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ON DYNAMIC MULTISETS AND THEIR OPERATIONS

T. O. WILLIAM-WEST, P. A. EJEGWA∗ AND A. U. AMAONYEIRO

ABSTRACT. The concept of multisets emerged by violating a principle of distinct collec-
tion of object in crisp sets. In some practical situations, multisets with multiplicity of their
objects varying overtime are frequently encountered, such multisets are called dynamic
multisets. However, there has been no formal mathematical study on dynamic multisets.
Dynamic multiset is a special kind of multiset with time varying multiplicity of elements.
The importance of dynamic multisets stems from their potential usefulness in resolving a
task of finding duplicate records within large databases. In this paper, we vividly explore
the concept of dynamic multisets and present some of its properties. We observe that,
the operations on dynamic multisets are the same as that of static multisets, with the time
parameter as the only distinction. Finally, some application-driven examples of dynamic
multisets are presented.

1. INTRODUCTION

In many branches of computer science such as database systems, membrane systems, in-
formation retrieval systems etc., duplicates or multiplicities of data are encountered. Mul-
tiset theory initiated by [12] has the capacity to implement the structural analysis of such
real-world data duplication. A multiset is a collection of objects in which objects are al-
lowed to repeat [5]. Multiset theory is an established area of research in non-classical set
theory with vast applications in philosophy, logic, linguistics, physics, mathematics, com-
puter science, etc. [6, 14]. However, till date most of the research in multiset theory has
considered only static multisets, i.e., multisets that do not change with time. A wealth
of such literature has been developed for static multiset theory [1, 4, 7, 10, 15, 16, 17].
Multiset has been studied in the framework of rough sets [9].

The concept of dynamic multiset was first addressed in [13] to underpin a concept of
cardinality queries and lookups in constant time. Pagh et al. [13] investigated the problem
of storing dynamic multisets succinctly. Recently, dynamic dictionaries for multisets and
counting filters with constant time operations has been discussed [3]. However, the mathe-
matical construct of dynamic multisets have not been formalized. Our attempt to deal with
situations involving data duplication mentioned above lead us to mathematically formalize
dynamic multisets, i.e., multisets that change with time. Dynamic multisets appear in many
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contexts. This is especially true in the World Wide Web (WWW), where almost always,
based on different web search at different time intervals, varying number of multiplicity of
web documents are returned due to the availability or non-availability of a host server, or
overloaded database storage memory; which may lead to deletion of certain duplicates of
copies or otherwise.

Very little is known about the properties of dynamic multisets. Given a wide range of
their potential application and the frequency with which they appear in most areas (biolog-
ical systems), their study is of considerable importance. There are several main avenues
supporting the introduction of dynamic multisets.

• Large databases, especially big data system; when handling data duplication records
within large databases, the notion of dynamic multisets is an important topic. The
importance stems from resolving a task of finding and analyzing duplicate records
in large database systems.

• Real time stock computation in Mega stores, such as Malls and Shops exhibit
another position as to the introduction of dynamic multisets. In the event whereby
per time update of available stock of various items sold in a Mega store is to be
made after sales, a concept of dynamic multisets plays a significant role. Given
such a situation, the constructs of dynamic multisets can be deployed and exploited
for qualitative representation and update of information.

There is a strong motivation to introduce the mathematical formalism of dynamic multisets,
no matter which way one decides to proceed:

• Dynamic multisets help us to perceive in far more meaningful structure, the rate
of data duplication in ubiquitous systems.

• Dynamic multisets allow us to compute and update instantaneous multiplicity of
files and objects at various time intervals in both biological and or reactive systems.

While dynamic multisets are subsets of static multisets, in general, they constitute a useful
concept and powerful tool to study the computing of duplicate records in ubiquitous and
biological systems, and their construct could be a useful model in relevant structures to a
great extent.

2. BASIC NOTION OF DYNAMIC MULTISETS: MAIN CONCEPTS AND THEIR
REALIZATION

For completeness, we will review the concept of multisets.

2.1. Multisets. Here, we recall the concept of multisets.

Definition 2.1. [18] Let X = {x1, x2, · · · , xn} be a set. A multiset M drawn from X is a
cardinal-valued function; i.e., M : X → V = {0, 1, 2} such that for x ∈ Dom(M) implies
M(x) is a cardinal and M(x) = CM (x) ≥ 0, where CM (x) denotes the number of times
(i.e., the count of x ∈ X) an object x occurs in M . The set X is called the ground set of
the classes of all multisets containing objects from M .

