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ON SOME RELATIVE WEAKLY HYPERIDEALS AND RELATIVE PRIME
BI-HYPERIDEALS IN ORDERED HYPERSEMIGROUPS AND IN
INVOLUTION ORDERED HYPERSEMIGROUPS

ABUL BASAR

ABSTRACT. The aim of the present paper is to define and bring together the fundamental
definitions such as relative hyperideals, relative bi-hyperideals, relative quasi-hyperideals,
relative prime hyperideals, relative weakly prime hyperideals, relative semiprime hyper-
ideals, relative prime and relative semiprime bi-hyperideals, and hyper relative regularity
of dynamic algebraic character to develop the theory of hypersemigroups, and obtain the
results relating to and connecting these hyperideal-theoretic definitions of this vast theory
to the larger framework of the algebraic area of ordered hypersemigroups as well as of
involution ordered hypersemigroups.

1. INTRODUCTION

The concepts of ideal and prime ideal was created by Dedekind [28]], [29]], [34] as a gen-
eralization of the concept of ideal numbers as a special subset of a ring defined by Kummer
[28]]. Thereafter, these notions were extended by Hilbert and Noether [32]. Noether and
Artin gave classical definitions of basic notions such as one sided ideal, ideal and other al-
gebraic notions [24]], [31]]. The concept of prime ideals in rings was defined and studied by
McCoy [52] . The notion of a bi-ideal in semigroup was introduced by Good and Hughes
[62]]. Then, the notion of bi-ideal and generalized bi-ideal in semigroups was introduced
and studied by Lajos [63]], [64]. Thereafter, the notion of a quasi-ideal was introduced
by Steinfeld [54], [55] in rings and semigroups. The theory of ordered semigroups was
introduced and studied by Conard [59]]. The theory of an ordered quasi-ideal in ordered
semigroups was introduced by Kehayopulu et al. [43], [47]. They investigated theory of
ordered semigroups relating to ordered ideals from the theory of semigroups relating to
ideals. For regular ordered semigroups, left regular ordered semigroups and intra-regular
ordered semigroups, one can refer [23]], [42]], [441], [45], [46], [47]. The notion of prime and
weakly prime ideal in semigroups was given by Szasz [26]], and Petrich [35] further stud-
ied this notion by extending and generalizing these notions in semigroups. Furthermore,
Kehayopulu [40], [41]], [45] introduced prime, weakly prime ideals in ordered semigroups
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(partially ordered semigroups) by generalizing the analogous concepts of ring theory that
was introduced and studied by McCoy [52] and Steinfeld [53]].

Wallace [[1] introduced the notion of relative ideals (7-ideals) on semigroup S. This con-
cept of T-ideal (or relative ideal) was generalized by Hrmov [61]] when he introduced the
generalized version of T-ideal (or relative ideal) in terms of (B, Bs)-ideal in a semigroup
S (T, By, By C 5). Walt [3] introduced the notions of prime and semiprime bi-ideals for
an associative ring with unity. Roux [27] used the notions defined by Walt [3]] and further
studied the structure of a ring containing prime and semiprime bi-ideals. Recently, N. M.
Khan and M. F. Ali [50] defined and studied relative ideals, relative bi-ideals, relative reg-
ularity, relative intra-regularity relative prime ideals, relative prime and relative semiprime
bi-ideals, relative weakly prime ideals and relative quasi-ideals and obtained nice results
connecting these notions in ordered semigroups by introducing, extending and generaliz-
ing the analogous notions in semigroups and rings that were introduced by Wallace [[1],
Roux [27], Kehayopulu [40], [41]], [48]], Saritha [60]], Hrmov [61].

The notion of involution semigroups was introduced by Foulis [20]. Thereafter, rings
with involution was studied by Baxter [67], and Drazin [39] investigated regular semi-
groups with involution. Herstein [30]] studied ring with involution and Wu [18]] studied
intra-regular ordered semigroups with involution.

