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TRIGONOMETRIC GENERATED L, DEGREE OF APPROXIMATION BY
SMOOTH PICARD SINGULAR INTEGRAL OPERATORS

GEORGE A. ANASTASSIOU

ABSTRACT. In this article we continue the study of smooth Picard singular integral oper-
ators that started in [3]], see there chapters 10-14. This time the foundation of our research
is a trigonometric Taylor’s formula. We establish the L, convergence of our operators to
the unit operator with rates via Jackson type inequalities engaging the first L,, modulus of
continuity. Of interest here is a residual appearing term. Note that our operators are not
positive.

1. INTRODUCTION

We are motivated by [2], [3] chapters 10-14, and [4], [S]. We use a trigonometric new
Taylor formula from [4], see also [S]. Here we consider some very general operators, the
smooth Picard singular integral operators over the real line and we study further their L,,
p > 1, convergencnce properties quantitatively. We establish related inequalities involving
the first L,,, p > 1, modulus of continuity with respect to L,,, p > 1, norm. We provide
detailed proofs.

2. RESULTS

By [4], (5], for f € C? (R) and a, x € R, we have by the trigonometric Taylor formula

£ (@)~ f(a) = f' (a)sin (z — a) + 2" (a) sin? <§> - 0

/I [(f7 (&) + £ (8) = (f" (a) + f (a))] sin (x — 1) dt.

Forr € Nandn € Z1, we set

(]
)

)j—", j=1,..,r
O[j = r

L Y )
1- 3> (-1 I 0,

Jj=1
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that is
T
Z CK]' =1.
=0

Here we consider both f, f” € L, R)NC (R),1 < p < 0.

3)

For z € R, £ > 0 we consider the Lebesgue integrals, so called smooth Picard operators

Pe(f,x) 25/ (Zajf x—i—jt>e Edt

see [2]; P, ¢ are not in general positive operators, see [3].

We notice by
1 / o
— €
26 ) oo
that
P, ¢ (c,xz) = ¢, where c is a constant,
and

1 [ 1
Pre(f x) — _§<Zaj/ flx+gt)— f(x)e £dt>

Denote by
wi (f,h), = sup |[f (x+t) = f (@),
teR
[t|<h
the first L, modulus of smoothness of f, 1 < p < oo.
By (T) we get that

[ ety = £ (2) = f (2)sin (jt) + 2f" (x) sin® (Jzt) T

x+7t
[0+ 16D = (6 @)+ T @)lsin e+ gt — ) ds,
or better, .
Flatt) = £ 2) = £ (@)sin () + 26 @) snd (5 ) +
/0 Tl @)+ f ) — (7 (@) + f @) sin (it — =) d=.

Furthermore, it holds

ZO‘J (x+jt) — f(z)] =

) Z ajsin (jt) + 2f" (x) ;0 a; sin® (j;) +

Jj=0

Za] / (@t 2) 4 fat2) = (F () + f ()] sin Gt — 2) d,
—0 0

or better

Za; (x4 jt) — f (2)) =

“4)

®)

(6)

®)

€))

(10)

Y
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() Z ajsin (jt) + 2" (z) Z a sin? (j;) +
=0

7=0
Z%J / (a4 jw) + f (@4 jw) — (7 (@) + £ ()] sing (- w) dw. (12)

Call
R:=R(t) :=

Z%J / (o )+ £ (2 -+ jw)) — (" (@) + F @) sinj (t - w)dw,  (13)

A t € R.
We notice that

A(x) = Prg (fra) = [ (@)= f (2 ig ( sin (jt) e ¢ dt) (14)
0

Jj=

// l — m
Z "% ( o ( 2 ) )
Next we simplify (T4).

= — R(t)e &
2 /,m (B)e
We observe that

PN ] O <
/ sin (jt)e™ € dt :/ sin (jt) e € dt —|—/ sin (jt) e~ € dt. (15)
0

— 00 —00

Notice —00 <t <0 = oo > —t > 0. So that

0 [t 0 |t
[ G eme i = [ G faeo = as

—0o0 — 00

L 1 i e [ i i -
/ (sinj (—t))e d(—t)—/ sing (t)e” € dt = /0 (jt) e € dt.

