESAN AND S. SIVAPRAKASAM

ABSTRACT. In this paper, we study the schauder-tychonoff fixed point(STFP) on a subset
A of a sequentially complete Hausdorff strongly convex topological vector space (SCHSCTVS)
E (over the field R) with calibration I" have a unique STFP in Topological Vector Space(TVS).

1. INTRODUCTION

The concept of topological vector spaces was introduced by Kolmogroff [2] in 1934.
The topology on a vector space introduces the idea of open sets, where operations like
addition and scalar multiplication are continuous. This leads to a rich interplay between
algebraic operations and topological concepts. Its properties were further studied by dif-
ferent mathematicians[[[1]],[9],[LO],[[12]]] and the development of topological vector spaces
has deep historical roots, with contributions from mathematicians like Banach, Frechet,
and Hausdorff. The theory has evolved over time, contributing to various branches of
mathematics and its applications. Due to its large number of exciting properties, it has
been used in different advanced branches of mathematics like fixed point theory, operator
theory, differential calculus etc.

Let A be a subset of a sequentially complete Hausdorff strongly convex topological
vector space E (over the field R) with calibration I'. By the terminology of R.T. Moore
[[7], a calibration I" for ¥ means a collection of continuous seminorms p on £ which induce
the topology of E. Let f, g be nonself mappings from A into E. Let ap, by, ¢p, d, and e,
be nonnegative real numbers such that a,, + b, + ¢, + d, + ¢, < 1 and for any z, y in A,
andp €T

p(f(x) = 9(y) < app(z —y) + bpp(z — f(2)) + cpp(y — 9(y)) (1.1
+ dpp(z = 9(y)) + epp(y — f(2))-
Wlodarczyk [14] proved that f has a unique fixed point if f = g¢. In section 3, we

prove that f, g have a unique common fixed point if b, = ¢, and d, = e,. When f = g,
because of p(z — y) = p(y — x) , one can, without loss of generality, assume b, = ¢,
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and d,, = e,,. So our result generalizes the result of Wlodarczyk [14]]. Since our Theorem
includes Theorem 3.3 of Wlodarczyk [[14], it also includes the corresponding theorems in:
Hardy and Rogers [5]], Goebel, Kirk and Shimi[4]], Kannan[6], Nova [8] and Wong [15].

2. PRELIMINARIES

Definition 2.1. [3]] Let L be a vector space over the field F' (R or C'). Let 7 be a topology
on L such that

(i) For each x,y € L and each open neighborhood W of = + y in L there exist open
neighborhoods U and V' of x and y respectively, in L suchthat U +V C W,

(ii) Foreach A € F, x € L and each open neighborhood W of Ax in L, there exist open
neighborhoods U of A in F'and V of z in L such that U,V C W.

Definition 2.2. [7] Let 'y C I', Ty # {0}. A subset A of F is said to be of type I'g with
respect to z € A, if the inequality p(y) < p(z) , for some € A — z¢ and for all p € Ty
implies that y € A — xg.

Definition 2.3. [[11]] (Schauder’s Theorem) Let A be a compact convex subset of a Banach
spacce and f a continuous map of A into itself. Then f has a fixed point.

Definition 2.4. [11] (Tychonoff’s Theorem) Let A be a compact convex subset of a lo-
cally convex ( linear topological) space and f a continuous map of A into itself Then f has
a.fixed point.

Definition 2.5. [11] (Mazur’s Lemma) The closed convex subset of a compact subset of
a Banach space is compact.

Definition 2.6. [11] (Strong version of Schauder’s Theorem) Let A be a closed convex
subset of a Banach space and f a continuous map of A into a compact subset of A. Then f
has a fixed point.

Theorem 2.1. [[11]] Let A be a convex subset of a locally convex space and f a continuous
map of A into a compact subset of A. Then f has a fixed point.

