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ROUGH STATISTICAL CONVERGENCE IN NEUTROSOPHIC NORMED
SPACES

M. JEYARAMAN* AND P. JENIFER

ABSTRACT. Neutrosophic normed spaces, one of the recent hot issues in mathematics,
are covered in this paper. The Neutrosophic approach is based on the idea that the degree
of uncertainty should be taken into consideration and that it is insufficient to categorise
problems in daily life as either right or wrong. This paper proposes double sequences’
rough statistical convergence in Neutrosophic Normed Spaces. It then specifies the rough
statistical limit points and cluster points of a double sequence in these spaces. This paper
then looks at some of their fundamental characteristics. The necessity for more research is
finally covered.

1. INTRODUCTION

Fast [6] and Steinhaus [17] independently defined statistical convergence in 1951 using
the idea of density of positive natural numbers.The idea of statistical convergence in double
sequence space was subsequently studied by Mursaleen and Edely [12]] in 2003. As a natu-
ral generalisation of ordinary convergence, Phu [14] defines the idea of rough convergence
in finite dimensional normed spaces. The concepts of rough statistical convergence and
rough convergence of double sequences in normed linear spaces have also been studied by
Malik and Maity[[11]].

The first version of the fuzzy set theory was published by Zadeh in 1965 [18]]. The
concept of fuzzy norms on a linear space was then put out by Cheng and Mordeson [5].
As a generalisation of fuzzy sets, Atanassov [2l [3]] proposed the concept of intuitionistic
fuzzy sets. Following the definition of intuitionistic fuzzy normed space by Saadati and
Park [15]], Mursaleen [[13]] defined statistical convergence of double sequences in an intu-
itionistic fuzzy normed space. Additionally, Antal et al. [1] have put out the idea of rough
statistical convergence in an intuitionistic fuzzy normed space.
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The concept of neutrosophic sets was introduced by Smarandache [16] as a develop-
ment of the intuitionistic fuzzy set. When the component sum equals 1, the require-
ment can be satisfied by using neutrosophic set operators. While neutrosophic operators
take into account indeterminacy on the same level as truth-membership and falsehood-
nonmembership, intuitionistic fuzzy operators neglect indeterminacy, which could lead to
different results when used. Statistical A™ convergence in neutrosophic normed spaces
was recently presented by Jeyaraman and Jenifer[7]. In this paper, we study the rough
statistical convergence of double sequences in the neutrosophic normed space.

The present paper can be summarized as follows: In the second part of the present study,
some basic definitions and properties to be required for the next section are provided. Sec-
tion 3 proposes the concepts of rough convergence and rough statistical convergence of
double sequences in neutrosophic normed spaces and studies some of their basic proper-
ties.

Moreover, it defines the concepts of rough statistical (v — st) limit points and (v — st)
cluster points of a double sequence in neutrosophic normed space and investigates some of
their basic properties. The final section discusses the need for further research.

2. PRELIMINARIES
This section presents some of the basic definitions to be required in the next sections.

Definition 2.1. [[10] Let (9;¢) be a double sequence (D) in a normed space (NS) (), ||-||)
and v > 0. Then, the (DS) (9;¢) is said to be rough convergent (t-convergent) to ty € ),
if for all £ > 0, there exists V¢ € N such that for all j, & > Ng, ||nje — ol < v+ &.

It is denoted by ;e % 1. The element ) is called a rough limit point (t-limit point) of
the DS (Uje).

Definition 2.2. The double natural density of the set X C N x N is defined by J5(X) =
j, € < de <
lim {0.) € X:j < mandt < n}] where [{(j,€) € X : j < mand¢ < n}| denotes

m,n—o00 mn
the number of elements of X not exceeding m and n, respectively. It can be observed that

if the set X is finite, then d5(X) = 0.

Definition 2.3. [11] Let (9;¢) be a DS in a MS(Q, ||-||) and v > 0. Then, (y;e) is referred
to as rough statistically (v — st) convergent to o € 2), if for all £ > 0,

32({(,8) € Nx N [lpje —pol[ > v+ &}) =0

In this case we write ;e Loty 9o. The element b is called (v — st) limit point of the
DS (95e).

