ANNALS OF COMMUNICATIONS IN MATHEMATICS
Volume 4, Number 2 (2021), 164-171

ISSN: 2582-0818

(© http://www.technoskypub.com

m-IDEALS AND ITS GENERATORS OF TERNARY SEMIGROUPS

M. PALANIKUMAR* AND K. ARULMOZHI

ABSTRACT. The purpose of this paper is to introduce some new classes of m-bi ideals
and m-quasi ideals in ternary semigroups and give some characterizations in terms of bi
ideals and quasi ideals. Let Uy be the m-bi ideal of T and Uz be the m-bi ideal of U;
such that Ué” = Usy, shown that Us is a m-bi ideal of T. Let U7, U2 and U3 be the three
ternary subsemigroups of T, it has been shown that U; UaUs is a t-bi ideal if at least one
of U1, Ua, Us is [-RI or m-LATI or n-LI of T. Also we discuss m-bi ideal generated by
Bis< B >m=RBU >, HBT™ABT™HA. Examples are needed strengthen our results.

finite

1. INTRODUCTION

The notion of ternary semigroup is a natural generalization of ternary group. The no-
tion of ideal play very important role to study the algebraic structures. Lehmer initiated
the concept of ternary algebraic systems called triplexes in 1932 [7]]. A ternary semigroup
is a nonempty set together with a ternary multiplication which is associative. The notion
of ternary semigroups was known to banach who is credited with an example of a ternary
semigroup which does not reduce to a semigroup. Ternary multiplication compatible with
a vector space structure has been studied using both algebraic and functional analytical
methods. In [8]], Los studied some properties of ternary semigroup and proved that every
ternary semigroup can be embedded in a semigroup. In [16], Sioson studied ideal the-
ory in ternary semigroups. The notion of quasi-ideal in semigroup and in ring has been
introduced by Steinfeld. In ternary semigroups, quasi-ideals are generalization of right
ideals,lateral ideals and left ideals whereas bi-ideals are generalization of quasi-ideals. It is
interesting to note that many of the results of semigroup theory can be obtained for ternary
semigroups using various ideal concepts. If A, B and C are three subsets of ternary sem-
groups, ABC' = > abic; :a; € Ab; € Bye; € C}. Our aim in this paper is

finite
threefold. !
(1) To study the relationship between bi ideal and m-bi ideal.
(2) To study the relationship between m-quasi ideal and m-bi ideal.
(3) To characterize generators of bi ideal, left ideal and right ideal.
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2. PRELIMINARIES

From now onward, unless stated otherwise, T will denote a ternary semigroups.

Definition 2.1. [15] A ternary semigroup is a nonempty set T together with a ternary op-
eration (a, b, ¢) — [abc] satisfying the associative law ,[[abc]uv] = [a[bcu]v] = [ablcuv]],
Va,bc,uveT.

Definition 2.2. [15] A non empty subset A of T is said to be

(i) ternary subsemigroup (shortly TSS) if A3 = AAA C A.
(ii) left ideal (shortly LI) if TTA C A.
(iii) right ideal (shortly RI) if ATT C A.
(iv) lateral ideal (shortly LAT ) if TAT C A.
(v) anideal if it is a left, right and lateral ideal.

Definition 2.3. [15] For any non empty subset A of T

(i) A; = AUTTA is the left ideal generated by A.
(i) A, = AU ATT is the right ideal generated by A.
(iii) Ay = AUTAT U TTATT is the lateral ideal generated by A.
@iv) (A) = AUTTAUATTUTAT UTTATT is the ideal generated by A.

Definition 2.4. (i) ATSS B of T is called a bi-ideal if BTBTB C B.
(i) ATSS @ of T is called a quasi-ideal if QTT N (TQT U TTQTT) N TTQ C Q.

Definition 2.5. (i) A subsemigroup L of semigroup S is called an [-left ideal if S'L C
L

(ii) A subsemigroup N of semigroup S is called an n-right ideal if NS™ C N, where
l,n are positive integers.

Remark. For a semigroup S and 1, m are positive integers, S™ = S-S -5 -...- S(m —
times). Now S2=6.SCSandS®=S-S-5C S2CS. We conclude that S* C S™
such that | > m. Consequently S™ C S.

3. VARIOUS m-IDEALS
Here m-bi ideals (shortly mZ) and m-quasi ideals (shortly m@)) are introduced.

Definition 3.1. The m% of T is a T'SS of T such that ZT" AT A C A , where
meZt.