Theorem 2.2. [[11]] (Strong version of the Tychonoff theorem) Let | be a continuous
mapping of a convex subset I' of a Hausdorf{f locally convex linear topological space R
into a compact subset A of F. Then there is at least one fixed point.

Remark. [13]] A locally convex topological vector space is strongly convex in topological
vector space.

3. MAIN RESULT

Theorem 3.1. Let E be a sequentially complete Hausdorff strongly convex topological
vector space with calibration T, let A be a subset of E andlet f: A — E,g: A — FE be
two nonsetf mappings. Assume A is of type To(To C T'), with respect to xg € A, f and g
satisfy (1.1), such that ay, by, cp,dp, e, are non-negative real-valued functions on E x E

forpel. If

(i) v =sup, yeplap(®, y) +bp(z, y) + cp(x, y) +2dp(z, y)} < 1; forp €T
(ii) by =cp,dp =epforpe T,
(iii) f(xo) —xo € M(A — o), forall p € Ty,

l—cp—dp

(iv) (go f)(zo) —mo € =02=le—2=2dp (A _ 4.0) forall p € T, where ap, by, ¢, and dy,

l—cp—dp
are evaluated at (z, y) .
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Then x,, — u, and u is the fixed point of f or g in A. If both f and g have fixed points,
then each of f, g has a unique fixed point and these two fixed points coincide.

Proof. Let the sequence {z,,} be defined as follows

T2, +1 = f($2n)7 Ton+42 = g($2n+1), n=0,12,...
We show that z,, € A,n € N. Indeed, since A is of type [y, the set A — x¢ is balanced

. l—ay,—bp—c,—2d
and, since — 22 —2"%% 1 p € Iy, then

1—cp—dp,
1—a,—b, —c, —2d
f(wo) — o € i R " P(A—20) C (A —z0),
1—cp,—d,
1—a, —b, —c, —2d
gla) —wo e —— 2T TP T X (4 10y (A—ay),
1—cp—d,

for all p € T'y. Consequently, f(xzg) = x1 € A, ie., z, € Aforn = 0, 1. Suppose it is
true for n = k. We show that it is true forn = k + 1.
Case 1. For 24,11, wheren = k + 1,

P(To(kt1)+1 — To) = p(T2k+3 — To)
2k+2 3.1
< Z p(xm-i-l - xm)-
m=0

If miseventhenforallp € T,

P(@mi1 — ) = p(f(@m) — 9(Xm-1))
< app(mm - mm,l) + bpp(xm - f(xm)) + Cpp(xmfl - g(xmfl))
+ dpp(@m — 9(¥m-1)) + epp(Tm-1 — f(zm))
= app(Tm — Tm-1) + bpp(Tm — Tmt1) + pP(Tm—1 — Tm)
+ dpp(xm - xm) + epp(l'm—l - ll?m+1)
< (ap +cp+ep)p(Tm—1 — Tm) + (bp + €p)P(Tm — Tt1) -

It implies,
ap +Cp+ep

Tm — Typy—
1—bp—€pp(m ml)

P(Tmt1 — Tm) <

Also,

p(xm - xmfl) = p(f(l'm72> - g(xmfl))

< app($m72 - .Tm,1) + bpp(xm72 - f(xm72))

+epp(Tm-1 — 9(Tm-1)) + dpp(Tm-2 — 9(Tm-1)) + epp(Tm-1 — f(Tm—2))

= app(xm—2 - xm—l) + bpp(l”m—z - xm—l) + Cpp(xm—l - Im)

+dpp(xm—2 - xm) + epp(xm—l - xm—l)

< (ap+bp+dp)p(@m—2—Tm—1)+ (cp +dp)p(Tm—1 — ), forall p € I' . It further
implies,
ap +b, +d,

== Cp— dp p(-rmfl - xm72) .

p(xm - :L'mfl)

Using (ii), we get,
ap +b, +dp

2 —
1— cp— dp ) p(-rmfl mm72)