Definition 2.4. [7] The 7-tuple (), v, v, 1, *, <, @) is said to be Neutrosophic Normed
Space (MMG) if Q) is a linear space, * is a continuous t-norm, < and ® are continuous
t-conorm, ¢, v and 1 are fuzzy sets on ) x (0, co) fulfils the following conditions:

For every a,b € ) and s,t > 0;

(@ 0 < ¢(a,t) <1;0 <wva,t)
() p(a,t —l—u(a t) + ¢¥(a,t) <

<L0<y(at) <1
3,

)
© o(a,t) >
@ ¢(a,t) = 1 1f and only if a = 0,
(e) p(aa,t) = Lp( @, 7o ‘) for each a # 0,
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x (b, s) < pla+bt+s),

: (0,00) — [0, 1] is continuous,

(a,t) = 1 and lim ¢(a,t) =0,
t—0

<1,

=0 ifand only if a = 0,

E
==

aa,t) =v (a, ﬁ‘) for each a # 0,
O v(a,t)Ov(b,s) > v(a+b,t+s),
(m) v(a,t): (0,00) — [0,1] is continuous,
(n) lim v(a,t) =0and lim v(a,t) =1,
t—o0 t—0
(0) Y(a,t) <1,
(p) ¥(a,t) = 0if and only if a = 0,

@ Y(aa,t)=w (a i) for each o # 0,

> laf

() P(a,t) ©P(b,s) = Y(a+ bt +s),
() 9¥(a,t): (0,00) — [0, 1] is continuous,
(t) tlim ¥(a,t) = 0and %E}% P(a,t) = 1.

Then (¢, v, 1) is known as Neutrosophic Normed Space [DINS].

Example 2.5. [[7] Let (), ||o]||) be any NNS. Forevery ¢t > O and ally € ), take p(y,t) =
m, v(y,t) = tﬂ\ylly‘ll and w(y,t) = HtL” Also, u x v = ww,uOv = min{u + v, 1} and
u@®v = min{u+wv, 1} forall u,v € [0,1]. Then, a 7-tuple (), @, v, ¥, x, O, ©) is a NMNS

which fulfills the above mentioned conditions.

Definition 2.6. [12] Let (), p,v,1) be a MNS,y € Y,p € (0,1) and v > 0. Then,
the open ball with center ¢ and radius p is the set B(z,e,v) = {y € 9 : oz — y;v) >
L=p,v(r—y;v) <pand p(r — y;v) < p}.

Definition 2.7. [9] Let (), ¢, v, 1) be a MNGS. Then, a DS (nje) in Q) is said to convergent
to yo € 2 with respect to the MNS(p, v, 1), if there exists Ne € N for all v > 0 and
£ € (0,1), (e —no;v) > 1 —&,v(nje — Ho;v) < cand (e — Yo;v) < ¢ for all

j, € > N¢ and denoted by (i, v, 1)) — lim_5e = o orvye (p.v,1)) vo.
),t— 00

Definition 2.8. [9]] Let (2), ¢, v, 7)) be a MNGS. Then, a DS(1;e) is said to be statistically
(st) convergent to yy € %) with respect to the NS (p, v, 1)), forall v > 0and £ € (0, 1),

if
i ({ BN gl win) <1 e 1y
v(Dje — vo;v) = & (b — vosv) =€
and denoted by 5t(2¢"/’w) - }Eim Die = Yo.
),t—00

3. ROUGH STATISTICAL CONVERGENCE

This section defines the concepts of t-convergent and (v — st) convergence of DS in the
NG and examines some of their basic properties.

Definition 3.1. Let (), ¢, v, 1) be a MNGS and v > 0. Then, a DS (y;¢) in Q) is said to be
t-convergent to 1)y € ), with respect to the norm (¢, v, ¢), if there exists N € N for all
v > 0and £ € (0,1) such that

©(Mje —nost+v) > 1 =& v(hje — nost+v) < LandP(nje — o3t +v) <&,
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for all j, & > NNg.
In this case, we write v, ,¢) — lim Dje = o Or Yj¢ W—”)> 1o, wWhere 1 is called a
),t— 00

t(p,u,y) - limit point of the double sequence (1je).

Note: For v = 0, the concept of rough convergence in 9IS becomes the concept of
ordinary convergence in JING.
The v(,,1,4)-limit point of a DS may not be unique. Therefore, the set of all t(,, ,, )-limit
points for a DS(y;e) is as follows:

Y(pv9)

1})??= {90 € : vje ——— 1o}

14
If limv # (), the DS (vje) is v-convergent.
Dje

Definition 3.2. Let (), p, v, %) be a MNGS and v > 0. Then, a DS (h;¢) in Q) is referred
to as (v — st) convergent to vy € ) with respect to the norm (¢, v, 1), for all v > 0 and
€€ (0,1),if
5, ({ (3,€) e NX N: p(hjr —9o;t+v) <1—Eor }) 0
vk —9o;t+v) = & (e —ost+v) =€

and denoted by t — st; — lim je = B OF hje ——2 .
j,t—o00

Note: If v = 0, then (v — st) convergence coincide with st- convergence in 9¥S. The
(v —st) limit of a (DS) may not be unique. Hence, the set of (v —st) limit points is denoted
as follows:

