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BIPOLAR FUZZY BCI-IMPLICATIVE IDEALS OF BCI-ALGEBRAS

D. AL-KADI∗ AND G. MUHIUDDIN

ABSTRACT. The paper introduces the notions of bipolar fuzzy BCI-implicative ideals
and bipolar fuzzy closed BCI-implicative ideals of BCI-algebras. It is proved that
any bipolar fuzzy BCI-implicative ideal is a bipolar fuzzy ideal but not the converse.
Characterizations of bipolar fuzzyBCI-implicative ideals and bipolar fuzzy closedBCI-
implicative ideals are given and more properties are studied.

1. INTRODUCTION

The study of BCK/BCI-algebras was introduced by Imai and Iséki [4, 5] in 1966.
Both algebras; BCK-algebra and it’s extension BCI-algebra are two important classes of
logical algebras proposed by Iséki [6, 7]. Hu et al.[3] introduced BCI-algebras satisfying
the condition (x ∗ y) ∗ z = x ∗ (y ∗ z).

The notion of fuzzy sets were initially introduced by Zadeh in [23]. Elements of fuzzy
sets have degrees of belongings that vary over the unit interval. If the membership degree
is one (zero) then this indicates that the element belongs (does not belong) to the corre-
sponding fuzzy set. If it lies over the open unit interval then the element belongs to the
fuzzy set partially (see [2, 26] for more information on fuzzy sets). In some cases, the
standard fuzzy set illustration cannot tell relevant parts from irrelevant ones.

To solve such a problem, Zhang et al. generalized the concept [23] and initiated the
notion bipolar fuzzy sets [24, 25]. Also, bipolar-valued fuzzy sets, which are introduced
by Lee [11], and intuitionistic fuzzy sets given by Atanassov in [1] are extensions of fuzzy
sets (see [12] for Lee’s comparison). The latter author studied bipolar fuzzy subalgebras
and ideals inBCK/BCI-algebras [10]. Recently, Muhiuddin et al. studied some concepts
on bipolar fuzzy subalgebras and ideals on different algebras (see for e.g., [19], [16]).

Liu et al. [13] studied fuzzy ideals in BCI-algebras. Meng et al. [15] developed
fuzzy implicative ideals ofBCK-algebras. Jun [8] introduced closed fuzzy ideals inBCI-
algebras. The ideal theory of BCK/BCI-algebras has been studied on various aspects
(see for e.g., [9, 20, 17, 21, 18, 22]).
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In this paper, the notions of bipolar fuzzy (closed) BCI-implicative ideals are intro-
duced. Conditions for a bipolar fuzzy (closed) ideal to be a bipolar fuzzy BCI-implicative
ideal of BCI-algebras are provided. Also, we show that a bipolar fuzzy BCI-implicative
ideal in BCI-algebras is a bipolar fuzzy ideal and that converse is not true.

2. PRELIMINARIES

Definition 2.1. An algebra (K; ∗, 0) of kind (2, 0) is a BCI − algebra if it satisfies for
all k, l,m ∈ K,
(K1) ((k ∗ l) ∗ (k ∗m)) ∗ (m ∗ l) = 0,
(K2) (k ∗ (k ∗ l)) ∗ l = 0,
(K3) k ∗ k = 0,
(K4) k ∗ l = 0 and l ∗ k = 0⇒ k = l.

The following are true in a BCI-algebra K.
(P1) k ∗ 0 = k
(P2) (k ∗ l) ∗m = (k ∗m) ∗ l
(P3) k ≤ l⇒ k ∗m ≤ l ∗m and m ∗ l ≤ m ∗ k
(P4) 0 ∗ (k ∗ l) = (0 ∗ k) ∗ (0 ∗ l)
(P5) 0 ∗ (0 ∗ (k ∗ l)) = 0 ∗ (l ∗ k)
(P6) (k ∗m) ∗ (l ∗m) ≤ (k ∗ l)
(P7) k ∗ (k ∗ (k ∗ l)) = k ∗ l
for any k, l,m ∈ K (see [6] for more details).
For brevity, K denotes a BCI-algebra. We remind the reader of the following definitions
that are taken from [14, 13].