A multiset M can be represented by the set as follows [15]:

M =
{CM (x1)

x1
,
CM (x2)

x2
, · · · , CM (xn)

xn

}
. (2.1)

Example 2.2. Let X = {a, b, c, d} be a domain of discourse, then a multiset M drawn
from X is represented thus;

M = {a, a, a, b, b, c, c, c, c} =
{3
a
,
2

b
,
4

c

}
,
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where CM (a) = 3, CM = 2 and CM (c) = 4. Noticeable is the cardinality of M , denoted
by card(M) which in this case;

card(M) = CM (a) + CM (b) + CM (c)

= 9.

The reader is referred to Singh et al. [15] for detailed examples and operations on multisets.

2.2. Dynamic multisets: the idea. The underlying idea of dynamic multisets is to provide
time-varying and computationally appealing representation of multisets.

The definition of (static) multiset involves the following entities: X (a ground set of
objects), CM (x) (a count of the number of multiplicities of x in M ). Informally, a dynamic
multiset is obtained when any of these entities change over time t ∈ T ⊆ R+, where
R+ = [0,+∞). Thus there are two basic main kinds of dynamic multisets.

• In a ground dynamic multiset, the membership of objects in X vary with time
t ∈ T ; some objects may be inserted into X or removed from X . When objects
are inserted in X and/or removed from X , their corresponding count (i.e., the
number of multiplicity of an object) respectively increase and/or decrease.

Example 2.3. Let X = {a, b, c, d} be a domain of discourse representing the types of
items sold in a certain shopping mall. Suppose the following multiset represent the various

multiplicity of this items in stock Mt0 =
{4
a
,
6

b
,
3

c
,
2

d

}
drawn from X at time t0.

At t1 > t0, suppose Xt = {a, b, d}, is the ground set of available stock in the Mall such
that the total items available is represented by Mt1 . Since the item c is no longer in stock,
we need not have a multiset which contains the element c.

In a similar fashion, a new item (i.e., an element e) could be inserted in Xt2 at some
time t2. As a result, the multiset Mt2 , its cardinality as well as its count of its objects may
be time-varying.

• In a count dynamic multiset, the count CM (·) varies with respect to time. Thus,
multiple copies of various objects may be inserted in a dynamic multiset Mt∈T or
removed from a dynamic multiset Mt∈T at different time intervals ti ∈ T without
necessarily interfering with the elements of the domain of discourse. Hence in a
count dynamic multiset the cardinality of the universe of discourse may be fixed
even when that of its induced multiset is time-varying.

Example 2.4. Let X = {l, s} be a set of some cells in the human body such that l represent
a liver cell and s represent a cell lining the stomach. The two types of cells are well known
to multiply in the human body at different times. Hence a count dynamic multiset

−→
M tl =

{−→C−→
Mti

(l)

l
,

−→
C−→

Mti

(s)

s

}
, ti ∈ T and i = 0, 1, 2, · · · (2.2)

is realized. Following the nature of
−→
M tl , consistent information about the multiplicities of

these cells at different times can be reported.
In passing, all combination of the above types of dynamic multisets may occur.

2.3. Dynamic multisets. Let a mapping (see Eq. 2.3) be defined in the domain of dis-
course X of n-objects. A dynamic multiset MD is characterized by the triple

(M,
←−
M,
−→
M) : (X,

←−
X,
−→
X )t −→ {0, 1, 2, · · · } × {·,←,→}t (2.3)

defined by
(x,←−x ,−→x )t 7→ (CM (x), CM (←−x ), CM (−→x ))t (2.4)
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or by
(x,←−x ,−→x )t 7→ (CM (x),

←−
C←−

M
(x),
−→
C−→

M
(x))t (2.5)

such that (M,
←−
M,
−→
M) = M or

←−
M or

−→
M at some given interval, then we call M =

(M,
←−
M,
−→
M) the ground dynamic multiset of (X,

←−
X,
−→
X )T if Eq. 2.3 is defined by Eq.

2.4. The multisetM = (M,
←−
M,
−→
M) is called a count multiset of (X,

←−
X,
−→
X ) if Eq. 2.3 is

defined by Eq. 2.5. Moreover, the last expression in Eqs. 2.4 and 2.5 represent the count
of x ∈MD at time t ∈ T .