T —
sty —%m = {‘)0 €2 : e Rl Uo}
je
T
Let (je) be a unbounded sequence. Then, lér? is an empty set. However, this is not
)

T

achieved in the case of (v — st) convergence. Hence, sto — lim may not be an empty set.
Dje

Example 3.3. Let us consider a real S(9), || - ||) and forall t > 0 and y € ),

[yl [yl
= ,v(y,t) = and ¢ (y,u) = —
t+ [yl t+ [yl t
Then, the (), p, v, ¥) is a MNG. For all j, ¢ € N, define
~_f (=1)'*%, jand¢tare non-squares
Die = i€, otherwise

o(y,1)

.t 0 v<1 .t
— = ’ = > 0.
Then, sty lé,nnﬂ { love—1], t>1 and légl @, forallt >0
Afterward, the concept of (v — st) bounded sequence in a 9IS is as follows:

Definition 3.4. Let (), ¢, v,¢) be a MNG and v > 0. Then, a DS (n;¢) in Q) is said to
be statistical bounded (st-bounded) with respect to the norm (¢, v, 1), if there exists a real
number 2 > 0 for all v > 0 and € € (0, 1) such that

02({(,8) € Nx N: p(n;e; ) < 1 —eorv(n;e; W) > €,9(yje; W) > e}) =0

Definition 3.5. A DSy = [9;,%,] of a DS y = (bje) is called a dense subsequence, if
d2({jp, kg e Nx N:p,ge N}) = 1.
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Example 3.6. Let us consider the 991G in Example (3.3) and, for all j, ¢ € N, define

~_J jt jandtare squares
Dt = 0, otherwise

v !
Thus, sty — lim = [—t, t]. Moreover, for the subsequence y = (9;,¢,) of (;¢) such that j;
Die

and € are squares, sty — hm (. It can be seen that sty — hm Z sty — hm However, this
y'
inclusion for the (v — st) convergent sequences and their dense subsequences in the MNS

is valid. The following theorem explains this state.

Theorem 3.1. Ler (), ¢, v, 1)) be a MNG. Ify = (9j,e,) is a dense subsequence of

T T
y = (9j,), then sty — lim C sty — lim.
Y y/

Proof:
The proof is obvious.

Theorem 3.2. Let (), ¢, v,v) be a MNGS. A DS (9;¢) in Q) is st- bounded if and only if
T

sty — lim = 0, for all t > 0.
Dje

Proof:

Let (9, ¢, v, 1) be a MNGS.

(=): Let a DS (9j¢) be st— bounded in the MNGS. Then, for all v > 0,€ € (0,1) and
t > 0, there exists a real number 20 > 0 such that

02({(3,8) € Nx N: pp(nje; ) <1 = Eorv(nje; W) > &,9(0;e;2) > &) =0
Let 8 = {(j, £) € N x N : (n;e; 20) < 1 — orv(n;e; ) > & ¥ (nje; ) > £}
For k € R, p(95e;20) > 1 — & v(nje; W) < € and Y (nje; W) < €.

Moreover,
©(nje; v+ 20) > min{p(0; t), ©(5e; W)} = min{1, p(y;e; W)} > 1 - ¢,
v(je; v + W) < max{v(0;t), v(y;e; W) } = max{0, v(y;e; W)} < {and
Y(vje; v+ W) < max{v(0;v), Y(n;e; W)} = max{0, P (n;e; W)} < €
Hence, 0 € sty — hrn Consequently, sty — hm £ .
']1?

(<) : Letsty — hm # (), for all t > 0. Then, there exists tp € 2) such that yy € sty — hm

Forall v > Oands € (0,1),
5, ({ (,8) € Nx N: o0 — po;t+v) < 1 — Eor }) 0
v(9ie — D03t +v) > & (hje — vost+v) > €
Therefore, almost all ;¢ are contained in some ball with center 1)y which implies that

DS (vje) is st— bounded in a MNGS. Theorem (3.3) shows that (v — st) convergence of a
DS in a MG has many arithmetic properties similar to those of ordinary convergence.

