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COMMON FIXED POINT RESULT FOR GENERALIZED
0,.-)-CONTRACTION FOR C-CLASS FUNCTIONS IN b-METRIC SPACES

TAIEB HAMAIZIA* AND SAID BELOUL

ABSTRACT. In this paper, we prove common fixed point theorems for ««-1)-contraction
in b-metric spaces, which generalizes the result of S. Aleksic et al [Remarks on common
fixed point results for generalized a-t-contraction multivalued mappings in b-metric
spaces ,Adv. Fixed Point Theory, 9 (2019), No. 1, 1-16] using the concept of C class
function in b-in metric spaces. An example is given to support our results.

1. INTRODUCTION

The Banach contraction principle [9] is the simplest and one of the important results
in fixed point theory, that is, every contractive mapping 7' from a complete metric space
(X, d) into itself has a unique fixed point z of the mapping T (T'z = z). Sufficient number
of authors extended and generalize the concept of a metric space as b-metric spaces, fuzzy
metric spaces, Menger metric spaces, quasi metric spaces...

Metric type spaces (or b-metric spaces) is one of the important generalization of metric
spaces. This concept was introduced by Bakhtin 1989 [8]] and Czerwik 1993 [11]].

On the other hand, Nadler [22] introduced the notion of a multi-valued contractive map-
ping in a complete metric space and also proved Banach’s fixed point theorem for a multi-
valued mapping in a complete metric space. Moreover many authors proved some fixed
point theorems for single-valued and multi-valued mappings in b-metric spaces, we refer
the reader to ([[11], [3lI, (6], [7], (101, [12], [13], [14], [15], [16], [17], (191, (201, [211, [231]).

Motivated by the results and notions mentioned above. In this paper, we present new
type contractions involving C'-class functions and establish several common fixed point
theorems for this class of mappings defined on b-metric spaces.Our main result is essen-
tially inspired by S. Aleksic et al [2]].

2. PRELIMINARIES

We appeal the following notions and preliminaries.
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Definition 2.1. Let X be a (nonempty) set and s > 1 be a given real number. A function
d: X x X — [0,1) is a b-metric on X if for all z,y,z € X, the following conditions
hold:

(bl) d(z,y) =0ifand only if z = g,

(b2) d(z,y) = d(y, z),

(b3) d(z, 2) < s[d(z,y) + d(y, 2)].

A triplet (X, d, s) is called a b-metric space.

Also, every metric space is a b-metric space but the converse is not necessarily true.

Lemma 2.1. Let (X, d) be a b-metric space. The following properties are satisfied.
1) D(z,B) < d(z,b) forallxz € X, b€ Band B € CB(X).
2)D(x,B) < H(A,B) forallx € X and A, B € CB(X).
3) D(z, A) < s(d(z,y) + D(y, B)) forall z,y € X and A, B € CB(X).

Let (X, d) be a metric space and or: X x X — [0, +00) be a given mapping. A mapping
T: X - CL(X)isan

(Day-admissible, if a(z,y) > 1 implies a.(Tz,Ty) > 1, where
o, (Tx, Ty) = inf {a(a,b) : a € Tx,b € Ty};

(2) a-admissible, if for each z € X and y € T with a(x,y) > 1, we have a(y, z) > 1
forall z € Ty.

Definition 2.2. [4] Let S,7 : X — CB(X) be two multi-valued mappings and « :
X x X — [0, 00) a function.

The pair (S, T') is said to be triangular o, -admissible if the following conditions hold:

1) (S,T) is «, -admissible, that is, a(x,y) > 1 implies that o, (Sz,Ty) > 1 and
ax(Tx,Sy) > 1; where a, (A, B) = inf {a(z,y)/z € A,y € B},

2) a(z,u) > 1and a(u,y) > 1 imply a(z,y) > 1:

Definition 2.3. [4] Let S,T : X — C'B(X) be two multi-valued mappings and

a: X x X — [0,00) a function. The pair (S,T') is said to be «,-orbital admissi-
ble if the conditions cv.(z,Sz) > 1 and a,(z,Tx) > 1 imply a.(Sz,T?z) > 1 and
a. (T, S%x) > 1.

Definition 2.4. [4] Let S,T : X — C'B(X) be two multi-valued mappings and
a : X x X — [0,00) a function. The pair (S,T") is said to be triangular «,orbital
admissible if the following conditions are satisfied :
1) (S,T) is au. -orbital admissible,

2) a(z,y) > 1,0.(y,Sy) > 1 and a.(y,Ty) > 1 implies that o, (z,Sy) > 1 and
(2, Ty) > 1

Lemma 2.2. [22]| If A, B € CB(X) and k > 1, then for each a € A, there exists b € B
such that d(a,b) < kH(A, B).