A nonempty subset L of K is an ideal of K if it satisfies
(J1) 0 ∈ L,
(J2) ∀k, l ∈ K, k ∗ l ∈ L, l ∈ L⇒ k ∈ L.

A nonempty subset L of K is a BCI − implicative ideal of K if it satisfies
(J1) and
(J3) ∀k, l,m ∈ K, (((k∗l)∗l)∗(0∗l))∗m ∈ L,m ∈ L⇒ k∗((l∗(l∗k))∗(0∗(0∗(k∗l)))) ∈
L.

A fuzzy set µ in K is a fuzzy ideal of K if it satisfies for all k, l,m ∈ K,
(F1) µ(0) ≥ µ(k),
(F2) µ(k) ≥ µ(k ∗ l) ∧ µ(l).

A fuzzy set µ in K is a fuzzy BCI − implicative ideal of K if it satisfies
(F1) and for all k, l,m ∈ K,
(F3) µ(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) ≥ µ((((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∗m) ∧ µ(m).

3. BIPOLAR FUZZY BCI-IMPLICATIVE IDEAL

We remind the reader that K denotes a BCI-algebra unless otherwise specified.
For any set of real numbers {ai | i ∈ ∆}, we define

∨{ai | i ∈ ∆} :=

{
max{ai | i ∈ ∆} if ∆ isfinite,

sup{ai | i ∈ ∆} otherwise,
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∧{ai | i ∈ ∆} :=

{
min{ai | i ∈ ∆} if ∆ isfinite,

inf{ai | i ∈ ∆} otherwise.

Moreover, if ∆ = {1, 2, ..., n}, then ∨{ai | i ∈ ∆} and ∧{ai | i ∈ ∆} are denoted by
a1 ∨ a2 ∨ ... ∨ an and a1 ∧ a2 ∧ ... ∧ an, respectively.

A bipolar fuzzy set in K is denoted by µ = (K;µn, µp), where µn, µp are the maps
from K to [−1, 0] and from K to [0, 1] respectively.

Definition 3.1. [10] A bipolar fuzzy set µ = (K;µn, µp) inK is called a bipolar fuzzy ideal
of K if it satisfies the following assertions:
(BF1) (∀k ∈ K) (µn(0) ≤ µn(k), µp(0) ≥ µp(k)),
(BF2) (∀k, l ∈ K) µn(k) ≤ µn(k ∗ l) ∨ µn(l),
(BF3) (∀k, l ∈ K) µp(k) ≥ µp(k ∗ l) ∧ µp(l).

Definition 3.2. A bipolar fuzzy set µ = (K;µn, µp) in a BCI-algebra K is called a
bipolar fuzzy BCI − implicative ideal of K if it satisfies (BF1) and the following
assertions:
(BF4) (∀k, l,m ∈ K) µn(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) ≤ µn((((k ∗ l) ∗ l)∗

(0 ∗ l)) ∗m) ∨ µn(m),
(BF5) (∀k, l,m ∈ K) µp(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) ≥ µp((((k ∗ l) ∗ l)∗

(0 ∗ l)) ∗m) ∧ µp(m).

Example 3.3. Consider a BCI-algebra (K; ∗, 0) where K = {0, j, k, l} and ∗ is given by
the Cayley table:

∗ 0 j k l
0 0 j k l
j j 0 l k
k k l 0 j
l l k j 0

Let µ = (K;µn, µp) be a bipolar fuzzy set in K represented by:

K 0 j k l
µn -0.7 -0.7 -0.4 -0.4
µp 0.8 0.8 0.2 0.2

Then, by routine calculations, µ = (K;µn, µp) is a bipolar fuzzy BCI-implicative ideal
of K.

Theorem 3.1. Any bipolar fuzzy BCI-implicative ideal of K is a bipolar fuzzy ideal of
K.

Proof. Assume that µ is a bipolar fuzzy BCI-implicative ideal of K. Then
µn(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) ≤ µn((((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∗m) ∨ µn(m)
and
µp(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) ≥ µp((((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∗m) ∧ µp(m)
for all k, l,m ∈ K.
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Substitute m by l and l by 0 to get,
µn(k ∗ ((0 ∗ (0 ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ 0))))) ≤ µn((((k ∗ 0) ∗ 0) ∗ (0 ∗ 0)) ∗ l) ∨ µn(l)
and
µp(k ∗ ((0 ∗ (0 ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ 0))))) ≥ µp((((k ∗ 0) ∗ 0) ∗ (0 ∗ 0)) ∗ l) ∧ µp(l).
i.e., µn(k) ≤ µn(k ∗ l) ∨ µn(l) and µp(k) ≥ µp(k ∗ l) ∧ µp(l).
Hence, µ is a bipolar fuzzy ideal of K. �

The converse of Theorem 3.1 is not true as proved by the next example.

