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TRIGONOMETRIC AND HYPERBOLIC POINCARE, SOBOLEV AND
HILBERT-PACHPATTE TYPE INEQUALITIES

GEORGE A. ANASTASSIOU

ABSTRACT. In this article based on trigonometric and hyperbolic type Taylor formulae
we establish Poincaré, Sobolev and Hilbert-Pachpatte type inequalities of different kinds
specific and general.

1. MAIN RESULTS

Our motivation comes from the classic [2]. We start with a collection of Poincaré type
inequalities.

Theorem 1.1. Let f € C?([a,b], K), where K = R or C, such that f (a) = f' (a) =0,
andp,q > 1: %—1—%:1. Then

b T % %
Iflquqa,bpé( L ([ s ora) dx> 1+ iy D

Proof. Since f (a) = f’ (a) = 0, by Corollary 3.4 of [1] we have

= [ U@+ ) @

Vaelab.
It follows by Holder’s inequality that

[f (@) < /m [f7 (&) + f (®)][sin (z — t)| dt <

(/gc |sin(:nt)|pdt>p </$|(f//+f)(t)th>q§ 3)
( [ - t>|”dt) N gy
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Hence 4
< ([ o= 0 a) 1 A1, oy @
and
/ |f (x)|? dz (/ |sm x—t)f dt) ’ dx> If" + f”%q([a,b]) . )
We have proved that
b a
( / If(w)lqdrc> ( ([ sinte-ora)’ dx> 17+ oy ©
d
It follows

Theorem 1.2. All as in Theorem[I 1l Then

b T % %
||fHLq([a,b]) < (/ (/ |sinh (z — #)[? dt> dz) If — fNHLq([a,bD' @)

Proof. As similar to Theorem [I.1]is omitted. It is based on Corollary 3.5 of [1]. O
We continue with

Theorem 1.3. Let f € C*([a,b], K), where K = R or C, such that f (a) = f'(a) =
f"(a)=f"(a)=0,andp,q>1: % + é = 1. Then

1Nz, (o)) <
: ( [ ([ e =0y sin e - o at) dm) 1= "N asy - ®
Proof. As similar to Theoremﬂ;flis omitted. It is based on Corollary 3.6 of []]. ([l

It follows
Theorem 1.4. Let f € C*([a,b],K), where K = R or C, such that f (a) = f'(a)

f"(a)=f"(a) =0,andp,q > 1: ]%Jr% = 1. Alsolet o, 8 € Rwitha3 (a® — 2) # 0.
Then

||f‘ L, [a, b]
1
W (/a (/a |ﬁsln(a (CC—t))—OcSln(ﬁ (.T—t))|pdt> dl’)
2 2 292
117"+ (% + 82%) /" + o fHLq([a,b])' ©)
Proof. As similar to Theorem [I.1]is omitted. It is based on Corollary 3.7 of [I]. ([l
Next comes
Theorem 1.5. Let f € C*([a,b],K), where K = R or C, such that %) (a) = 0,

b
i=0,1,2,3, andp,q > 1: +§_1 a€R, a#0. Then

1
P

11z, (aby <
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2;'3 </ab (/: Isin (e (@ =) = a(z = ) cos (a (z = )1 dt> % da:) |

Hf(ﬁl) +2Oz2f"+o¢ . (10)
Proof. As similar to Theorem [I.1]is omitted. It is based on Corollary 3.8 of [1]. [l

We continue with
Theorem 1.6. All as in Theorem[[.4l Then

11, (fae)) <

W (/: </: lasinh (B (z — t)) —ﬁsin]n(a(gc_t))pdtyﬁdaj)é

)~ (% + B2) " + a2 (11)
Lq([a,b])
Proof. As similar to Theorem [I.1]is omitted. It is based on Corollary 3.9 of [1]. [l
We also give
Theorem 1.7. All as in Theorem[I3 Then
11, (fae)) <
1
1 b T % q
W </ (/ | (z —t) cosh (o (z — t)) — sinh (o (x — t))|” dt) da:)
(0% a a
Hf<4> 2282 " + . (12)
Proof. As similar to Theorem [I.1]is omitted. It is based on Corollary 3.10 of [1]. [l

We make

Remark. The following come from [1]. Let K denote R or C, [a,b] C R. For ¢ =
(Coy .oy Cn) € K" with ¢, = 1, let the n-th order linear differential operator

D.:C"([a,b],K) — C([a,b],K)
be defined by the formula
De(f)=caf™ + ..+ crf +cof (f€C"(a,b],K)).
Let w. € C™ (R, C) denote the unique solution of the initial value problem
De(we) =0, W (0)=8,-1 (1€{0,....,n—1}). (13)

The function w. will be called the characteristic solution of D, (w) = 0.