— 00 o0

Therefore, it is

Furthermore, we have that

> it t > it ¢
/ sin2(j2>e_£dt_2/ sin2<‘72>6_gdt, j=01,..r. (8
—0o0 0

The last follows by

0 . + 0 ) (— 2 —t Pr—
/ sin? (j;) et = —/ (— sin <J2t))> ef%d(—t) =Y (19)
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(call £ =: zand & =: a)

§/ sin? (ax) e %dx = (20)
0
(by Wolfram Alpha Computational Inteligence)

6 20/2 _ j2§3
4a?+1)  2(52€24+1)°
Thus, we find that

o5} 9 jt iy B ]2€d o
/;Oo S11 <2> e tdt = m, ] = 0,1,...,7". (21)

Consequently, it holds (£ > 0)

1 [ Lo fJt) — j*&? .
2/7005111 <2>€ €dt=m—>0,as§—>0, j:O,l,...,’/’. (22)

Eventually we obtain

1" - 1 < . jt _ 1 - j2 2
=2f"(z) Y a;— </ sin? <)6 €dt)——f (z) o ——— | €.
jz::o 2\ 2 ]Z::O TP+
(23)
Consequently, based on the above, it is
T -9
A(x) = Pre(fox) = f (@) = " (2) [ Yajma—r | €8 >0, @4
JZZ:O T2+ 1)

We present our first result, L,, approximation, p > 1.

Theorem 2.1. Letp,q > 1: 5+ =1,&> 0, and both f, f" € L, (R)NC (R), = € R.
Then
r )
" J 2
= . — — P <
A @), = ||Pre(f)—f—f ;%(ﬂSQH) &l <
P
Ar+1)\T 2\, )
(q(q+1)) (p> 1 (71,0,
(25)"

.
> eyl 577 [F(qp—q+p+1)+ C(gp—q+2p+1) -0, (25)
j=0

P (p+1)

as & — 0.
Above T stands for the gamma function.

Proof. Let

t
Fim [ (0" @ guw) + £ (o ju)) = (17 (@) + ] @] sing (¢~ w)du, Vit € R
’ (26)
For t < 0, we have that

0
1] = /t [(f" (@ + jw) + f (@ + jw)) = (f" (z) + f (2))] sin j (t — w) dw| <
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/to [(f" (x4 jw) + f (@ + jw)) = (f" (2) + f ()] |sinj (£ = w)|dw < (27)
'/OI "(@+jw) + f (@ +jw)) — (f" (@) + f (2)] (w — 1) dw =
—J/ [(f" (x—j )+ f (@ —j(—w) = (f" (@) + f (@) (-t = (—w)) d(—w)
(t<w<0=>—t> u)—0>0)

_ —j/_tw” (x— j0) + F (z — 38)) — (/" (2) + f ()] (—t — 0) df =
j / N @8+ f (=) — (@) + f (@) (~t—6)do=  (8)

It
J | [(f" (z + sign () jO) + f (x + sign (t) j0)) — (f" (z) + f (2))[ (|t| — 0) dO

So, we have proved that

[t]
I <3j |(f" (z + sign (t) j0) + f (x + sign (t) j0)) — (f" (x) + f (z))| (|t| — ) d6,
" 29)
ViteR,

and by (13),
R <Y oyl 52
7=0
[t]

((f" (& + jsign () 0) + f (z + jsign (t) 0)) — (f" () + f (2))[ (|t| - 0) dO

0

(30)
VteR.
By (T4) we have
A(z) = 25/ R(t)e” . (31)
Hence it holds (p,q > 1 : l + % =1),
oo oo e’} . D
[ awra= g [ [ roetal as
1 o0 o0 _m P
o | ([ m@1e Har) o @
1 (e’ [e'e] U p
7 [ ([ e e ta) s

1 4;)/ </ R e 5 dt ) da =
pt|
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But, we need to treat