P(Tmi1 — Tm) < (

forallp €T.
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So by induction, we obtain,

ap +b,+dp. .,
P(Tmt1 — Tm) < (%) p(x1 — x0). (3.2)
—cp—dy
||’ Similarly, if m is odd,
ap+b,+dy. .,
P(Tmi1 — Tm) < (%) p(z1 — x0) -
—¢p—dy
Therefore,
2k+2
P(To(kt1)+1 — To) < Z P(Tmt1 — Tm)
m—0
2k+2
ap,+b,+d
<Y Pl — Xu) (F ) (s — o)
— —cp—dp
m=0
ap+by+dy,
- 1— (m)zms
T (a1p+bp+ddp) p(z1 — o)
< %p(xl — xg) for all p € T. Since A is of type Iy with respect to xg,
hence

To(k+1)+1 — To € A — xq and so T2(k+1)+1 € A.
Case 2. For x4, 19, Wwheren = k + 1,
2k+3

P(@a(ks1)42 — ©0) = p(T2nsa — 20) < D P(Tmi1 — Tm) -

Using (3.3), we get,

2k+3
ap+b,+dp. .,
p(Taki1y42 — 70) < Y (fipdp) p(z1 — o),
m=0 _Cp_ p
l1—¢,—d
< P P
T l-ap—b,—c,— 2dpp(9c1 %o),

since a, + b, +d, <1 —c, —dp.

Since A is of type I'g with respect to x, therefore x5(;41)42 € A. By the induction
argument x,, € A, (V)n € N.

The inequality (3.3), implies that {x,,} is a Cauchy sequence. Hence it converges to
some point u in E. Without loss of generality, we can assume that x,,+1 # x,, for each n,
either xo,,_1 # w for infinitely many n or zo,, # u for infinitely many n. By the symmetry
we may assume that x5, # u for infinitely many n. Thus there is a subsequence {k(n)}
of {n} such that 25y,(,,) # u for each n.

For any n > 1 and all p € I" we have

p(u— f(u) < p(u — Top(n)) + P(Topm) — flu)) (3.3)
= p(u — Tap(n)) + P(9(T2p(n)-1) — f(u)) -

Now, p(f(u) = 9(@2r(n)-1)) < app(u — Tapn)—1) + bpp(u — f(uw)) + cpp(T2p(n)—1 —
9(Zarny—1)) + dpp(u — g(Tap(n)—1)) + epP(Tar(n)—1 — f(u)) = app(Tap(n)—1 — u) +
bpp(u — f(u)) + cpP(Tap(ny—1 — Tar(n)) + dpP(U — Tog(n)) + €pP(Tap(n)—1 — f(u)) <
ymax{p(Tog(n)—1 — u), Pt — f(u)), P(Tak(n)—1 = Tak(n))s P(U — Tap(n)), P(T2p(n)—1 —
f)} <p(f(u) — u) as n is sufficently Iarge.
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Thus
p(f(u) = g(Tanny—1)) < vp(f(u) —u) (3.4)
Since v < 1. So f(u) = u.
Further we have to show that u € A. But
P(U - 950) = p(ligln Tm — xo) = liglnp(:rm - iEo)

< lim S Pl —w) = lim Y P —xi)(%)lﬁ(% —1o) forallp € '
(using 3.3). So, by passing to the limit,
1-0b,—d,

l—ap—bp—cp—2dpp
for all p € T'. Since A is of type 'y with respect to xg, so u € A. Hence w is the fixed
point of f in A. If u, v are the fixed points of f and g respectively, such that u # v, then
plu—v) = p(f(u) — g(v) < (ap + 2d,)p(u —v) < p(u —v) forall p € T, what is a
contradiction. So u = v. (]

p(u—z0) < (z1 — 20)

Theorem 3.2. Let E be a sequentially complete Hausdorff strongly convex topological
vector spaces with calibration T'. Consider two mappings f, g from E into E satisfying a
condition: for any given € > 0, there exits § > 0 such that the inequality

e <plx —y) < e+ §implies p(f(x) — g(y)) < eforallp € T.