Define ) L
n— n—1—y
(Tuef) (x) = (f(j) (@ > cirjrawl” (@ - a)) , (14)
7=0 i=0
if fU) (a)=0,7=0,1,....,n — 1, then
(Ta,cf) () =0, V€ [a,b].
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Theorem 1.8. ([1]) Let n € N, ¢ = (cg,...,cp) € K™ with ¢,, = 1. Then for all
feC([a,b],K), x € [a,b], we have

F @)= Tuch) @)+ [ " Do () (1) e (& — ) dt. (15)
Iff9(a)=0,5=0,1,...,n — 1, then
F)= [ D) Wwete -t (16)

V€ la,bl.
We give the following general Poincaré type inequality.

Theorem 1.9. All as inRemarkandf(j) (a)=0,7=0,1,....,n—1,p,g > 1: %—Fé =1

Then
b x % %
ey < ([ ([ et =0 a)” a) 1Dl guy- 09

Proof. As similar to Theorem[T-T]is omitted. It is based on Remark[TJand Theorem[T.8] [
Next follow Sobolev type inequalities.

Theorem 1.10. All as in Theorem[I1) v > 0. Then

1
b x % B
||f||Lr<[a,bnS</ (/ Isin@—t)l”dt) dw) LF"+ ey gy - (8
a a

Proof. As in (3) we have

p@ls ([ = ora) 15 g (19
and (by > 0)
p@r < ([ it ora) 15 g (20)
V€ la,bl.
Thus

b b T %
/|f(x)|’“dx§</ (/ |sin(x—t)pdt> dm) 1"+ FlIz, () » (21)
and
b G b T 5 o
(/ If(w)lrdx> S(/ (/ Isin(w—t)lpdt> dm) I+ ey oy 22

proving the claim. O

Theorem 1.11. All as in Theorem[I.2) v > 0. Then

1
b T 7; B
||f|Lr<[a,bD<</ (/ |sinh<x—t>|”dt) dm> 1= ey @

Proof. As similar to Theorem [[.10]is omitted. O
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Theorem 1.12. All as in Theorem[I.3] v > 0. Then

”fHLr([a,b]) <

3 (/ (/ |sinh (x — t) — sin (z — t)|” dt) dx) Ilf - f""||Lq([a’b]) . (24)

Proof. As similar to Theorem [I.10]is omitted. O
Theorem 1.13. All as in Theorem[I.4) v > 0. Then

”fHLr([a,b]) <

1
T

m (/ab </a$ |5Sin(0¢($t))ozsin(ﬁ(xt))|pdt);dx> ‘

2 | 2 2 52

[£7" + (o2 + 3%) f" + a®B fHLq([a,b])' (25)
Proof. As similar to Theorem [I.10]is omitted. O
Theorem 1.14. All as in Theorem[I.3] v > 0. Then

||fHLr([a,b]) <

2|L|3 </ab (/j |Sin(a($—t))—a(m—t)cos(a(x_tmpdt);dx)

el

@+ 222 f" + . (26)
Hf f Lq([a,b])
Proof. As similar to Theorem [I.10]is omitted. O
Theorem 1.15. All as in Theorem[I.6] v > 0. Then
”fHLr([a,b]) <

m (/ab (/j |asinh (8 (x — t)) 6sinh(a(xt))|pdt>;dx)”l‘

(4) _ " 22 27

(a®+B%) f" + B o) (27)

Proof. As similar to Theorem [[.10]is omitted. O
Theorem 1.16. All as in Theorem[I.7} v > 0. Then
1Az, ot <

W / </ | (z —t) cosh (a (z — t)) — sinh (o (x — t))|” dt) dx
(0] a a
Hf(4) 2a2f/l + a4f-‘ ' b] (28)
Proof. 1t is omitted. O

Theorem 1.17. All as in Theorem[I.9) v > 0. Then

b x 5 :
11, (fapp < </ (/ |we (z — 1) dt) df) IDe ()2, ((a,)) - (29)
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Proof. It is omitted. O

We continue with a collection of Hilbert-Pachaptted inequalities.

Theorem 1.18. Here j = 1,2. Let f; € C*([a;,b;],K), where K = R or C, such that
fi(aj) = f}(a;) =0, andp,q > 1: l + l = 1. Then

/bl /b2 |f1 ﬂf1)||f2 (w2)| d1dy <
|: 1|sm 11— t1)|pdt1 f‘22|sm(932 t2)‘1dt2:| -

q
(b1 — a1) (b2 — a2) ||f{/ + fillz, (o 15+ F2ll L, (fazba)) - (30)
Proof. As in (3) we have
1
T1 P
Al < ([ - an ) I Al ey OD
ay
V€ [al,bl],
and
T2
el < ([ lsin o - t2>|‘1dt2> 1+ Pl sy - G
as

Va9 € [CLQ, bQ] .
Hence we have

1 (@)l 1 (22)] < (/m Isin (21 —t1)|pdt1>p (/ Isin (22 —t2)|‘1dt2)q

I+ fillz, (an o 12+ F2ll, (s b)) < (33)
(using Young’s inequality for a, b > 0, arbe < % + g)

lf;ll |sin (z1 — t1)| dt; N [ Isin (22 — t2)[* dtQ]

p q
1Y+ il oy 12+ F2lln, s o - (34)
|f1 ()] | f2 (22)]