Theorem 3.3. Let (y;¢) and (35¢) be two DS's in a MNGS. Then, for all v > 0, the following
holds:

. t—sto t—sty

i. Ifvje — Yo and o € §, then abje — ano.

ii. If 90 2 0o and 3~ 3o, then hie + 3¢ ~—2 0o + 0.
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Proof:
Let (pje) and (3j¢) be two DSs in a MNGS and ¢ > 0.

i. Let ;e <= 1y and o € §. Therefore, if for all v > 0 and € € (0, 1),
_ ) 6 ENerw(n;e Yo; T’ ) <1—gor
v (Uje — o3 TT]’) > & (Ujé — 1o; ITI) > ¢
then 62(R) = 0. Let (t 5) € ﬁc‘ Then’ ¥ (Uts 007 ‘a| ) > 1-— 57 (Utﬁ - UO; T;q‘)) < f
and ¢ (Uts 9o; jtj() < . Hence,

t+v

plays —ang;t+v) =@ (Uts — 9o; W) >1-¢ 3.1
_|_

V(ants —afo;t+ U) =V (Uts — Yo; t|a|v) < gand (3.2)

Y(ays —ayg;t+v) =9 (Uts - | | ) 3 (3.3)

Let = {(,8) € Nx N : p(anje — ang;vt +v) > 1 — & v(ane — ayg;t + v) <
€ and (g — oot + ) < €.
From the Equations (3.1), (3.2) and (3.3), (t,s) € €. Therefore, 8 C ). Consequently,

aYje ﬂ aYo-
ii. Let pje ASnlN Ho and 3j¢ Lostay 30- Therefore, if for all v > 0 and £ € (0, 1),

_ (jB)ENXN © (bje — os © )<1—§or}
Q[_{ (013_007 )>§¢(U]E_007 )>§ nd

%:{ (J7E) ENXN'QO(UJ'E_U()vt_F’U) < 1—501' }
v (Dje — 903 S52) > &9 (95e — 9o; S52) > ¢
Then, d2() = 0 and d2(*B) = 0. Let (t,5) € A° N B°. Then,

t+ov t+v t+v
@(0t5—00;2>>1—5,1/<‘)ts—0, B )<€and¢(0ts—00; 5 ><§and

T+ v T+ v T+ v
tp(ms—zo; 5 >>1—£,V<2u5—3o; > )<£andw(zts 303 —5 )<§-

Hence,

©(Wts + 3ts — (30 +10);t+ v

)
. T+ T+
Zmln{@(nts Yo; U>7<P<3ts—30;2v>}>1—§ (3.4)

2
(Uts +3ts — (30 + Uo)'t+ U)
+U> 7V<5t5_30§t+2v)} <tand  (35)

(
T
X{ (Uts 007
{ (nw— ;t2“),w(zts—zo;t;”)}<s (3.6)

2
’L/) Vs + 3ts — 30 + t)0) t+ U)
4
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(3,€) € N X N: p(ne + 3¢ — (Do +30);t +v) > 1 =&,
Let€ = (U;t + 35¢ — (9o + 30);t +v) < {and
U;e +3Jé— 00+30) tv) <§

From the Equations (3.4), (3.5) and (3.6), (t,s) € €.

Therefore, € C 24N %C. Consequently, Die + 3je ooty 9o + 30-
Theorem and Theorem prove some topological properties of the (v — st) limit set
of a DS in MING.

Theorem 3.4. Let (9i¢) be a DS in a MNGS(Y, ¢, v, ¥) and v > 0. Then, the set sty — hm
Dije

is closed.

Proof:

T
Let (9je) be a DS in a MNGS and v > 0. If st; — lim = (), then the theorem is valid.
;e

Therefore, let sty — hm # (), forallt > 0and 30 € sty — hm Then, 35¢ € sty — hm such

je
that 3;¢ Loyl 30. Then, for all v > 0 and £ € (0, 1), there exists a €&; € N such that

90(518*30,2)>1*§a (ZUE 50’2)<§andw(5,g 50;%)<§,forallj,fzfg1
T
Let jmn € stp — lim form, n > & such that
Dje
62< (,8) € NX N: o (9e = jmnit+5) <1—Eor ):o
v (e = dmast+ 5) 2 &0 (e —dmait 4 5) 2 €

(,8) € Nx N: @ (0 —gmniv+5) >1 -6, }
For (t 2= ;
ortarem={ o o e 2] <

@(Uts —3mn, U+ %) >1-¢&v (Uts — 3mn, U+ %) < fandy (Uts — 3mn, U+ %) <
Then,

©(9es — 30, ¢ +v) > min {90 (Uj{’ —jmn, U+ %) P (3mn — 30, E)} >1-¢& (37
v = 0.t +0) < max {v (e —smnt+ 5 ) v (5o =305 ) f <€ B)

Y (s — 30, v +v) < max {w (Uje — 3mn, U+ g) P (Z)mn 30,5 )} < (3.9

Let
I e SR
v(9je — 30, t+v) < Eand Y(yje — 3o, t+v) <& [
From the Equations (3.7), (3.8) and (3.9), (t,s) € B. Since A C B, then 53 (A) < J2(B).
T

Consequently, 39 € sty — lim.

