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APPROXIMATION BY SEQUENCES OF ¢-SZASZ-OPERATORS
GENERATED BY DUNKL EXPONENTIAL FUNCTION

MD. NASIRUZZAMAN* AND M. MURSALEEN

ABSTRACT. The main purpose of this article is to introduce a modification of g-Dunkl
generalization of Szdsz-operators. We obtain approximation results via well known Ko-
rovkin’s type theorem. Moreover, we obtain the order of approximation, rate of conver-
gence, functions belonging to the Lipschitz class and some direct theorems.

1. INTRODUCTION AND PRELIMINARIES

In 1950, for x > 0, Szasz [24]] introduced the operators

e k
Su(fiz)=e Y (”Z,) f (Z) . f€C0,00). (L.1)
k=0 ’

In the field of approximation theory, the application of g-calculus emerged as a new
area in the field of approximation theory. The first g-analogue of the well-known Bernstein
polynomials was introduced by Lupag by applying the idea of g-integers [S]. In 1997,
Phillips [22] considered another g-analogue of the classical Bernstein polynomials. Later
on, many authors introduced g-generalizations of various operators and investigated several
approximation properties [[7, 89} [10, [11} [13} [14} [15, [16, {17, (18} 119} 120} 21} 25} 26].

We now present some basic definitions and notations of the g-calculus which are used
in this paper.

Definition 1.1. For |g| < 1, the g-number [A], is defined by

1fq)‘
= (Ae Q)
A, - 1 (1.2)

k=0

Definition 1.2. For [g| < 1, the g-factorial [n] ! is defined by
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1 (n=0)

[n],! = (1.3)

klill k], (n € N).

Sucu [23]] defined a Dunkl analogue of Szdsz operators via a generalization of the ex-
ponential function as follows:

1 & (nx)k | [k +2u6y

Sp(fix) = f ) (1.4)
) 2 B\

where z > 0, f € C[0,00),u >0, n € N.

Cheikh et al., [2] stated the g-Dunkl classical g-Hermite type polynomials and gave defi-

nitions of g-Dunkl analogues of exponential functions and recursion relations for p > —%

and0 < ¢ < 1.

oo mn
euq(z) = —, z €[0,00 (1.5)
H,q ~ ,y#,q(n) [ )
o n-b
T
Euqle)=3"1 , 2 €[0,00) (1.6)

n=0 7/’«5‘1(”)

where (21, q?) )
a4 ey (07,0712
Vug (1) = : Yuq(n), n €N, (1.7)
Hq 1—qn 1,9
In [4], I¢6z gave the Dunkl generalization of Szdsz operators via g-calculus as:
1 > nl x k 1— q2,u,0k+k
Diq(f37) = (nlor)” ( ) (1.8)
euq([n]qz) o Vira (k) l1—gq

forp >4, 2>0,0<g<1landf € C[0,00).

Previous studies demonstrate that providing a better error estimation for positive linear
operators plays an important role in approximation theory, which allows us to approximate
much faster to the function being approximated.

Motivated essentially by Icoz [4] the recent investigation of Dunkl generalization of
Szdsz-Mirakjan operators via g-calculus we show that our modified operators have better
error estimation than [4]. We also prove several approximation results and successfully
extend the results of [4]]. Several other related results have also been discussed.

2. CONSTRUCTION OF OPERATORS AND MOMENTS ESTIMATION

Let {a,} and {b,, }; are increasing and unbounded sequences of positive numbers such
that

1 1
lim — — 0, anda”=1+o(). 2.1)

n—o0 by, by, b,

L O<q<1,,u>ﬁandn€Nwedeﬁne

1—qn>
0 (an[n]ql‘)k 1— q2/t9k+k
St (i)

1
6#=Q([n]qxan) 50 Y q

Foranyi <z <

anbn . —
Dn,q (fa l‘) -
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where e, 4(x), 7,4 are defined in (T.3), (I.7) by [23] and f € C¢[0, 00) with ¢ > 0 and
C¢[0,00) = {f € C[0,00) :| f(t) |< M(1+1), forsome M >0, ( >0}. (2.3)
Note that the parameters a,, and b,, have an important effect for a better approach of the
operator DijLq’b"
Lemma 2.1. Let DijLq’b"( .) be the operators given by (2.2). Then for each 5~ <z <
ﬁ—qn)’ n € N, we have the following identities/ estimates:
(1) Dyt (L) = 1,
(2) Dyt (t50) = ()