Example 3.4. Consider a BCI-algebra (K; ∗, 0) where K = {0, j, k, l} and ∗ is given by
the Cayley table:

∗ 0 j k l
0 0 0 0 l
j j 0 0 l
k k k 0 l
l l l l 0

Let µ = (K;µn, µp) be a bipolar fuzzy ideal in K represented by:

K 0 j k l
µn -0.5 -0.2 -0.2 -0.2
µp 0.4 0.3 0.3 0.3

Then µ = (K;µn, µp) is not a bipolar fuzzy BCI-implicative ideal of K as
µn(j ∗ ((k ∗ (k ∗ j)) ∗ (0 ∗ (0 ∗ (j ∗ k))))) = µn(j) = −0.2 6≤ −0.5 = µn((((j ∗ k) ∗ k) ∗
(0 ∗ k)) ∗ 0) ∨ µn(0) = µn(0).

Lemma 3.2. [10] A bipolar fuzzy set µ = (K;µn, µp) in K is a bipolar fuzzy ideal of K
if and only if for all k, l,m ∈ K, (k ∗ l) ∗m = 0 implies µn(k) ≤ µn(l) ∨ µn(m) and
µp(k) ≥ µp(l) ∧ µp(m).

Lemma 3.3. [10] A bipolar fuzzy set µ = (K;µn, µp) in K is a bipolar fuzzy ideal of K
if and only if for all k, l,m ∈ K, k ∗ l = 0 implies µn(k) ≤ µn(l) and µp(k) ≥ µp(l).

Theorem 3.4. Let µ = (K;µn, µp) be a bipolar fuzzy ideal of K. Then the following
assertions are equivalent:
1. µ = (K;µn, µp) is a bipolar fuzzy BCI-implicative ideal of K.
2. µn(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) ≤ µn(((k ∗ l) ∗ l) ∗ (0 ∗ l)) and
µp(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) ≥ µp(((k ∗ l) ∗ l) ∗ (0 ∗ l)).

3. µn(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) = µn(((k ∗ l) ∗ l) ∗ (0 ∗ l)) and
µp(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) = µp(((k ∗ l) ∗ l) ∗ (0 ∗ l)),

for all k, l ∈ K.

Proof. (1 ⇒ 2) Let µ = (K;µn, µp) be a bipolar fuzzy BCI-implicative ideal of K.
Then for any k, l,m ∈ K,
µn(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) ≤ µn((((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∗m) ∨ µn(m)
and
µp(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) ≥ µp((((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∗m) ∧ µp(m).
Put m = 0 to get
µn(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) ≤ µn((((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∗ 0) ∨ µn(0)
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and
µp(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) ≥ µp((((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∗ 0) ∧ µp(0),
i.e., µn(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) ≤ µn(((k ∗ l) ∗ l) ∗ (0 ∗ l)) and
µp(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) ≥ µp(((k ∗ l) ∗ l) ∗ (0 ∗ l)).

Which are the required conditions.
(2⇒ 3) Assume that for all k, l ∈ K,

µn(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) ≤ µn(((k ∗ l) ∗ l) ∗ (0 ∗ l)) (3.1)

and
µp(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) ≥ µp(((k ∗ l) ∗ l) ∗ (0 ∗ l)). (3.2)

We know (using P5, P6, P1 and K3) that
(((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∗ (k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) ≤ 0.
Therefore by Lemma 3.2, we have

µn(((k ∗ l) ∗ l) ∗ (0 ∗ l)) ≤ µn(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) ∨ µn(0)

= µn(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l)))))
and

µp(((k ∗ l) ∗ l) ∗ (0 ∗ l)) ≥ µp(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) ∧ µn(0)

= µp(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))).
That is,

µn(((k ∗ l) ∗ l) ∗ (0 ∗ l)) ≤ µn(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) (3.3)

and
µp(((k ∗ l) ∗ l) ∗ (0 ∗ l)) ≥ µp(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))). (3.4)

From the inequalities (3.1) and (3.3), (3.2) and (3.4), we have
µn(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) = µn(((k ∗ l) ∗ l) ∗ (0 ∗ l))
and
µp(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) = µp(((k ∗ l) ∗ l) ∗ (0 ∗ l)).
(3⇒ 1) Assume that for all k, l ∈ K.