Theorem 3.5. Let (9;¢) be a DS in a MNGS(Y, ¢, v, ) and v > 0. Then, the set 5ty — lim

U)E
is convex.
Proof:
T
Let (nj¢) be a DS in a MG, v > 0, and 1y, € sty — lim. For the convexity of the set

Yje
T T
sty —lim we should show that [(1—t)y; +tys] € 5t2—lim, forallt € (0,1). Forallv > 0
Vit
(i,f)GNxN:sO(me Dt gty ) <1 gor
V(UJE 91; 2(1 t)) > & (U;E V1; 2(1 t)) >¢&

and € € (0,1),letD; = and
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92:{ (,8) € NxN: (e — 123 52) <1—Eor }
v (Dje — 925 552) > &0 (95e — 925 SF2) > €
By assumption, we have d2(91) = 0 and §3(D2 = 0. For k € O N O,

(e — [(1 =)y + ty2];v +v)
=@ ((1 = t)(nje — v1) +t(nje — D25t +v)

. t+ v t+ov

> min {i (1= e =00 5 ) (1t =0 57 ) |
) T4 t+v

=min § ¢ | Dje _UUm 2P\ Wi — 25 T

>1-¢

v(hje — [(1 = t)p1 +tyaf;t +v)
= v ((1—1t)(9je —91) + t(nje — va;t +v)

+ +
< max {u ((1 —t)(Dje — D1); t2v> v (t(Ujé — 92; 1321))}
v+ v ttv
= max<{ v njg—nl;m ,V UjE_U2;Tt

< &and
Y(je — [(1 —t)n1 + tna]; v+ v)
= (L —=t)(nje —v1) +t(nje — v2;t +v)

< max {w ((1 —t)(95e — v1); tJ;U> ¥ <t(njE — 0 tJ;”)}

= max{w (th — D1 2(tl+_vt)> 2 (Uje = D2; t;ﬁ)}

<¢

Thus,

({ (G,€) € Nx N:p(mje — [(1 —t)y1 + o]t +v) <1 —Eor })
P v(gr — [(L—t)p1 +tye];v+v) > 1 =&, =0.
Yok — [(1 =)y + il +v) > 1§

T T
Consequently, [(1 — t)y1 + th2] € sty — lim and so stp — lim is a convex set.
Dje Dje

Theorem 3.6. Let (9;¢) be a DS in a MNGS (), p,v,¢) and v > 0. If there exists a
DS (35¢) in ), st— convergent to v € Q) with respect to the norm (p, v,v) and, for all
§£€(0,1)andj, t € N, p(hje—35e;t) > 1= v(hje—35e;t) <& and P(nje—35e5t) <&
then (9j¢) is (v — st) convergent to Yo € ) with respect to the norm (p, v, ).

Proof:
Let (nje) be a DS in a MG, v > 0,v > 0 and there exists a DS (35¢) in Q) such that

t(%ww)
3t ——— 19 and p(nje—3je5t) > 1 — &, v(nje —3565t) < & and Y(hje — 365¢) < &,
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for all j, £ € N. For given £ € (0,1), let
,8) e NxN: e —po;v) <1—CEor
9‘:{ (Jv()zaje — 0;v) g%’f«/»(z?f —3)0;1)) 255 } and
B — { (3,8) € Nx N:p(nje — 35e5t) < 1—Eor }
v(je — 3ie:t) = £ ¥ (0je — 3jest) = €
Clearly, d2() = 0 and 62(*B) = 0. For (j, ) € A N B,
©(93e — vo; v+ v) = min{p(nje — 3ie; ), P(3je — Yo;v)} > 1 =&,
(e — vo; v+ v) < max{v(nje — 3je;v), (3¢ — Ho;v)} < {and
P (vje = vo; v+ v) < max{¥(nje — 3je: ), Y (35e — o;v)} <&
Then, for all (j, ) € A° N B,
(Mie —o;t+v) > 1 =& v(hie —o;t +v) < andP(je — ost +v) < &.
This implies that

{ (,€) € Nx N:p(nje —po;t+v) <1—Eor
v(9je —no;t+v) > & P(Die — ost+v) > €

v

}QQIU%.

Then,

(3,8) e NX N:o(he —no;r+v) <1—CEor
%2 ({ v(9je — Ho; T+ v) Zﬁfﬂl)(gw*\)o;ﬂrv) > }) < 02() + 05(B)-

(3,8 e Nx N:p(nje —post+v) <1 —Eor })
H , 0 =0.
enee. 02 ({ v(Dje — vo;t+v) > & P(hje —vost+v) > €

Consequently, yje AN 0.