Remark. If m = 1, then 1-bi ideal is simply bi ideal of T.
Theorem 3.1. For m > 1, Every bi ideal is a m% of T.

Proof. Let # be the bi ideal of T, then BTHATHA C PB. Now, BT BT % =
PBTBTH C AB. Also, BT>BT>%H C BT ' BT'% C . Continuing like these,
BT BT B C BT L BT™ 1% C B. Therefore B is a mPB of T.

Converse of the Theorem [3.1]is not true which can be illustrated as follows.

Example 3.2. Consider the ternary semigroups
0z 2 3 T4 x5

0 zg 7 x8 X9 ,
_ 0 0 zi0 11 T12 s - s _
T= 0 0 femime | ps e Zy, i=1,2,..,15 3.
00 0 0 =5

00 0 0 o0

[N e NenRen Ran)
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0

0

Clearly & = { 8
0

0

Hence 4 is a 2-bi id

OO OOoO

gooow oo

€ cocoocoo
onoocoo

T, Y, 2 € Ly, }isaTSS.

OO0 OOR

1 but not bi ideal of T.

Theorem 3.2. The product of any three m98° with identity element e is a m9B° of T.

(]
o

Proof. Let 71, Z5 and Z3 be the three mZ8° of T with bipotencies mi, ms and mg re-
spectively. Then Z; T™ Z1 T"™ 7 C Zy, ZoT"™2 Z3T™2 Zy C Zy and Z3T"3 Z3T™3 Z5 C
Z3, where m; € Z7, fori = 1,2,3. Putt = maz m; fori = 1,2, 3

(212225)° = (Z12223)(Z12225)(Z1Z223)
(Z1(TTZ1)(TTZ1)) Z2Z3
(Z1(TTeee...eZ1)(TTeee...eZ1)) Z2 Z3
(

(

N

IN

Z\(TTT...TZ,)(TTT...TZ1)) Z2Z3
ZyT™ 2T 1) Zo Z5
VAVAYAY

N

(21 Z273)T 2, Zo Z3) T (Z1 22 23) = Z1(ZoZ3T") Z1(Zo 23T (21 2o Z3)
Z1(TTTY) Z,(TTT")(Z, Z2Z3)
Z\T* T 2, T2 (2, 22 Z5)
(Z,T™ Z\T™ ) 21 Zo 7
(Z\T™ ZT™ Z1) 22 Z

YAVAYA)

Thus Z1 Z2 Z3 is an m-bi ideal of T with bipotency max m;, + = 1,2, 3.

Theorem 3.3. If Z isa m%B of T and T}, T are two T'SS® with e, then ZT\15, T\ ZT>
and Ty 157 are m9PB° of T.

Proof. Let Z be m% of T and T}, T5 are two T'SS® with e.
(ZT\T,)? = (ZTWT»)(ZThTe)(ZT\Ts)
(2(TTZ)(TTZ))T\T
= (Z(TTeee...eZ)(TTeee...eZ))T1 T
(Z
Z

1N

N

N

N

N

(TTT...TZ)(TTT...TZ))T1T»
T ZT™ Z)T1 Ty
ZT\T.

N

(ZT\To)T™(ZThTo)T™(ZT\Ty) = Z(TiToT™)Z(TToT™)(ZT1T5)
Z(TTT™)Z(TTT™)(ZT,T>)
ZT2Tm ZT2T™ (2T Ty)
(ZT™ZT™) ZT, T,
(ZT™ZT™Z)T\Ts

ZT\T5.

N

N

N

Thus, ZT1T5 isamZB of T.
Similarly 71 ZT5 and 117157 are m% of T.

Theorem 3.4. If Z isamPB and Ty isa TSS of T, then Z N'Ty is a mPB of T1.
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Proof. Since ZNTy C Zand ZNTy CTy, (ZNT)(ZNT)(ZNTy) CZZZ C Z.
ZnT)I(ZNT)TM™(ZNTy) C (ZNT)T™(ZNT)T™(ZNTy) C ZT™mZT™ C Z.
Therefore Z N1} is a m%B of T;.

Theorem 3.5. The intersection of family of m% of T is a m%B with potencies m; and
potency max m,; fori =1,2,3.

Remark. Sum of two m%* of T is not a m%B of T.

Example 3.3. Consider the ternary semigroup T = { (g% a3 ag ) |ai € 7Zy }
a7 ag ag
Lee X1 = { (B0 )|pezZghand Xo = {(880) g Zg } are m of T but

X1+ XoisnotamZ of T.