µn(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) = µn(((k ∗ l) ∗ l) ∗ (0 ∗ l)) (3.5)
and

µp(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) = µp(((k ∗ l) ∗ l) ∗ (0 ∗ l)). (3.6)
Consider (((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∗ ((((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∗m).
Using (P6) and (K1) we have
(((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∗ ((((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∗m) ≤ m.
Therefore by Lemma 3.2, we get

µn(((k ∗ l) ∗ l) ∗ (0 ∗ l)) ≤ µn((((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∗m) ∨ µn(m) (3.7)

and
µp(((k ∗ l) ∗ l) ∗ (0 ∗ l)) ≥ µp((((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∗m) ∧ µp(m) (3.8)

combine (3.5) and (3.7), (3.6) and (3.8), to get
µn(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) ≤ µn((((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∗m) ∨ µn(m)
and
µp(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) ≥ µp((((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∗m) ∧ µp(m).
Hence, µ = (K;µn, µp) is a bipolar fuzzy BCI-implicative ideal of K. �
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Definition 3.5. [24] Let µ1 = (K;µn1
, µp1

) and µ2 = (K;µn2
, µp2

) be bipolar fuzzy sets
in K. Then the “union” denoted by µ1

⋃
µ2 is (K;µn1 ∧ µn2 , µp1 ∨ µp2).

Theorem 3.5. Let µ1 = (K;µn1
, µp1

) and µ2 = (K;µn2
, µp2

) be bipolar fuzzy BCI-
implicative ideals of K. Then µ1

⋃
µ2 is a bipolar fuzzy BCI-implicative ideal of K.

Proof. Let µ1 = (K;µn1 , µp1) and µ2 = (K;µn2 , µp2) be bipolar fuzzyBCI-implicative
ideals of K.
Then, µn1

(0) ≤ µn1
(k) and µp1

(0) ≥ µp1
(k), µn2

(0) ≤ µn2
(k) and µp2

(0) ≥ µp2
(k).

Therefore, (µn1
∧ µn2

)(0) ≤ µn1
(k) ∧ µn2

(k) and (µp1
∨ µp2

)(0) ≥ µp1
(k) ∨ µp2

(k).
Also, for all k, l ∈ K we have
µn1(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) = µn1(((k ∗ l) ∗ l) ∗ (0 ∗ l)),
µp1(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) = µp1(((k ∗ l) ∗ l) ∗ (0 ∗ l))
and
µn2

(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) = µn2
(((k ∗ l) ∗ l) ∗ (0 ∗ l)),

µp2
(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) = µp2

(((k ∗ l) ∗ l) ∗ (0 ∗ l)).
Thus,(µn1 ∧ µn2)(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l)))))
= µn1(((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∧ µn2(((k ∗ l) ∗ l) ∗ (0 ∗ l))
= (µn1

∧ µn2
)(((k ∗ l) ∗ l) ∗ (0 ∗ l))

and
(µp1

∨ µp2
)(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l)))))

= µp1(((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∨ µp2(((k ∗ l) ∗ l) ∗ (0 ∗ l))
= (µp1 ∨ µp2)(((k ∗ l) ∗ l) ∗ (0 ∗ l)).
That is, µ1

⋃
µ2 is a bipolar fuzzy BCI-implicative ideal of K by Theorem 3.4. �

Definition 3.6. [24] Let µ1 = (K;µn1 , µp1) and µ2 = (K;µn2 , µp2) be bipolar fuzzy sets
in K. Then the “intersection” denoted by µ1

⋂
µ2 is (K;µn1

∨ µn2
, µp1

∧ µp2
).

Theorem 3.6. If µ1 = (K;µn1
, µp1

) and µ2 = (K;µn2
, µp2

) are bipolar fuzzy BCI-
implicative ideals of K, then so is µ1

⋂
µ2 = (K;µn1 ∨ µn2 , µp1 ∧ µp2).