R <D oyl
§=0

1t
( | (" (x + jsign (t) 0) + f (z + jsign (1) 0)) — (f" () + f ()" d9>

(/t (1] — 0" dg) q _
0

(33)

1
P

r [t]
> layls? ( ; [(f" (x + jsign (1) 0) + f (z + jsign (t) 0)) — (f" (x) + f ()" d9>
=0

|t|q+§

(q+1)7

{ ((Ias12)")

J

D=

Il »
< ; |(f" (z + jsign (t) 0) + f (z + jsign (t)0)) — (f" (z) + [ (x))|” d9> }

"
—= =
(¢+1)7

1
O<5 <D

Q=

{(r—i—l)

r Il
(Z 7 5% /0 (" (2 + jsign (t) 0) + f (x + jsign (£) ) — (f" (z) + f (x))[" dO

¢
=
(g+1)7
Hence, we find that

2 I
r+1\¢ ,
ROP< (25)" [ Tlasrs®
q =0

[l
( ; (" (2 + jsign (t) 0) + f (x + jsign (£) 0)) — (f" (z) + f (2)) d9>1

Therefore, we get

() < <2q€ (211)1;) {/Z (/Z [,Toamfp

Jj=

(34)

(g+1)p

jt e

(35)

1
P

|

=

|
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Il
/0 (" (x + jsign (t) 0) + f (z + jsign (£) 0)) — (f" (x) + f (x))|" df

G@+p _ |pt|
It e dt)dx} (36)

s

p—2¢—1
(set c1 = 2qp,£1 (%)q)
o o T
ot [ L[S
—o0 =00 | =0

Il
/0 |(f" (2 + jsign (t) 0) + f (x + jsign (£) 0)) — (f" (z) + f (2))|" d9] dx)

(g+1)p

(g+1)p Ipt]
It e_%dt}

:cl{/w [ ;[P 2P 37

[t] oo
/ ( [ A0 b sion 0) + (ot ssign (08) - (7 @) + 7 @) dx) cw]

— 00
(a+)p _ |pt|
It T e dt}g

€>0
. {/oo |:Z|aj|pj2p< (f/ +f, ]0> )]
-0 |20 »
|t|<q+1)p 7|7§ }S
]
m(f”+f,5)ZC1{/_oo [Za P 5% /0 1+ 9 dH)]
|t|(q+1)(p 1) 7%61 } (38)
1w (f//“l‘f, E)Z > |a |p 2P2P 1 ( ( 9p> d9>

e = B ar} =

2 e (f" + £,€);

{/ [Z|a P j :2p <| |+ 7|t‘ >:| |t|(Q+1)(P*1) e_gédt} _

2 e (f" + £,€);

. > t|? _ v
{Zlajl”f”/ <I \***' +1> o0 "%dt} (39)
i=0 —e

e (f" + 1,€),
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> ol 5% /OO <t+ 4 tP“) ot~ Se gy & =
=0 0 & (p+1)
2crwn (f" + £,€),
T 00 . 00
S Jogl? 2 [/ M)~ B gy I / t<q+1)<p—1>+p+1eggdt] _
= 0 & ( 0

p+1)
(40)

r

0o 74\ (et (p=1)+1 N
2Pc1w1 (f//Jrf’ g)g Z|aj|pj2p gqp*qﬂﬂrl/ (€> 6_(5)Ed
j=0 0

5P Cgt2pil oo(t>lI;Dq+2p —(§>l E _
ST N ¢ ¢

(aboveitis (¢ + 1) (p — 1)+1 = gp—q+p > 0,(¢+ 1) (p — 1)+p+1 = gp—q+2p > 0)

ey (f7 4+ f,€)hgmwtrtt Zajlpfp{ / zw=itre=(B)rge @)
0

Jj=0

+ 7" /OO xqpq“pe(g)mdx]} =
(r+1) Jo

(next we use, for a,b > 0 that it holds fooc 2% " dr = b1 (a + 1), by Wolfram
Alpha computational intelligence)

3 " ' py —apta—p—1
e (17 + £ | Yol 72 { (5) Dlgp—q+p+1)