1 (o _ P TS | o _ q —
|:fa1 |sin(z1—t1)|Pdt1 " ja2 |sin(z2—t2)| dt2:|
p q

So far we have

1Y+ il o 12+ F2lln, s o » (35)
v (1‘1,.132) S [al, bl] X [ag, bg} .
The denominator in @ can be zero only when both 1 = a7 and 5 = as.
Therefore we obtain , by integrating over [ay, b1] X [az,bs] . O

Theorem 1.19. All as in Theorem[I 18 Then

/b1 /b2 { If1 ()| f2 (x2)] dz1dxs

le\qlnh(zl t1)|Pdt1 n fa122|sinh(m2—t2)|th2
q

(b1 — a1) (b2 — a2) [1f1 = F Il 2, (jar o) 1f2 = P21 L, (faz b)) - (36)
Proof. As similar to Theorem [I.18]is omitted. O
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Theorem 1.20. Here j = 1,2. Let f; € C*([a;,b;], K), where K = R or C, such that

£ (a) =0,i=0,1,2,3, and p,q > 1: 1 + 1 = 1. Then

/bl /b2 |f1 ()] ] f2 (22)] dz1das <
a1 Jas |:j:11|sinh(ac1tl)sin(zlt1)|pdt1 N j';'22|sinh(:cgtg)sin(azgtg)th2:| -
p

q

(by — a1)4(b2 — az) Hfl - 1(4)’ Ly([a1,b1]) Hf2 B f2(4)‘ Ly(laz,ba])

Proof. As similar to Theorem [I.18]is omitted. O

(37

Theorem 1.21. Here j = 1,2. Let f; € C*([ay,
thatf(z)(aj) =0,i=0,1,2,3, and p,q > 1 :
af (o — B2) # 0. Then

/b1 /b2 |f1 (@1)] [ f2 (x2)| dz1dxo
|:fz1551n(a z1—t1))— ocsln( (z1—t1))|Pdtq n fazzz|Bsin(a(w27t2))focsin(ﬁ(wzftg))r]dtz

q

,K), where K = R or C, such
1
a

b;]
+ = = 1. Alsilet o, 8 € R with

l
P

(by —ay) (b H (4) 2\ g1 2 n2
+ +
a?p? (52 A7 @+ ) i+ o0 Lq([ar.b1])
+ (® + B%) f§ + a?p? : 38
\m o B) PR (38)
Proof. 1t is omitted. O

Theorem 1.22. Here j = 1,2. Let f; € C*([a;,b;], K), where K = R or C, such that
£0(a)=0,i=0,1,2,3,andp,q>1: 1 +1 =10 € R, o # 0. Then

Josin(a(zr—t1))—a(z1—t1) cos(a(z1—t1)) [Pty + Ja2Isin(a(za—t2))—a(za—t2) cos(a(za —t2))|dt2

p q

/bl /"2 [ [f1 (@) [ f2 (x2)] dar di

(b1 — a1) (b2 — a2)
408

|70 + 20203 + ' gy

| £0 + 2027 + 0t

Lq([a1,b1])
(39)

Ly([az.ba])

Proof. Tt is omitted. ([l

Theorem 1.23. All as in Theorem[I[.21] Then

ot fr (20)] | fo ()] daydas
{f“asmhwm t1))—Bsinh(a(z1—t1))[Pdts +fff|aSinh(ﬂ(m—tz))—ﬁsinh(a(xz—tz))\thz
q

(b1 —a1) ( 2—a2 Hf
a?p? (8% —
Hf (o2 + ) fi +a*B%fs

(& + B°) f{' + a*B* f1

Lq([a1,b1])

. (40)
Ly ([az,b2])

Proof. Tt is omitted. (Il
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Theorem 1.24. All as in Theorem|[.22} Then
|f1 (x1)] ] f2 (22)] da1das

by ba
/a1 /az |:f{flloe(acl—tl)cosh(a(;cl—tl))—sinh(oe(acl—tl))Pdtl " f:;’\a(xg—tg)cosh((x(;cg—tg))—sinh(a(xQ—tg))\thg
p q

(b1 —a1) (ba — a2
408

|77 = 20215 + o fo|

) H (4) 2 e 4
— 2« + « H
hi SR )

(41)

Ly([az.b2])

Proof. It is omitted. U
We finish with

Theorem 1.25. Let j = 1,2. Here f; € C*([a;,b;],K), where K = R or C, and
f]@ (aj) =0,i=0,1,...,n—1. All the rest are as in Remarkandp, qg>1: %Jr % =1

Then A
/ ' / : |f1 (z1)] | f2 (#2)] do1day
a a JEwe (@1 —t1)|Pdty J22 |we(za—t2)|9dts
1 2 |: 1 . 4 Je2 -
(b1 —a1) (b2 — az2) || De (fl)HLq([al,bl]) | D (f2)||Lp([a2,b2]) . 42)
Proof. Tt is omitted. (I

Conclusion: We presented a set of very important analytical inequalities generated by
some new trigonometric and hyperbolic Taylor formulae. That is a new important way in
establishing inequalities.
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