Proof. Let µ1 = (K;µn1
, µp1

) and µ2 = (K;µn2
, µp2

) be bipolar fuzzyBCI-implicative
ideals of K.
Then, µn1

(0) ≤ µn1
(k) and µp1

(0) ≥ µp1
(k), µn2

(0) ≤ µn2
(k) and µp2

(0) ≥ µp2
(k).

Therefore, (µn1 ∨ µn2)(0) ≤ µn1(k) ∨ µn2(k) and (µp1 ∧ µp2)(0) ≥ µp1(k) ∧ µp2(k).
Also for all k, l ∈ K we have
µn1

(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) = µn1
(((k ∗ l) ∗ l) ∗ (0 ∗ l)),

µp1
(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) = µp1

(((k ∗ l) ∗ l) ∗ (0 ∗ l))
and
µn2(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) = µn2(((k ∗ l) ∗ l) ∗ (0 ∗ l)),
µp2(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) = µp2(((k ∗ l) ∗ l) ∗ (0 ∗ l)).
Thus,(µn1

∨ µn2
)(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l)))))

= µn1
(((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∨ µn2

(((k ∗ l) ∗ l) ∗ (0 ∗ l))
= (µn1

∨ µn2
)(((k ∗ l) ∗ l) ∗ (0 ∗ l))

and
(µp1 ∧ µp2)(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l)))))
= µp1

(((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∧ µp2
(((k ∗ l) ∗ l) ∗ (0 ∗ l))

= (µp1
∧ µp2

)(((k ∗ l) ∗ l) ∗ (0 ∗ l)).
By Theorem 3.4, µ1

⋂
µ2 is a bipolar fuzzy BCI-implicative ideal of K. �
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Definition 3.7. A bipolar fuzzy set µ = (K;µn, µp) in K is said to be a bipolar fuzzy
closed BCI − implicative ideal of K if it satisfies (BF1), (BF4), (BF5) and
(BF6) µn(0 ∗ k) ≤ µn(k) and µp(0 ∗ k) ≥ µp(k), for all k ∈ K.

Example 3.8. Consider the BCI-algebra and the bipolar fuzzy set µ given in Example
3.3. Then µ is a bipolar fuzzy BCI-implicative ideal of K and as for all k ∈ K, 0 ∗ k = k
then we have µn(0 ∗ k) = µn(k) and µp(0 ∗ k) = µp(k). Thus µ is a bipolar fuzzy closed
BCI-implicative ideal of K.

From the above example we give the following corollary.

Corollary 3.7. Let µ = (K;µn, µp) be a bipolar fuzzy BCI-implicative ideal of K. If
0 ∗ k = k for all k ∈ K, then µ = (K;µn, µp) is a bipolar fuzzy closed BCI-implicative
ideal of K.

Theorem 3.8. Let µ = (K;µn, µp) be a bipolar fuzzy closed ideal of K. Then µ =
(K;µn, µp) is a bipolar fuzzy BCI-implicative ideal of K if and only if:
1. µn(k ∗ (l ∗ (l ∗ k))) ≤ µn(((k ∗ l) ∗ l) ∗ (0 ∗ l))
2. µp(k ∗ (l ∗ (l ∗ k))) ≥ µp(((k ∗ l) ∗ l) ∗ (0 ∗ l)),
for all k, l ∈ K.

Proof. Suppose that µ is a bipolar fuzzy BCI-implicative ideal of K. Since µ is a bipolar
fuzzy closed ideal of K, so for any k, l ∈ K,
µn(0 ∗ (((k ∗ l) ∗ l) ∗ (0 ∗ l))) ≤ µn(((k ∗ l) ∗ l) ∗ (0 ∗ l))

and
µp(0 ∗ (((k ∗ l) ∗ l) ∗ (0 ∗ l))) ≥ µp(((k ∗ l) ∗ l) ∗ (0 ∗ l)).

By K1, P2, P5 and K3,
(k ∗ (l ∗ (l ∗ k))) ∗ (k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) ≤ 0 ∗ (k ∗ l).

Moreover by P2 and P5,
0 ∗ (((k ∗ l) ∗ l) ∗ (0 ∗ l)) = 0 ∗ (k ∗ l).