=0

Vi p\ —apte—2p—1
= r — 2 1 =
Y (2) (gp—q+2p+1)
22(p-1) /41 H a
e <q +1) wi (f" + [, ), €W—TtP (42)

jzi:o s |” 5P { (g)*‘w*q*”*l (F (qp—q+p+1)+ (pj: 1) (g)ipr (p—a+ 2+ 1)) }

So for p,q > 1:%+%=1,§>0,wehaveproved:

00 22(p-1) /p 1 £ p\ —p+a—p—1
P " P ¢cqp—q+p (L
JIC IR <q+1> w1 (f7+ Oy (1) 43)

- , 2j)°
> a~p32p[r @p—q+p+1)+ ( qu—q+2p+1}
ot | J‘ ( ) pp (p + 1) ( )
The proof of the theorem is now completed. O

Next comes the L; related approximation.
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Theorem 2.2. Let & > 0, both f, f” € L1 (R)NC (R), x € R. Then

A ()], < [Z%IJ 2+3J)] wi (f"+ 1,6, =0, as€—0. (44

7=0

Proof. We have that

@) = 5 \/m R () e—édt‘ <o [~ Rl o <

T o |t]
%Z\@jlf/ ( ; |(f" (x + jsign () 0) + f (z + jsign (t) 0)) —  (45)
j=0 >

(f" () + f (@) (|t| - 0) df) e” =

Thus, we get

1A @), =/_°° A (@) dz <
1 9 o0 00 t| Y o .
2 2l </oo </oo</o (" (o + Gsign (1) 6) + f (x + sign (1) 6)) ~

(46)

f7 (@) + <
e [e9) [t]
%ZM‘IJ’Q </ </ (It/O (" (& + jsign (t) 0) + f (z + jsign (1) 0)) —

(f" (z) + f (x))] dO) e*%dt) da:) _

[t]
/_ 1t / ((F" (a + jsign (£)6) + f (x + jsign (£) 8)) —

(47)
/_: </_o; Olt (" (w + jsign (t) 0) + f (x + jsign (t) §)) —
(f" (z) + f (x))] dO) dx) |t| e—%dt) _

/0 | /_o; |(f" (& + jsign () 0) + [ (x + jsign (t) 6)) —

7" (@) + f (@))] dw) d6) |t] e~ € dt) <

1 o o0 It| .
2*§ZI%‘IJ'2 /0 w1 (" + f,§0),d0 | |t|e cdt | <

=0 —oo

" r 00 [t] 1 t
AL o, (/m (/ (ng) d@) |te€dt> -

7=0
i+ J It ] ) ‘fdt) (48)

I uw(/

j=0
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o (f"+ £, ) layl 5 </0

7=0
wr (f" + 1,€) Z|aj|g UOO (t—i—th)te_tdt}:
2 " .2 2 _ ] © 3 _ .
§wr (f +f,§)1Z|aj\J [/0 t’e tdt+§/0 t3e tdt}_
2w, (f" + £, Z|a3|j { % 6}

w1 (f" + £,€), Z | 52 [2+ 34] - (49)

=0
Above we used that

/ t2e tdt = 2 and / t3etdt = 6.
0 0

The theorem is proved. (]
We finish with the following
Corollary 2.3. (to Theorem[2.1) It holds
T j2 )
Pre () = fll, < IIF” | | &+
1Pre (f) = £, < 1711, jz::olajl(]2§2+l) 3
4(r+1))‘11 (2)“3 , ,
— w + s 50
(q(q—l—l) 2) e+ 1.0, (50)
1
Zr] p'Q”{F( +p+1)+ (25)" T( +2p+1) p—>0
a;lt g qQp—qTp 7 it \gp—q p )
= pP(p+1)
as & — 0.
Corollary 2.4. (to Theorem[2.2) It holds
r 2
J 2
Pre(f) = fll, < 1F” ol = | &+
IPoc (5= 11y <15 | Sl Gy
D ol i® (2+37) | wi (f"+ £.6), 6% = 0, as§ = 0. (51)

Jj=0

Conclusion: A new type of approximation was introduced for singular integrals. The
interesting trigonometric based one.
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