A. H. Ansari [3]] introduced the concept of a C-class functions which covers a large
class of contractive conditions

Definition 2.5. [3] A continuous function F : [0,00)? — R is called C-class function if
for any s,t € [0, 00)?; the following conditions hold

cl F(s,t) <s;

¢2 F(s,t) = s implies that either s = 0 or ¢t = 0.

An extra condition on F' that F'(0,0) = 0 could be imposed in some cases if required.
The letter C' will denote the class of all C- functions.
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Example 2.6. The following examples shows that the class C' is nonempty:
1. F(s,t) =s—t.
2. F(s,t) = ms, for some m € (0, 1).

3. F(s,t) = i for some 7 € (0, 1).

4.F(s,t) = log(;g’ft‘;s),for some a > 1.

Let u denote the class of the functions ¢ : [0, 00) — [0, c0) which satisfy the following
conditions:

a)  is continuous ;

b) ¢(t) > 0,t > 0and ¢(0) > 0.

In 1984, Khan et al. [18] introduced altering distance function as follows:

Definition 2.7. [18] A function ¢ : [0,00) — [0, 00) is called an altering distance function
if the following properties are satisfied:

i) ¢ is non-decreasing and continuous,

ii) ¢ (¢t) = 0if and only if ¢ = 0.

Let us suppose that U denote the class of the altering distance functions.

Definition 2.8. A tripled (¢, p, F') where v € ¥; ¢ € @, and F € C is said to be a
monotone if for any z,y € [0, 00) ;

r<y= F@(z),ox)) < F((y),ey)).
Example 2.9. Let F(s,t) = s —t, p(z) = /&
w(x):{ VT if 0<x<1

2?2 if r>1 ’
then (¢, , F') is monotone.
Example 2.10. Let F(s,t) = s —t, p(z) = 22
T 4 0<x<1
vy ={ VP 05

22 if z>1 ’
then (¢, , F') is monotone.
Example 2.11. Let F(s,?) = 135, p(z) = J/x
VA 0<x<1
- { V21 053

2 if x>1 ’

then (1), o, F’) is monotone.

Example 2.12. Let F'(s,t) = log (tfft>, plr) =€ and Y(z) ==
then (¢, , F') is monotone.
Example 2.13. Let F(s,t) = s — t, o(z) = 23
[ Yx oif 0<z<1
w(“”)_{ @ if x>1

then (1), , F’) is monotone.

3. MAIN RESULTS

Firstly, in this section we assume ) is altering distance function, ¢ is ultra altering
distance function and F' is a C-class function.
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Theorem 3.1. Let (X, d, s > 1) be a b-metric space, o : X x X — [0, 00) a function and
e > 1. Let S,T : X — CB(X) be two multi-valued mappings such that for x,y € X;
with o(z,y) > 1;

the pair (S,T) satisfies the inequality

¢ (s°.H(Sz,Ty)) < F (¥ (M(z,y)), ¢ (M(z,y))) 3.1

where

M (z,y) = max {d(m, y), D(x, Sz), D(y, Ty),

D(z,Ty) + D(y, Sz) }
2s '

Suppose that the following conditions are satisfied.

(i) (X, d) is an a-complete b-metric space.

(ii) (S,T) is triangular o, -orbital admissible.

(iii) There exists xg € X such that o, (xg, Sxg) > 1.

(iv) S and T are a-continuous multi-valued mappings, or, if {x,} a sequence in X
which converges to x € X such that oy, Tny1) > 1 for all n € N, then there exists a

subsequence {x,, } satisfies a(xy, ,x) for all k € N.
Then S and T have a common fixed point.

Proof. From (iii), there exists 1 € Sxq such that «,(zg,21) > 1 and z1 # 2. By the
inequality (3.1) and (2) in Lemma (2.1]), we have

0 < (s°D(w1,Twy)) <o (s°.H(Swo,Tw1)) < F (3 (M(Sﬂo,wl))a@(M(fﬂo,wl)()g ~2)

Using Lemma (2.2)) for
k=s%,

there exists x5 € T'x1 such that

Y (d(z1,22)) <P (s°.H(Swo, T21)) < F (¢ (M(w0,21)), 0 (M(20,71))), (3.3)

where

M(l‘();a:l)