2 a 2
an an euyq(—Sq[n]qz) T Qn by . an
(3) (7> x2+<b7) q2#«[1,2‘u]q e%;([n]qx) 2 [nlq < Dn,qb (tQ,IL‘) < (H) 2+
(“") [+ 2plor

Proof. As Dirbn(1;z) =

0o n k
eu,q<ai‘[n]qz> Sz, s = 1and

O
oo " 1— 210k +k
Dimbn(tix) = Z (an[n)qz < q )
ey,q an n qx 5—0 7# bn(l - qn)
_ 1 i (an[n]qx)
bn[n]qen,q(an(n]q) 1 Yu(k —1)
— (O
then (1) and (2) hold. Similarly
1 oo n k 1— 2ubr+k 2
Dantn(2,z) = 3 (an[n]qz) ( q : >
7 €uq(an[n]q) —0 Yu(k) bn(1 —gq")
_ i S (aalnlar)* <1 - qMHk)
br[nlzen,q(anln]qr) =0 Yu(k —1) I—¢q
_ | S5 (anlil)* (1 - q2ﬂ9k+1+k+1)
ba[nlgen.q(anln]qz) =0 Vu(k) l—¢q .
From [4] we know that
(260111 + k + 1], = [2u0k + K]g + 20 TR 2u(—1)% + 1], (2.4)
Now by separating to the even and odd terms and using (2:4), we get
Dinbn(2.0) = 1 i (an[n]qz)F+? <1 - q2M0k+1+k+l>
g By q(aninlys) 2= 7(k) ¢
" [1+2uly i (an[n]qz)®* ! 202+ 2k
b3 [nlgepq(anlnler) = (2k)
n [1 — 2/.L i 2k+ q2,u.92k+1+2k+1.
by [n]gep,q(anlnlq)

k=0
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Since
1 —2p]y <142y, (2.5)
we have
a zan[l — 2], > (qan[n],z)?"
Dy (t*2) > (277)? -
1 bn by [n]gep,q(an[n] kzo Y 2k
L Maal =2, <qan[n1 o)

bp[n)gepu,q(ann]qx) — Yu(2k + 1)

anp, €
> (@32 + - 2

On the other hand we have

Denbr (12, 2) < (252)2 + [1+ 2 .
R R

This completes the proof.

Lemma 2.2. Let the operators Dg: (. ; .) be given by 22). Then for eachx > 5, n €
N, we have

(1) Dyt (t = wi2) = (g2 = 1) @
(2) Ditr((t = 2)%2) < (5 - 1>2z + () [+ 200 g

Proof. For proof of this lemma we use

DZ"q’ (t—az;x) = D;‘l”q’ (t;z) — Da"’ (1; ),
And
’fLVb’VL 2- j— ’VL?b’Vl 2- ’VL?b’VL . 2 TIr7bTI, .
Dy (t—2)%2) = Dy (t% ) — 2z Dy (t;x) + Dy (15 @)
This ends the proof of (2). [l

3. MAIN RESULTS

We obtain the Korovkin’s type approximation properties for our operators (see [1]], [6]]).
Let Cp(R™) be the set of all bounded and continuous functions on Rt = [0, o0), which
is linear normed space with

I flles=sup | f(z)].
x>0

Let

f(z)
1+ 22
Theorem 3.1. Let D?ijq’b" (.5 .) be the operators defined by 22). Then for any function
feC0,00)NH, (=2

H:={f:2€][0,00), is convergent as © — 00 }.

Jim Dt (f2) = f(x)
is uniformly on each compact subset of [0, 00), where x[0, 00).

Proof. The proof is based on Lemma [2.1) and well known Korovkin’s theorem regarding
the convergence of a sequence of linear positive operators, so it is enough to prove the
conditions

lim De((t;2) =2, j=0,1,2, {asn — oo}

n—oo
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uniformly on [0, 1].
Clearly ﬁ — 0 (n — 00) we have

lim Db (t;2) =@, lim Dot (%) = 22,

n—00 n—o00
This complete the proof. ]
We recall the weighted spaces of the functions on R™, which are defined as follows:

PyRY) = {f [ f(z) |< Myp(2)},
QP(R+) = {f :feP,RT)N C[O,oo)},
QERY) = {f 1 f€Q,(R") and Jim ig)) = k(kis aconstant)} ;

where p(z) = 1+ 22 is a weight function and M is a constant depending only on f. Note

that Q,(R™) is a normed space with the norm || f ||,= sup,>q |£Ez§| :