Theorem 3.7. Let y = (v5¢) be a sequence in a NMNG and v > 0. Then, there does not
exist 3,1 € sty —hm suchthat p(3 —me) <1—Corv(z—me) > &G —nme) > ¢
for& € (0,1) andm > 2.

Proof:
Let (n;¢) be a sequence in a MNGS and v > 0. Assume that there exists 3,¢ € sty — 11m

such that form > 2, p(3 —ymr) < 1 —forv(z —r;me) > (3 —me) > & For
given ¢ € (0,1) and v > 0. Ry and Ry are denoted as follows:

ﬁl{ (,8) ENxN:g(ne—ge+5)<1—¢or }
vie—st+3) >EY (e —nt+y) >¢€

QQ{ (,8) ENxN:p(ge—rr+3)<1—Eor }
ve—ne+3) >E0 (e —nr+ ) >¢
Hence, 6(R1) = 0 and (K2 = 0. For (j, £) € K N KS,

90(5_?;2t+v)Zmin{‘ﬁ<‘3j€—x§t+g)7¢(th_3§t+g>}>1_€
I/(jfx;Qt‘FU)Smax{u(l)jg*x;t+%),V(l)je*&ﬁ‘i’g)}<§and
WG —w2e+v) Smax {o (me—wet 5) 0 (me—sivt5) <€

Hence, (3~ 1:2 +v) > 1— € and w3 — 152¢ + v) < € and (3 — 2t + V) < £
Then, (3 —r;me) > 1 —Eorv(p —zmr) < &, ¢(y—3;me) < { form > 2 which is
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contradiction to the hypothesis. Therefore, there does not exists 3,r € sty — hm such that

eg—rme) <1—Corv(z—rme) >EY(E—nme) >Eforé € (0,1) andm > 2.
Next, the concept of (v — st) cluster points of a double sequence in a MNGS is defined, and
some related results are proposed.

Definition 3.7. Let (), ¢, v, 1) be a MNG, vy € Y and v > 0. Then, v is called (v — st)
cluster point of the DS (y;¢) in ) with respect to the norm (¢, v, ¢) if for all v > 0 and
§€(0,1)
5 <{ (3,8) e Nx Niop(pje —yse+v) >1-¢, }) >0,
v(9je — vt +v) < Eand(ne — yiv+v) <€
The set of all the v — sta-cluster points of y = (pje) in a NG is denoted by I'T, , ) ().
If t = 0, then I‘E%V’w)z(y) =T (o). 1)

Theorem 3.8. Let y = (y;¢) be a DS in a MNGS and ¢ > 0. Then, Ll s (y) is a closed
set.

Proof:

Let (9je) be a DS in a MNG and v > 0.

LIEET, ), (y) = 0, then the theorem is valid.

i. LetI'f, , ), (y) = 0; and 3 € I, o), (¥)- Then, there is a DS (3;¢) in I'{,, , ) (y)

such that (3j¢) M 30, for all j, € € N. It is sufficient to show that 3¢9 € F(w 5 w)z( Y).

As (35¢) L), 30, forall v > 0 and £ € (0, 1), there exists k¢ € N such that

© (3¢ —305%) > 1—&v (35e — 305 %) < Eand v (35 — 305 %) <& forallj, &> ke. Let
jo, to € N such that jo, B0 > ke.
Then,

v v v
2 (Zjoeo — 30, 5) >1- f? v <3j030 — 305 5) < EandQ/J (3jo€o — 30 5) < 5
Since 3¢ € I, , 4, (¥):3iote € T, 0, (¥)-
Thus,
52({ (,8) e NX N: (30 — gioto;t+ 5) > 1-¢, })>0_

y(g,jg — 3jokos T+ %) < fand¢(3jé — diotor T+ %) <
Let
Ql:{ (jae)ENXN:W(UiE_zjoEO;t—’_%)>1_§7 }
v (Dje — 3jokoi T+ 5) < Eandtp (hje — djpeit+5) <& [
Choose (t, s) € 2. Then,

v v
QO (Uté‘ - Zjoto;t + 5) > l_ga v (UJE 3)0E07t + ) < fandw (UJE 3]050;t+ 5) < g

Therefore,
. v
eloes =30 +0) > min {0 (s =301t + 5 ) 0 (3100 =301 5 ) | > 1—¢ (G.10)
v
V(Uts_ﬁo;t"_v) §max{u <Uts_3j0?0;t+ 5)7 ( oPo 30 )} <§and (311)

Y(9es — 305t + v) < max {¢ (Uts — 3jotos T T %) Y (3joéo —30; 5)} <& (3.12)
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LetSB{ JEENXN p(v;e — 507t+v >1—§7 }

v (e —30;t+ %) < Eand UJE 50t+ ) <€
From the Equations (3.10), (3.11) and 3 12),
Thereby, 2l C 2B and so J2(2A) < §5(B

Therefore,
52 (jaé)GNXN:@(UJ?750§'¢+U)>17£’ >0
v(9ie — 305t +v) <& P(9e —jost+v) < '

Consequently, 30 € Ff%y’w)z (v).