Definition 3.4. ATSS Q of Tis called am@Q if QT NT"QRT™ NT™Q C Q.
Remark. If m = 1, then 1-quasi ideal is simply quasi ideal of T.

Theorem 3.6. Every mQ is a m% of T.

Proof. Let N be m(@ of T. Now,
NT™NT™N C NT™TT™T
NTm+1Tm+1
g NT™
Similarly, NT" NT™N C T"*"NT™ and NT"NT™N C T™N.
Thus, NT*"NT™N C (NT™) N (T NT™)n (T™N) C N.
Converse of the above Theorem is not true by the following Example.

Example 3.5. Consider the ternary semigroup
0x1 2 3 T4 x5

00 e 7 Ty X9
— 00 O 10 11 T12 . - A
T = 00 0 0 2 rs T €Ly, 1=1,2,....,15 5.
000 0 0 zi5
000 0 0 0
0z0000
s5a008
— Yy - 3
Clearly QQ = 000600 z,Y,2 € Ly pisaTSS.
00000z
. 2000000 ..
Hence (Q is a 2-bi ideal but not 2-quasi ideal of T.

Theorem 3.7. Product of three (I,m,n)Q°* N1, No and N3 of T is an t# of T, where
teZr.

Proof. Put 7 = N{NyN3 = { Z lzmtnl\ li € Ni,m; € No,n; € N3, i =
finite
1,2,...}.Now,
7% = (NiN2N3)?
(N1 NaN3)(Ny NaN3)(Ny NoN3)
N1 (NoTNoTN,) Ny
N1N3Nj
= Z.

N 1N
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Put t = max{ly, la, 13, m1, M2, M3, N1, N2, n3}. Now,
ZT 2T Z (N1 Ny N3)T*(Ny NoN3)T! (N1 Ny N3)
N1 (NyTT*TN,TT*TNy) N3
Ni (N T2 N, T2 Ny) N3
N1 (No T NoT? Ny) N3
N1NyNs
Z.

N 1N 1N 1N

Therefore Z is at% of T.

Definition 3.6. (i) ATSS L of Tis called an [-LIif T'L C L.
(i) ATSS M of T is called an m-LATIL it T"MT™ C M.
(iii) ATSS N of T is called an n-RI if NT™ C N, where [, m, n are positive integers.

Theorem 3.8. Every [-LI ,m-LATI and n-RI of T is an [B, mPB,nB of T respectively.

Proof. Let L be the m-LATI of T, then T™ LT"™ C L.Now, LT™LT™L C L(T™LT™)
L CLLL C L. Therefore L is a mZ of T. Similarly other cases.

Theorem 3.9. The intersection of I-LI, m-LATI and n-RI is an I-LI, m-LATI and n-RI of
T respectively.

Theorem 3.10. Let Uy, Us, Us be an I-LI, m-LATI and n-RI of T respectively. Then Uy N
Uz N Us is an t A, where t = max(l, m,n).

Proof. Clearly, Z = Uy N Uy N Us is a T'SS of T. By Theorem[3.8] Uy, Us and Us are
1B, m%B and n9 respectively. The intersection of Uy, Us and Us becomes max(l, m, n)-
bi ideals by Theorem 3.3

ZTiZzTtZz < U, T'U T,
C TTTT!U,
— Tt+1Tt+1U1
c T'U,
c U.

Therefore ZTtZT!Z C Uj.
Similarly, ZTZT!Z C Uy and ZTZTYZ C Us.
Hence ZT!ZTtZ C Z.

Theorem 3.11. The product of any three tQ° with e is a tQQ* of T, where t € Z™.

Theorem 3.12. Let Uy be an mPB of T and Us be an m B of Uy such that U23 = Us. Then
Us isamPB of T.
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Proof. Since U; is a mZ% of T, U;T™U,T™U, C U; and Us is a mZ% of Uj,
U UTMULUTMUs C Us. Now,
UsTMUST™Uy = (UgUpUs) T UST™ (U UsUs)
= UUs(UsTMUST™U2)UsUs
UsUpy (UL T UL T™ UL ) U Us
U U U U Us
UsUsU U (U U Us)
Us (UU U5 U U )Us
U U UL U U U U U5 U,
= UUULURU,

N 1N

N

DU U U U
U,

N

Thus, Us is amZB of T.