max{d(mo,xl),D(xo,Sajo),D(xl,Txl), 55

D(.To, T.l?l)
2s

D(Io, T:El) + D(Il, Sxo) }

= max {d(mo,xl), D(xz1,Txy),

= max{d(zg,21), D(x1,Tx1)}.
If M(x,x1) = D(x1,Tx1), then from (3:1), we obtain
0 < Y(D(x1,Tx1)) <9 (s°D(x1,Tx1)) < ¢ (s°.H(Szo,T21))
< F@(D(x1,Ta1)), ¢ (D(x1,T21)))
< ¢ (D(x1,Txy))-
Since v is nondecreasing function, so D(x1,Tz1) = 0 which is a contradiction. Then
max {d(xg,x1), D(x1,Tx1)} = d(x0, x1).
According to the inequality (3.1))
¥ (d(z1,22)) < Y (s°.H(Swo, Tw1)) < F (¢ (d(wo, 1)) , ¢ (d(wo, 21)))
< ¥ (d(zo,z1)).
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Since 1 is nondecreasing, we get
d(x1,22) < d(xg,21).
Similarly, for x5 € T'z1, there exists x5 € Sz, such that
U(d(z2, 3)) < s"H(Tay, Sx2)F (¢ (d(21,32)) , 0 (d(21,22))) < o (d(21, 22))
Repeating this process, we can construct a sequence {x, } C X as follows.

Togt1 € Swor,
Topt2 € Txopy1, otherwise.

for k = 1,2,.... Since (S, T) is is triangular oy orbital admissible, so from lemma [2.2]
we get «(xy,, T,41) > 1. Hence we have
Y (d(wops1, Tory2)) < P(s*H(Txok, Srops1) (3.4

< F (¢ (M(x2k, Tak+1)) s p (M (221, T2k41)))

where

M(ka"er-‘rl) = D(xop,Txor41)+D(2r41,5T21)

2s

{ d(zak, Topt1), D(xak, Szak), D(zap+1, Tok+1), }
max

D(zok, Txop41)
2s

= maX{d($2k,$2k+1)7D($2k+17T$2k+1)a
= max {d(v2x, Tar+1), D(Tart1, TTox11)}
If M(2ok, xok+1) = D(x2k+1, Tx2k+1), using (B-1)), we get
0 < ¢(s*D(waks1,Trors1)) < (s°.H(Sxop, TTors1))
< F W (D(@ok+1, Troks1)) , ¢ (D(@2n41, T22541)))
< Y (D(wagy1, Tragyr)),
which is a contradiction. Hence
Y (d(@ory1, Tors2)) < (5 H(Szop, Txory1)) < F (Y (d(wor, Tart1)) , ¢ (d(22k, T2rt1)))
< Y (d(wak, Tar+1)) s (3.5)
which implies
d(Tor+1, Topt2) < d(wop, Topg1)-
Thus for all n € N, we have
d(Zny1, Tny2) < d(ZTn, Tnit),

this yields {d(zn, xn+1)} is decreasing sequence.
The non increasing of 1 hold the decreasing the sequence {d(z,+1,%,)} such that
lim d(z,,2zp+1) = r Letting n — oo in (3.5)), we have

n— oo

7}52() ( (Sl_ed(xn+2a anrl)) < nh_fgo Y (d(Tnt2, Tnt1))
< nhHH;OF (1/) (slfsd(asn,xn_l)) , P (slf’sd(:rn, $n+1)))
< lim 1/) (Sl_ed(‘rna xn+1)) .

n—oo

So, we conclud that
) (sl_er) < lim F (1/1 (sl_er) , P (sl_fr)) < lim ¥ (sl_ar) .

n—oo n— 00
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For s17¢ £ 0, implies r = 0, a contradiction. Hence, we conclude

nh_}nolo d(xp, Tpt1) =0

Now, we prove that the sequence {x,,} is a Cauchy sequence. Suppose that the {x2, }
is not a Cauchy sequence. Then there exists an € > 0 for which we can find two sequences
of positive integers {2m(k)} and {2n(k)} such that for all positive integers k, 2n(k) >
2m(k) > k and d(2m(k)» Tn(r)) > €.

Let 2n(k) be the smallest such positive integer 2n(k) > 2m(k) > k such that

d(Tom(k), Tan(k)) = €, d(Zom(k)> Tan(k)—1) < €

by (3.1]) , we have
U (5 d(Tam)s Tanr))) < F (0 (M(@2n)—1, T2mx))) » @ (M (22001, Tam))))

F (¢ (d(@ank)—1, T2m@)) » @ (d(@2nk)—1, Tom(k))))

Letting n — oo we have

V() Sv (s e) SF(W(e),0(e) S ()

Then ¢ (¢) = 0 contradiction with € > 0. Thus (z,,) is a b-Cauchy sequence in X.

a-completeness of (X, d) implies the existence of z € X such that

lim d(x,,2) =0

n—oo

which implies lim d(zog4+1,2) = 0and lim d(z2g42,2) = 0.
n— o0 n—oo

If S, T are a-continuous, this gives lim H (Txox+1,2) = 0.