Theorem 3.9. Lety = (vje) be a DS in a MNGS. Then, for an arbitrary v € T, 1.4, (y)
and § € (0,1),0(e —v;t) > 1 =& (e —y;t) < Eandp(e — y;v) < € forall e €
FELP,VﬂPh ().

Proof:
Lety = (9je) bea DS inaMNG and y € I'(, ,, ), (y). Then, forallv > 0and £ € (0, 1),

5 <{ (,8) e NX N: (e —130) > 1-¢, })>0

2 v(nje — 13 0) < Eand Y (nje — v;0) <€ '

_ (i,E)GNxN:W(Uje—%v)>1—£,}
Letm_{ v(9je —v;v) < Land P (nje — y;v) <& 7
Choose (t, s) € .

Then, (s —v;v) > 1 =& v(hes —v;0) <& and Py — 5 0) < E.
Thus,

o(hes — 5t +v) > min {p(hes —7;v), (e —v;t)} > 1 —Eand (3.13)
v(hs — et +v) <max{v(ns — y;v),v(e —v;v)} < € (3.14)
Y(hes — & v+ v) <max {P(hs —7;0), (e —y3)} <€ (3.15)
_ (3,8 e Nx N:op(he —gv+v) >1-¢,
Let® = { v(nje —g;v+v) < 5%;ndw(0je —gr+v) <§ }

From the Equations (3.13), (3.14) and (3.13), (¢, s) € B.
Thereby, 2 C B, 02(2A) < J2(B). Therefore,

5 (,8) € NxN: (e —giv+0v) > 1, 50
2 v(pje — ;v +v) < Land (e — 5t +v) <& ’

Consequently, e € I, ). ().

Theorem 3.10. Lety = (9i¢) be a DS in a MNGS,v > 0and ¢ € ). Then, T
UceF(%V’w)z(y) (6765 )

(LPVw)2( y) =

Proof: Let y = (y;¢) bea DS ina MMMGS and v > 0. Let y € Ucer(w s (¥) B(e, &, 1),

then there exists ¢ € I'(,, ., ), (¥) such that for all t > 0 and given { € (0,1), p(c—7;t) >
1 =& v(c—;t) < §and ¢(c— ;) <& Fixv > 0. Since ¢ € I'(,, ), (y), there exists

a set
ﬁ{ (5,8) e Nx N: (e —;v) > 1§, }
v(nje — c;v) < Eand (e — ¢y v) <&
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such that d2(8) > 0. For (j, £) € &,
e(nje —viv+v) > min{p(ype —c;v), plc— 1)} >1-¢
v(vje —v;t+v) < max {v(np — ¢ v),v(c—v;v)} < {and
Y(0je — ;v +v) <max {P(hje — ¢;v),Y(c— ;) <§
This implies that

5({ (3,8) e Nx N:p(pje —v;v+v) >1 -, })>0
2 v(vje — v+ o) < fandP(nje — v +v) <€ '

Hence, v € Fz%yyw)z(y). Therefore, Ucel“w,u,w)z(y) B(c, & t) C FE%V’@Z(y).

. - [ ——

Conversely, let v € I‘(%wp)?(y) and v ¢ Ucer(%y,wz(y) B(c,&,v) and so v ¢ B(c, &, ),
forall ¢ € T'(, 1 y), (). Then, p(y —c;t) <1 —Eorv(y—cr) > & Y(y—cr) > for
allc € Ty 0,0), (¥)-

By Theorem (3.9), for v € 'y, ), (¥), (v — ;) > 1 =& v(y — ¢v) < Eand P(y —
cr) <&foralle € I'7 , y (y) which is a contradiction to the assumption.