4. RATE OF CONVERGENCE

Let f € Cgl0, o], the space of all bounded and continuous functions on [0, c0) and
T > ﬁ, n € N. Then for § > 0, the modulus of continuity of f denoted by w(f,d) gives
the maximum oscillation of f in any interval of length not exceeding > 0 and it is given
by

w(fa(s):‘ Su‘p5|f(t)7f(x) |a te [0,00) 4.1
t—zx|<
It is known that lims_,o4 w(f,d) = 0 for f € Cp[0, o) and for any § > 0 we have

[t -]

F) — fla) |< ( T 1) W(f.9). 42)

Now we calculate the rate of convergence of operators (2.2)) by means of modulus of con-
tinuity and Lipschitz type maximal functions.

Theorem 4.1. Let D> (. ; .) be the operators defined by (2.2). Then for f € C[0,00), z >

ﬁ and n € N we have

| D’(rllq;zdbﬂ(f7x) _ f(;p) |§ 2w (f, 5n,w) ,

7% 2 Qp €

Proof. We prove it by using @.1)), @.2)) and Cauchy-Schwarz inequality. We can easily get

| Dyt (fia) = fla) < {1 + 5 (DR (= 2)%2) } w(f;0)
if we choose 0 = d,, . and by applying the result (2) of Lemma[2.2} we get the result. [J

where

Remark. For every f € Cg[0,00), x > 0 and n € N, suppose {a,},{b,} be the se-
quence satisfies (2.1)) then the operators D;, (. ; .) defined by ?? reduced to D;’l’fq’b" (.5

Now we give the rate of convergence of the operators D?leq’b" (f; x) defined in 2:2) in
terms of the elements of the usual Lipschitz class Lips(v).
Let f € Cp[0,00), M > 0and 0 < v < 1. The class Lipys(v) is defined as

Lipy(v) = [ £(Q) = f(Q) [S M | G = G |7 (G, 62 €[0,00))} (4.4)
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Theorem 4.2. Let D3P (. ; .) be the operators defined in 2.2).Then for each f €
Lipy(v), (M >0, 0 < v < 1) satisfying @.4) we have

| Dyt (fra) = fla) |[< M (6p.2)2
where 8y, ;. is given in Theorem 1]

Proof. We prove it by using (#.4) and Holder inequality. We have

| Dt (fi0) — (@) | < | D (f(t) — fla)ia) |
Deb (| f(2) - f(2) |s )
MDZ:;{”" (|t—=x|"2).

IN

IA

Therefore
| Db (fr ) — f() |
< M [n]y i (an[n]qz)

epq(an[n]qz) o Twa (k)

k 2005 +k v

1—g¢q
bn(1—gm™)

— T

g S ((anlnlg)t T
eu,q(an[n]qx) kZ_Q( ’7#«7(1(]{) >
(anln)q)* \ ¥ |1 - ¢
VWZ(]“) )

bn(l - qn)
n o (an[n]gz)"\
M <eu7q(an[n]q9€) ,;) Viu,g (k) >

( ]y S (an[n]qz)k 1 — g2tk

4q
€pq(anln]qx) =0 Vg (F)

IA
<

2105 +k v

X
7 N

IN

X

2\ 2
—x
nsbn 2..\%
= M (D' (t —x)*5x)? .
This completes the proof. U

Let
CERT) ={g€ Cp(RT): ¢, ¢" € Cp(R")}, (4.5)
with the norm
I 9 llcz@ny=ll g lles®y + 1 9" les@+)y + 11 6" llos @), (4.6)
also
Il g llcs@+y= sup | g(x)|. 4.7
rERT

Theorem 4.3. Let Dfljlq’b"(. ; .) be the operators defined in Z.2). Then for any g €
C%(R™T) we have

a anp 5n,z
oz (ri) = @) 1= { (5 1) ) + %55} 19 legao
where 0., ;. is given in Theorem
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Proof. Let g € C%(R™). Then by using the generalized mean value theorem in the Taylor
series expansion we have

g(t) = g(x) + ¢'(x)(t — ) + " (¥)
By applying linearity property on Dgz”", we have

(t—x)?
2

, P € ().