n—oo
Using triangular inequality e get

D(z,Tz) < s(d(xapq1, Txor) + H(Tx2p41,T%))

passing to limit we obtain D(z, Tz) = 0, this yields z € T'z. Similarly we can show easily
z € Tz and z is a common fixed point for S and 7.
If for a sequence {z,, } in X which converges to 2 € X such that a(z,, ,+1) > 1 for all

n € N, then there exists a subsequence {z,,, } satisfies a(zy, , z) forall k € N.
Since z,, — z, then there exists a sequence {x,, } such that «(z,, , z), so we have

D(z,Tz) < s(d(zogt1, Txor) + H(Tx2k4+1,T2)).
This complete the proof. (]
The following results are a special case of the main result

Corollary 3.2. Let (X,d) be a b-metric space, a« : X x X — [0,00) a function and
e>1 Let S,T : X — CB(X) be two multi-valued mappings such that for x,y € X with
a(z,y) > 1 we have

Y(s*H(Sz, Ty)) < P(M(z,y)) — p(M(z,y)), (3.6)

where

M (z,y) = max {d(x’y)aD(LSx),D(y,Ty), D(x,Ty);SD(y,Sx) } .

Then S and T have a common fixed point.

Corollary 3.3. Let (X,d) be a b-metric space, « : X x X — [0,00) a function and
e>1 Let S,T : X — CB(X) be two multi-valued mappings such that for x,y € X with
a(z,y) > 1 we have

s"H(Sz, Ty)) < ¢(M(x,y)), 3.7
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where ¢ : [0,+00) — [0, +00) is a lower semi continuous function satisfying ¢(t) = 0 if
and only ift = 0.

D(z,Ty) + D(y, Sz) } .

M(z,y) = max{d(m,y),D(x,Sx),D(y,Ty), 5%

Then S and T have a common fixed point.
Proof. It suffices to taking ¢ = I and ¢ = I — ¢ in Theorem 3.1} O
Example 3.1. Let X = {1,2,3} and d(x,y) = |z — y|?. Define S,T: X — CB(X) and

a:X x X —[0,00) by
Saz{ {2}, ze{1,2}

{1}, =3
{3}, z=1
T = { {2}, ze{2,3}

and (xz,y) € {(3,1)}
_ 0, T,Y) € 3’1
az,y) = { 1, otherwise.
1

We claim that S and T satisfy (3.I), by taking s = 2, F(m,t) = %m, e = 5 and
¥ (t) = t. For that, we need to show that
1
< —=Mg(x,y).
<% s(,9)
Note that H(Tx, Ty) > 0 and o(x,y) > 1if and only if (z,y) € X2—{(2,2),(1,2),(1,3),(2,3),(3,1)}.
(1) Forz = 1and y = 1, we have

2°H(Sxz,Ty)

1
H(S1,T1)=1< —D(1,T1) = 2/2.
(51,71) =1 Z-D(1.T1)
which implies
1 1
22 H(S51,T1) < —M(1,1).
(51,71) < =M (1,1)
(2) Forx = 2 and y = 1, we have
1
H(S52,T1) =1< —D(1,T1) = 2V/2,
( ) <5 (1,71)
which implies
1 1
23 H(S2,T1) < —M(2,1).
(52,71) < Z=M(2,1)
(3) For z = 3 and y = 2, we have
1
H(S3,T2) =1< —D(3,83) = 2V2,
(53.72) =1 < —=D(3,53)
which implies
1 1
22 H(S83,T2) < —DM(3,2).
( )_\/5 (3,2)
(4) For x = 3 and y = 3, we have
1
H(S3,T3) =1< —D(3,53) = 2v/2,
(53.78) =1 < —=D(3,53)

which implies

23 H(S3,T3) < —M(3,3).

Sl
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Consequently, S and T satisfy (3:1). Moreover, it is easy to see that (S, T') is triangular
a.-orbital admissible. Indeed
For (z,y) € {1, 2}, we have

s (z,82) = an(z,Tz) = 1> 1,and o (Sz, T?z) = o (T, S*z) =1 > 1,
then (S, T) is a.-orbital admissible.

For (z,y) € {1,2}, we have
alz,y) =1,and o (y, Sy) = a.(y, Ty) =1 > 1.

and
ax(z,Sy) = au(z, Ty) =1 > 1.
Hence (5,T) is triangular «,-orbital admissible, there exists xg = 1 € X such that
a4 (1,51) > 1. Also, For x,, = 1, we have x,, converges to 1 € X, such that
VYn > 0,a(zn, 2py1) = @(1,1) =1 > 1, and a(x,,1) = 1 > 1, so it suffices to choose
ZTp, = Tp, Ve > 0. Consequently, all conditions of Theoremare satisfied. Then T', S
have a fixed point which is 2.
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