Hence, by Lemma 3.2,
µn(k∗(l∗(l∗k))) ≤ µn(k∗((l∗(l∗k))∗(0∗(0∗(k∗l)))))∨µn(0∗(((k∗l)∗l)∗(0∗l)))

and
µp(k∗(l∗(l∗k))) ≥ µp(k∗((l∗(l∗k))∗(0∗(0∗(k∗l)))))∧µp(0∗(((k∗l)∗l)∗(0∗l))).

Now by Theorem 3.4,
µn(k ∗ (l ∗ (l ∗ k))) ≤ µn(((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∨ µn(0 ∗ (((k ∗ l) ∗ l) ∗ (0 ∗ l)))
µn(k ∗ (l ∗ (l ∗ k))) ≤ µn(((k ∗ l) ∗ l) ∗ (0 ∗ l))

and
µp(k ∗ (l ∗ (l ∗ k))) ≥ µp(((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∧ µp(0 ∗ (((k ∗ l) ∗ l) ∗ (0 ∗ l)))
µp(k ∗ (l ∗ (l ∗ k))) ≥ µp(((k ∗ l) ∗ l) ∗ (0 ∗ l)).

Conversely, suppose that µ is a bipolar fuzzy closed ideal of K satisfying the conditions:
µn(k ∗ (l ∗ (l ∗ k))) ≤ µn(((k ∗ l) ∗ l) ∗ (0 ∗ l))

and
µp(k ∗ (l ∗ (l ∗ k))) ≥ µp(((k ∗ l) ∗ l) ∗ (0 ∗ l)),

for all k, l ∈ K.
Using K1 and K2, we know that

(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))) ∗ (k ∗ (l ∗ (l ∗ k)))

≤ (l ∗ (l ∗ k)) ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l))))
≤ 0 ∗ (0 ∗ (k ∗ l)).
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By using Lemma 3.2,
µn(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l)))))
≤ µn(k ∗ (l ∗ (l ∗ k))) ∨ µn(0 ∗ (0 ∗ (k ∗ l)))
≤ µn(((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∨ µn((0 ∗ (k ∗ l)))(By given conditions)
≤ µn(((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∨ µn((0 ∗ (((k ∗ l) ∗ l) ∗ (0 ∗ l))))
≤ µn(((k ∗ l) ∗ l) ∗ (0 ∗ l))

and
µp(k ∗ ((l ∗ (l ∗ k)) ∗ (0 ∗ (0 ∗ (k ∗ l)))))
≥ µp(k ∗ (l ∗ (l ∗ k))) ∧ µp(0 ∗ (0 ∗ (k ∗ l)))
≥ µp(((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∧ µp((0 ∗ (k ∗ l)))(By given conditions)
≥ µp(((k ∗ l) ∗ l) ∗ (0 ∗ l)) ∧ µp((0 ∗ (((k ∗ l) ∗ l) ∗ (0 ∗ l))))
≤ µp(((k ∗ l) ∗ l) ∗ (0 ∗ l)).

Hence, µ is a bipolar fuzzy BCI-implicative ideal of K, by Theorem 3.4.
�

4. CONCLUSIONS

The notions of bipolar fuzzy (closed) BCI-implicative ideals are introduced. Condi-
tions for a bipolar fuzzy (closed) ideal to be a bipolar fuzzy BCI-implicative ideal of
BCI-algebras are provided. It has been shown that a bipolar fuzzy BCI-implicative ideal
in BCI-algebras is a bipolar fuzzy ideal and that converse is not true.

5. ACKNOWLEDGEMENTS

The authors would like to thank the referees for their suggestions and comments.

REFERENCES

[1] K. T. Atanassov, Intuitionistic fuzzy sets, Fuzzy sets and systems, 20 (1) August (1986), 87-96.
doi:10.1016/S0165-0114(86)80034-3.

[2] D. Dubois and H. Prade, Fuzzy sets and systems: Theory and Applications, Mathematics in Science and
Engineering, 144, Academic Press, Inc, New York-London, 1980.

[3] Q. P. Hu and K. Iseki, On BCI-algebras satisfying (x* y)* z= x*(y* z), In Mathematics seminar notes, 8 (3)
(1980), 553-555.
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