Let us elaborate on the main components of MD (or simply M ) for a fixed time t ∈ T .
The elements of X with CM (x) and CM (←−x ), CM (−→x ) or

←−
C←−

M
(x),
−→
C−→

M
(x) respectively

constitute the counts of the static and dynamic multisets discussed so far about the con-
struct. Subsequently, the elements with count CM (x) are both in X and M . The elements
with count CM (←−x ) have been removed from X and need not appear in M , hence this
removal initiates

←−
X .

A similar instance holds for newly inserted elements with count CM (−→x ), as a result,
−→
X is realized. The elements with counts

←−
C←−

M
(x) and

−→
C−→

M
(x) have been respectively

removed from M and inserted in M . Consequently, the dynamic multisets
←−
M and

−→
M are

realized. At this point we stress that the three-operation set {·,←,→}T induces neutral,
remove and insert operations on X and MD, with the neutral operation taken to mean do
nothing or static. Finally, the numbers

←−
C←−

M
(x) and

−→
C−→

M
(x) may be encountered as a result

of deploying the remove and insert operations simultaneously performed in X and MD.
In view of the aforesaid transformations in X and MD, some properties of multisets with
time varying membership and count can be envisioned.

Alluding the formal definition of dynamic multisets MD in Eq. 2.3, it is worth under-
lining that MD is described by an operation-valued set rather than merely cardinal-valued
count function. The co-domain (or range) of MD consists of three main kinds of counts
components; CM (x) and CM (←−x ), CM (−→x ) and

←−
C←−

M
(x),
−→
C−→

M
(x). They can be respec-

tively treated as count of a static multiset, count of a ground dynamic multiset and count of
a count dynamic multiset. These three kinds of quantificational levels come in an apparent
interpretation. All elements with count CM (x) cannot be removed from the construct or
dataset X and M at time t ≥ 0. The elements with count CM (←−x ) and CM (−→x ) may be
respectively removed from the construct, list or dataset X , MD at any time, t, and inserted
in the construct, list or dataset X and MD at any time t. At anytime t ∈ T , the elements
with counts

←−
C←−

M
(x) and

−→
C−→

M
(x) may be respectively removed from the set of duplicates

MD only and inserted in the set of duplicates MD only.

3. OPERATIONS ON DYNAMIC MULTISETS

Throughout this paper we set

St =
(
X,
←−
X,
−→
X
)
t
, st =

(
x,←−x ,−→x

)
t
, Mt =

(
M,
←−
M,
−→
M
)
t

and CMt
(·)

to represent the corresponding count function of Mt at time t ∈ T ⊆ R+. We begin by
presenting some constructs that can be gainfully exploited to describe the operations under
dynamic multisets.

3.1. Maximum multiset of a family of dynamic multisets. Let F = {Mt,M
′
t , · · · } be

a family of dynamic multisets drawn from St. The maximum dynamic multiset M̂t is
defined by CM̂t

(st) = max
Mt∈F

CMt(st) for all st ∈ St and all Mt ∈ F , for each t ∈ T . This
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idea is relevant for defining the complement of a dynamic multiset. A similar variant for
the maximum of a family of static multisets have be defined in [11].

It is important to underline that apart from the time varying parameter of a dynamic
multiset, its operations are similar to that of a static multiset. Therefore, the following
operations are defined for a fixed time t.

• Union. The union of two dynamic multisets Mt and M ′t denoted by Mt ∪M ′t , is
defined as the largest dynamic multiset containing both Mt and M ′t . From this we
get the count of Mt ∪M ′t ;

CMt
(x) ∨ CM ′

t
(x) = max

[
CMt

(x), CM ′
t
(x)
]

for all x ∈ St.

• Intersection. The intersection of two dynamic multisets Mt and M ′t , denoted by
Mt ∩M ′t , is defined as the smallest dynamic multiset contained in both Mt and
M ′t . We know the count of Mt ∩M ′t to be

min
[
CMt

(x), CM ′
t
(x)
]

for all x ∈ St.

• Complementation. A dynamic multiset M c
t is the complement of a dynamic

multiset Mt if and only if M c
t = M̂t −Mt is

CMc
t
(x) =

[
CM̂ ′

t
(st)− CMt(x), for all x ∈ St

]
.

• Equality. Two dynamic multisets Mt and M ′t are equal, Mt = M ′t if and only if
CMt

(x) = CM ′
t
, for all x ∈ St.