Therefore, v € U m
€Tl (v, 4)5 (Y)

HCHCC, FE@,V’¢)2 (y) - U B(C7 6) t)'
Cer(w‘u,w)Q(y)
Theorem 3.11. Let y = (9j¢) be a DS in a NG and ¢ > 0. Then, for all § € (0, 1),
T [
i. If ¢ € L4 0, (y), then stz —lim C B(c, &, v).
) B e -
ii. 5ty — lér? = ﬂ B(c, &) = {§ € : T,y C B(c,§,t)}.
! Cer‘(#’«"ﬂ/})z (y)
Proof: Let y = (9;¢) be a DS in a MNG.
i. Consider £ € sty — lim and ¢ € I'(pu), (y). Forallv > 0and £ € (0, 1), let
Dje
o — (5,8) e NxN:op(me—ec:v+v)>1-¢,
v(gje — et +v) < and (e — et +v) <&

and
B={(,8) e NxN:phie—cv)>1-&vhe —cv) <andy(he — ) < ).
Thus, §2(2A°) = 0 and §2(B) # 0. For (j, ¢) € AN B,

(e —¢;t) > min{p(hje — c;v), p(hje — g3t + v} >1—¢&

v(e —¢;v) <max{v(nje — c;v),v(hpe —e;v+v)} < Eand

P(e — ¢;t) < max {Y(pje — ¢;v),P(hje — &5t +v)} <&

- T -
Therefore, € € B(c, &, t). Hence, sto — lim C B(c, &, v).

Dje

T -
ii. From the statement, sto — lim C ﬂ B(c, &, v).
D;
Y el )

Let; € ﬂ B(e,&,v).
€ (40,9)5 (V)
Then, p(3 —c;v) > 1 —&v(3 — ) < and (5 — ¢;v) < Eforall c € Ty ), (¥)-
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This implies that ', ,, 4y, (¥) € B(3,&,t) and so

m B(E7€7t) Q{EEQJ :F(Lp,v,ill)z(y) gB(€7§7t)}'
€T (o, u,u)5 (¥)

T
Further, let 3 ¢ sto — lim. Then, for v > 0,
Dje

5 ({ (1,8 € Nx N (e — giv+v) < 1= Eor }) 40
v(je — 3t +0) > EP(ne — v+ v) =€

which implies that a statistical cluster point c exists for the sequence y such that

P(3—crtv)<l—Corv(z—crt+v) 2 PG —artv) 2 &

Thus, T'(y,1,4, (y) € B(y,&,v) and 5 ¢ {6 € :Lipuy),(y) C B(s,é,t)}-

Therefore, {€ € Y : Ty 4, (¥) € B(e,&,t) C sty — lim
Dije

- T
and so ﬂ B(c, &, ) C sty — lim.
c€l (,u,4) (¥) e

T — —
Consequently, st —lim = ﬂ B(c,§,v) ={£ €D : Ty, (y) € Ble,& 1)}
o €T (o045 (¥)

Theorem 3.12. Let (nj¢) be a DS in a MNG. If (9;¢) is st—convergent to € € ) with
T —

respect to the norm (p, v, 1)), then for all £ € (0,1) and v > 0, sty — lgm = B(e,&,v) is
je

hold.

Proof:

Let (hj¢) be a DS in a MNGS and (35¢) be st—convergent to ¢ € ) with respect to the norm
(p,v,9)
(p,v,1) and v > 0. Since 3;; ——— &, then there exists a set

A={(,8) e NXN: (e —e;v) <1—Eorv(ne —e;v) > & (nje —e3v) > &}
such that d2(2() = 0.

Letj € B(e,&,v) ={y €Y :p(y —ev) > 1 =& v(y —esr) < Landy(y —e5v) < €
For (j, ) € ¢,
@(9je — 3t +v) = min{p(he —&50),0(3 — 1)} >1-¢
v(vie — 3 v+ v) < max{v(pje — &0),v(; — &)} < and
Y(0je — 35t +v) < max{Y(ne — &), ¥(3 — 1)} <
T T
This implies that 3 € sty — lgm, ie., B(g, & ) C sty — lgm.
it jt
T - T [
On the other hand, st; — lim C B(g, &, t). Hence, st; — lim = B(g, &, v).
Dije Dije

Theorem 3.13. Let y = (9i¢) be a DS in a MNG. If y is st— convergent to € € ) with

T
respect to the norm (¢, v, V), then T, ) (y) = stz — lim for some v > 0.
” Dje

Proof:
Let y = (pje) be a DS in a MNGS and y be st—convergent to € € ) with respect to
the norm (¢, v,¢). Then, I, ) (y) = {e}. By Theorem (3.10), for some t > 0 and

€€ (0,1),T%, ) (y) = B, E.v).
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P T
Moreover, by Theorem (3.12), B(e, §, t) = sto — lim.
Die

T
Hence, I',, , ), (y) = st2 — lér?

4. CONCLUSION

This paper studies the concept of (v — st) convergence, a generalization of rough con-
vergence, and statistical convergence in 9IS. Then, it defines the concepts of (v — st)
limit and (v — st) cluster points’ sets and investigates some of their basic properties. In
future studies, researchers can study the concepts proposed herein for triple sequences.
Moreover, they can define the concept of rough ideal convergence of a double sequence in
a MMNGS and examines its basic properties.
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