D (9,2) = 9(a) = o @)D (¢ = ) + LD (- %2

which implies that
. " 2 "oy mt
Dt s )=0(0) 1< (32 = 1) ) 1 ey + ( (2 1) 0+ () 1+ 20 ) 0500

From @.6) we have || ¢’ [[c5(0,00) <]l 9 lc30,00)-

. . 2 . lgll s et
| Dzt (giw)=g(@) 1< (82 = 1) @) |9 log ) + ((b —1) o+ (52) [+ 20l ) g
The proof follows from (2) of Lemma[2.2] O

The Peetre’s K -functional is defined by

Ka(f,0)= jnf (17 =9 llop@n +0 116" legen) o €Wy, @49)

where
={geCp®R"): ¢, ¢" € Cx(RT)}. 4.9)

There exits a positive constant C' > 0 such that K5(f,8) < Cws(f,62), 6 > 0, where the
second order modulus of continuity is given by

wo(f,62) = sup sup | f(x+2h) —2f(x+h)+ f(z)]. (4.10)

O<h<s® TERY

Theorem 4.4. Forz > 5-, n € Nand f € Cp(R") we have

‘Dn,q (f?)_f(>|
<2M {wz (f; ((4””) + min (1(2(?)+> I £ ||cB<R+>}

where M is a positive constant, 0y, 5 is given in Theorem and wo(f;0) is the second
order modulus of continuity of the function f defined in @.10).

Proof. We prove this by using the Theorem [£.3]
| Dt (fix) = f(ax) | <[ Dy (f = gse) | + | Dy (i) = g(x) | + | f(2) = g(2) |

5n,:p an
< 20 glopen +355 1 logeny + ( (52 1)) 19 llowien

From (@.6) clearly we have || ¢ [|c5(0,00) <l 9 [lc2,(0,00)-

Therefore,
(2(5 -1)2) +ona
4 I g ||C]23(]R+) )

| Datn (fra)—f(@) |2 [ 1 f =g llepme) +

where d,, ;. is given in Theorem 4.1}
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By taking infimum over all g € C%(R™) and by using (#.8), we get

1) 2) + b
2 .

| Dyt (fia) = f(x) |< 2K | f (2(

Now for an absolute constant () > 0 in [3] we use the relation
K(f30) < Q{wa(f; V) +min(1,6) || £ [}
This complete the proof. d

Conclusion

Purpose of this paper is to provide a better error estimation of convergence of the g-Dunkl
generalization of Szdsz-operators by initiating the increasing and unbounded sequences
{a,}, {b,} of positive numbers such that lim,, . i —0,and §2 =140 (i) Here
we have defined a Dunkl generalization of these modified operators. This type of modifica-
tions enables better error estimation on the interval [0, co) rather than the classical Dunkl
Szasz operators [4]. We obtained some approximation results via well known Korovkin’s
type theorem.We have also calculated the rate of convergence of operators by means of
modulus of continuity and Lipschitz type maximal functions.
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REFERENCES

[1] N. L. Braha, H. M. Srivastava, S. A. Mohiuddine, A Korovkin’s type approximation theorem for periodic
functions via the statistical summability of the generalized de la Vallée Poussin mean, Appl. Math. Comput.,
228 (2014) 162-169.
[2] B. Cheikh, Y. Gaied, M. Zaghouani, A g-Dunkl-classical g-Hermite type polynomials, Georgian Math. J.,
21(2) (2014) 125-137.
[3] A. Ciupa, A class of integral Favard-Szdsz type operators, Stud. Univ. Babes-Bolyai, Math., 40(1) (1995)
39-47.
[4] G.lI¢oz, B. Cekim, Dunkl generalization of Szdsz operators via g-calculus, Jour. Ineq. Appl., (2015), 2015:
284.
[5] A. Lupas, A g-analogue of the Bernstein operator, In Seminar on Numerical and Statistical Calculus, Uni-
versity of Cluj-Napoca, Cluj-Napoca, 9 (1987) 85-92.
[6] S. A. Mohiuddine, An application of almost convergence in approximation theorems, Appl. Math. Lett.,
24(11) (2011) 1856-1860.
[7] M. Mursaleen, K.J. Ansari, Approximation of g-Stancu-Beta operators which preserve 22, Bull. Malaysian
Math. Sci. Soc., DOI: 10.1007/s40840-015-0146-9.
[8] M. Mursaleen, A. Khan, Statistical approximation properties of modified g- Stancu-Beta operators, Bull.
Malays. Math. Sci. Soc. (2), 36(3) (2013) 683-690.
[91 M. Mursaleen, A. Khan, Generalized g-Bernstein-Schurer operators and some approximation theorems,
Jour. Function Spaces Appl., Volume (2013), Article ID 719834, 7 pages.
[10] M. Mursaleen, Faisal Khan, Asif Khan, Approximation properties for modified g-bernstein-kantorovich
operators, Numerical Functional Analysis and Optimization, 36(9) (2015) 1178-1197.
[11] M. Mursaleen, Faisal Khan, Asif Khan, Approximation properties for King’s type modified q-Bernstein-
Kantorovich operators, Math. Meth. Appl. Sci., 38 (2015) 5242-5252.
[12] M. Mursaleen, M. Nasiruzzaman, Abdullah Alotaibi, On Modified Dunkl generalization of Szasz operators
via g-calculus, Journal of Inequalities and Applications (2017) 2017:38, DOI 10.1186/s13660-017-1311-5.
[13] M. Mursaleen, Tagseer Khan, Md. Nasiruzzaman, Approximating Properties of Generalized Dunkl Ana-
logue of Szdsz Operators, Appl. Math. Inf. Sci., 10(6) (2016) 1-8.