• Inclusion. A dynamic multiset M ′t is contained in a dynamic multiset Mt if and
only if CM ′

t
(x) ≤ CMt , for all x ∈ St.

It could be easily seen that the aforesaid operations are well-suited for dynamic mul-
tisets occurring at different instants of time. Further, the notion of monotone increasing
or decreasing sets can be deployed in the construct to analyse the structure of a family of
dynamic multisets.

4. APPLICATION EXAMPLES

In what follows, some application-driven examples of our construct are outlined.

4.1. Biological Systems. The use of dynamic multisets can be also substantial in biolog-
ical systems especially to model the behaviour of such systems. In comparison to static
multisets, dynamic multisets may be found to be relatively more apt to model multiplici-
ties of reagents in dynamics of biochemical reactions (see Fig. 1), particularly for report-
ing consistent information about the multiplicities of reagents (see [2] for details about
the static multiset variant of such application). A miniature system which mimics distinct
transitions that may occur in the multiset of such a biological or biochemical system is
envisioned as shown in Fig. 1.
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In Fig. 1, ris represent the rate of reaction with respect to time, M ′tis are dynamic
multisets and ti ∈ T represent different period time. Noticeable is the fact that the rate of
reaction is a time dependent parameter.

4.2. Ubiquitous systems. Data duplication is ubiquitous. In certain online systems, as
users upload the same files on the web or download the same files from the web into
their storage facility, multiple copies of data are stored or accumulated over time. As said
earlier, dynamic multisets have substantial potential in handling data duplication records
within large databases. Their application can be envisaged for the case of a fast growing
system FT with growing rate (increasing or decreasing) of data duplication, r. Due to
storing and transferring of duplicate data, this system can be conveniently analysed by
deploying r which provides us with consistent information about copies of duplicate data
at various periods within the time intervals T :

r =
∑

1≤i≤n
Mt∈FT

max
{
0, (CMtn

(s)− CMtm
(s))

}
i
, t ∈ T, n > m,∀ s ∈ St.

(4.1)
In the right hand side of Eq. 4.1,

max
{
0, (CMtn

(s)− CMtm
(s))

}
i

represents the count of the difference of consecutive dynamic multisets Mtm and Mtn at
various transitional periods i, 1 ≤ i ≤ n.

The difference of two dynamic multisets is defined by

CMt−M ′
t
(s) =

{max{0, (CMt(s)− CM ′
t
(s))}

s

∣∣∣s ∈ St and fixed time t ∈ T
}
.

(4.2)
The transition periods i, 1 ≤ i ≤ n, depict the time-varying change in copies of duplicate
data at different time intervals.

5. DISCUSSIONS

Very frequently, duplicate data copies are made for the purpose of reliability, preser-
vation, and performance (i.e., duplicate data copies are made against inadvertent deletion
or corruption of file data). However, in a fast growing system, since duplicate data can
occupy a substantial portion of a storage system, its optimization may address the problem
of having more efficient storage resources versus making duplicate data copies against in-
advertent deletion or corruption of file data. In general, a problem of finding a solution to
the following optimization problem is at hand:

arg min
(←,→)

∑
1≤i≤n
Mt∈FT

max
{
0, (CMtn

(s)− CMtm
(s))

}
i
, t ∈ T, n > m,∀ s ∈ St, (5.1)

where arg denotes the argument, namely, a pair of insert and remove operations, (←,→),
that minimizes the rate r at which files are added or deleted from the system.

In view of the above mentioned problem, there are several optimization methods that
come in handy in an attempt to resolve it. However, this problem remains open. We hope
that resolving the aforesaid problem may be useful in system (i.e., biological or computa-
tional) control. We will not concern ourselves to the discussion of its usefulness in system
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control in this paper. However, since the construct has potential usefulness in modelling
the dynamics of biochemical reactions [2], we envision its application.

6. CONCLUSION

We have elaborately studied the concept of dynamic multisets and discussed its opera-
tions. The concept may be viewed as being induced by time-dependent change in copies
of duplicate data in the course of storing and transferring various files in ubiquitous sys-
tems. This study provides a starting point for which it is possible to construct a consistent
model which captures the transition of multiplicity of duplicate data in various storage
tanks or systems. Dynamic multisets could be especially important in all situations where
data (object) duplication or deduplication records become necessary for analyzing system
performance or for other update record purposes. Nonetheless, it is important to note that,
further study is needed to tackle the problem posed in section 5. The notion of dynamic
multiset could be extended to soft computing.
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