If at least one of f and g is continuous then f or g has a fixed point, If both f and g
have fixed points, then each of them has a unique fixed point and these two points coincide.

Proof. Fix xy € E and define {x,} by zon11 = f(2an),Zon+2 = g(x2,41) . Then
{z,} is a Cauchy sequence. Indeed, if otherwise, then there exists ¢ > 0, such that
lim sup p(x,,, — x,,) > 2¢, for all p € I'. By hypothesis, there exits 6 > 0, such that,

e<plx—y)<e+dandsop(f(z)—g(y)) <eforallp e F (3.5)
Replace § by &' = min{d, e}. Firstly, we show that lim p(z,, — Z,,+1) J 0, (V)p € T. Let
Cpn, = p(xy, — xpy1) - Since Cy, is a decreasing sequence, then it fails for Cy,+1,p € T,

where C,,, is chosen less than € + ¢. Hence
limC,, | 0 forall peT. (3.6)

By (3.7), we can find an M so that Cy; < ¢'/3. Pick m,n > M, so that
5/
P(Trm — xn) > 2¢, p T, |p(xy, — ) — p(@m —2j41)|< Cj < 3 (3.7)
forallp e F.

Since Cy, < € and p(z,, — x,) > €+ ¢, for all p € T, therefore there exists an
integer j € [m, n] with € + %‘5/ < p(xm — ;) < e+ ¢, forall p € T'. Indeed from (9),
P( @ — xj41) — Cj < p(xm — ;) . It gives, e + &' — % =e+ %5/ < p(xm —xj) . Also
p(xm — ;) < e+ ¢ forall p € T'. Hence

€+ %‘S, < p(@m — ;) < €+ 0'. Using (3.6), we conclude that for all m and 7,

P(@m — x5) < p(@m — Tmt1) + P(@ms1 — Tj1) + p(@j41 — T;5)
<Cp+e+Cj < 27‘5/—|—e,f0ra11p€ T.
Hence it is a contradiction. So {z,} is a Cauchy sequence. Since F is sequentially
complete, {z,, } converges to some point x € E. Thus f(z2,) — x and g(x2,41) — . If
f is continuous, then

flx) = f(nh_{rolo 9(T2n41)) = Jim f(®2ny2) = .
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So z is a fixed point of f. Let u and v be the fixed points of f and g respectively such that
u # v. Then by using (3.6), we have that p(u — v) = p(f(u) — g(v)) < p(u — u) , for all
p € I', a contradiction. Therefore u = v. O

Corollary 3.3. Let E be a sequentially complete Hausdorff strongly convex topological
vector space with calibration I'. Let f be a mapping from E into E satisfying: for given
€ > 0, there exists 6 > 0 such that the condition ¢ < p(x —y) < € + 0 implies p(f(z) —
f)) < e forallp € I. Then f has a unique fixed point.

Corollary 3.4. Let E be a sequentially complete Hausdorff strongly convex topological
vector space with calibration T. Let f be a surjective mapping from E into E satisfying a
condition: for given ¢ > 0, there exists § > 0 such that, the inequality

Pl —y) < ¢ implies € < p(f(x) — () < e+, (3.8)

forallp €T
Then f has a unique fixed point.

Proof. We shall show that f is a one-to-one mapping. Indeed, let x # y and p(z — y) < ¢
but f(z) = f(y). We obtain 0 < p(z —y) < p(f(z) — f(y)) = 0,p € T, what is
impossible.

Let g be the inverse of f. Then (3.9) becomes p(g(z) — g(y)) < €, whenever € <
p(z —y) < e+ 4. g has the unique fixed point u. Thus g(u) = u = f(g(u)) = f(u) . So
x is the unique fixed point of f. O
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