Theorem 3.13. Let Uy, Us and Us be the three T'SS of T and Z = U,UUs. Then Z is a
tA if at least one of Uy, Us, Us is I-RI or m-LATI or n-LI of T.

Proof. Let Z = U,UsUs. Suppose U; is a [-RI of T. Now,
ZT'ZT Z (U, UxU3)TH (U, U U3) T (U1 U Us)
Uy (TTT!)(TTT) T TU,Us
UL (T3 ) Uy Us
(U, THU,U3
U,UxUs
Z.
ow,
(UL UU3) T (U, U U3 TH (U1 U Us)
U Us(TT!T)(TTT")TTU;
U Uy (T'T'T)TU3
U1 (U T Us
U,U,Us
Z.
ow,
(U, UxU3)TH (U, U U3 TH (U1 U Us)
(U, UU3)(T*TT)(TTT)TT
(U UU3) (T*TTH)T
U,Us(UsT?)
U,UxU;3
= Z

N 1NN 1IN

Z

Suppose that Us is a [-RI of T.
ZT 2T Z

NN 1NN

Z

Suppose that Us is a [-RI of T.
ZT 2T Z

N 1N 1NN
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Thus, Z is a t% of T. Similar proofs for other cases.

Theorem 3.14. Let Z be a TSS of T. If Uy is a I-RI, Us is a m-LATI and Us is a n-LI of
T such that UyUsUs C Z C Uy NUs N Us, then Z is a mABof T.

Proof. Suppose that U; is a I-RI, U, is a m-LATI and Us is a n-LI of T such that
U1U2U3 - Z - U1 n U2 N U3. Then ZT™ZT™Z - (Ul N U2 N U3)Tm(U1 N U2 N
Ug)Tm(Ul n U2 n Ug) g Ul(TmUQTm)U?, g U1U2U3 g Z. Thus, ZisamABofT.

4. VARIOUS mIDEAL GENERATORS

Theorem 4.1. Let & be a nonempty subset of T. Then the m9%B generated by B is <
B>n=RBU Y. BT"BT™AB.

finite
Proof. We show that < # >,,= BU > RBT"ABT™A is the smallest m%B of T
finite
containing A. Let a,b,c €< % >,,. Then,
a =1 ora= Z (sjajlajg...ajmtjajlajg...ajnrj),
finite
. ’ !’
b=izorb= 3~ (sjaﬂaj2 jmtjajlaj2 ajnr]) and
finite
. 1" 1" 1" 1" 1" "
c=igorc= > (s; 11%2 Ayt QAo %n?”j)
finite
! 17 " ’ ’ ’
Where Aj1Q52..-Gjn, ajlajz...am, aﬂaﬂ a]n, Aj1Q52.--Qjm, ajlaﬂ...ajm,
" " 1" ’ ’ " "
aj1Qjy...a;, € T and sj,tj,rj,s],t],r],s] ,tj T ,21722,23 €A
Puty = s;jajiaj2...a5mtja51052...a5,7;, y 31%2 ajmt a]laj2 ajnrj,
1" " 17 17 // t// 17 1" " 1"
Yy = SJ a’Jla’]2 Jm ]ajlaj2 a]nr] . , .,
Now, a-b-c = iy-ig-i3 € BC< B >pandabc= > y- >, y- > y = Y. y
finite  finite finite finite
’ 1" . . . .
yy C > BT"HBT"HB C< B >,,. Routine calculation remaining cases, < B >,,
finite

isaTSSof T. Put Q = BT BT"B. Now, < B >, T" < B >, T < B >, =
[%u > Q} ™ [%u > Q]Tm [%u > Q} C BT™BT™B. Thus, < B >,
finite finite finite
™ < B >, T" < B >, < B >,,. Hence < A >,, is an m-bi ideal containing A.
Let Y be any other m% of T containing . Then BZT"AT"%H C YT"YT™Y C Y.
Therefore < B >p,= BU Y. BT HBT™A C Y. Hence, < B >,, is the smallest
finite
mZB of T containing 4.
Corollary 4.2. Let Iy be a nonempty subset of T. Then the m-LI generated by I is
<l >=5LU Z ™.
finite
Corollary 4.3. Let Is be a nonempty subset of T. Then the m-RI generated by I5 is
<Iy>.=1IU Z IL,T™.
finite
Corollary 4.4. Let I3 be a nonempty subset of T. Then the m-LATI generated by I3 is
<I3>pu=I13U > TmI;T™.
finite
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