246 MD. NASIRUZZAMAN AND M. MURSALEEN

[14] G. V. Milovanovi¢, M. Mursaleen, Md. Nasiruzzaman, Modified Stancu type Dunkl generalization of Szész-
Kantorovich operators, RACSAM DOI 10.1007/s13398-016-0369-0.

[15] M. Nasiruzzaman, A.F. Aljohani, Approximation by a-Bernstein-Schurer operators and shape preserving
properties via g-analogue, Math. Meth. Appl. Sci., 46(2) (2023) 2354-2372

[16] M. Nasiruzzaman, H. M. Srivastava, S. A. Mohiuddine, Approximation Process Based on Parametric Gen-
eralization of Schurer-Kantorovich Operators and their Bivariate Form, Proc. Natl. Acad. Sci., India, Sect.
A Phys. Sci. 92 (2022) 301-311

[17] M. Nasiruzzaman, A. Mukheimer, M. Mursaleen, Approximation results on Dunkl generalization of Phillips
operators via g-calculus Advances in Difference Equations 2019 (2019), Article Id: 244

[18] M. Nasiruzzaman, N. Rao, A generalized Dunkl type modifications of Phillips-operators, J. Inequal. Appl.
2018 (2018), Article ID: 323

[19] M. Nasiruzzaman, M. Mursaleen, R. P. Agarwal, Modified Dunkl type generalization of Phillips opera-
tors and some approximation results, Dynamics of Continuous, Discrete and Impulsive Systems Series A:
Mathematical Analysis, 27 (2020), 33-45

[20] M. Orkeii, O. Dogru, Weighted statistical approximation by Kantorovich type g-Szdsz Mirakjan operators,
Appl. Math. Comput., 217 (2011) 7913-7919.

[21] M. Orkeii, O. Dogru, g-Szdsz-Mirakyan-Kantorovich type operators preserving some test functions, Appl.
Math. Lett., 24 (2011) 1588-1593.

[22] G.M. Phillips, Bernstein polynomials based on the g- integers, Ann. Numer. Math., 4 (1997) 511-518.

[23] S. Sucu, Dunkl analogue of Szasz operators, Appl. Math. Comput., 244 (2014) 42-48.

[24] O. Szasz, Generalization of S. Bernstein’s polynomials to the infinite interval, J. Res. Natl. Bur. Stand., 45
(1950) 239-245.

[25] A. Wafi, N. Rao, D. Rai, Appproximation properties by generalized-Baskakov-Kantrovich-Stancu type op-
erators, Appl.Math.Inh.Sci.Lett., 4(3) (2016) 111-118.

[26] A. Wafi, N. Rao, A generalization of Szdsz-type operators which preserves constant and quadratic test
functions, Cogent Mathematics (2016), 3: 1227023.

MD. NASIRUZZAMAN

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, UNIVERSITY OF TABUK, PO B0x-4279, TABUK-
71491, SAUDI ARABIA

Email address: nasir3489@gmail.com

M. MURSALEEN
DEPARTMENT OF MATHEMATICS, ALIGARH MUSLIM UNIVERSITY, ALIGARH 202002, INDIA
Email address: mursaleenm@gmail.com



	1. Introduction and preliminaries
	2. Construction of operators and moments estimation
	3. Main results
	4. Rate of Convergence
	References