Hyperstructure theory was introduced by Marty [25]. Algebraic hyperstructures are a
natural generalization of classical algebraic structures. In a classical algebraic structure,
the composition of two elements is an element, while in an algebraic hyperstructure, the
composition of two elements is a set. Chvalina [33] initiated the work on ordered semi-
hypergroups. For more on ordered semihypergroups and ordered hyperstructures, one can
refer [21]], [22]. Basar et al. [14]] introduced involution in ordered hypersemigroups. For
detailed related work on ordered semigroups, hypersemigroups, ordered hypersemigroups,
ordered I'-semihypergroups and I'-semigroups, one can refer the monographs, books and
papers [2], [S1, (6], [71, (8], (91, (101, [1L1, (12], (130, (150, [16], [17], 23], [36], (371, [38],
[45], [49], [511, 1561, 1571, 158, [65], 166

2. BASIC DEFINITIONS AND PRELIMINARIES

A hyperstructure H is a nonvoid set equipped with an hyperoperation
o:Hx H—=P(H)| (z,y) = (xoy)
on H and an induced operation of H defined as follows:
x:P*(H)xP*(H) > P*(H) | (X,)Y) > X %Y
on P*H) such that
XxY = U (zoy)
(z,y)EX XY

for any X,Y € P*(H). A hypergroupoid H is denoted by (H, o) since the operation
” % ” depends on the hyperoperation ” o ”. Obviously, we have X C YV = X x D C

Y*D,DxX CDxY forany X,Y,D € P*(H) and H x H C H. For a subset X of an
hypergroupoid H, we define by (X] the subset of H as follows:

(X]={se H|s < zforsomex € X}.
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If 7 <7 is an order relation on a hypersemigroup H, we define the order relation” < ” on
P*(H) as follows:

<:={(X,Y) |Vx € X Jy € Y such that x < y}.

Therefore, for X, Y € P*(H), we denote X < Y if for every 2 € X, there exists y € Y’
such that = < y. This is clearly, reflexive and transitive relation on P*(H).
A hyperstructure (H, o) is called a semihypergroup if for all z,y,z € H, (xoy)o z =

zo(yoz),i e,
U moz= U ron.
mexroy neyoz
A nonempty subset A of a semihypergroup (H, o) is called a subsemihypergroup of H if
Ax A C A. An semihypergroup (H, o) equipped with a partial order ” < ” on H that is
compatible with semihypergroup operation ” < ” such that for all z,y, z € H,

r<y=zoxXzoyandxoz Xyoz,

ia called an ordered semihypergroup. Throughout this paper, H will denote a semihy-
pergroup(hypersemigroup) unless otherwise specified. Let (H, o, <) be an ordered semi-
hypergroup, S C H and let X,Y be nonempty subsets of .S, then we easily have the
following:

(i) fz € XY, thenz € 2 oyforsome:z:/ eX,yeY.
(i) frxe X,yeY, thenzoy C X xY.
(iff) X C (X]s;
(iv) If X C Y, then (X]s C (Y]s;
V) (X]s*(Y]s C(X *Y]s;
(Vi) ((X]S * (Y}S]S = (X * Y]S;
(vii) For every left (resp. right) S-hyperideal I of S, (I]s = I.
Note that if I is a S-hyperideal(or relative hyperideal) of H, then the condition I = (I]g
is equivalent to the condition: foranya € T andb € S, b < a=be I. Let S C H.
Then the intersection of all left S-hyperideals of H containing its nonempty subset [ is a
S-hyperideal and is of the form: L(I) = (I US % I|s. In a similar fashion, the intersection
of all right S-hyperideals of H containing its nonempty subset [ is a S-hyperideal and is
of the form: L(I) = (U I % S]s.

Definition 2.1. [4]] Suppose that (H,o,<) is an ordered hypersemigroup and S C H.
Then, a nonempty subset I of H is called a right (resp. left) S-hyperideal(or relative
hyperideal) of H if

(i) I«S CI(resp. SxI CI); and

(i) ifr€land S>y <z, theny € I, i e, if(I]ls = 1.

A subset of S which is both a right and left S-hyperideal of S is called an S-hyperideal
of H. Itis to be noted that [*S C I(resp. SxI C I)if andonlyif xog C I(resp. gox C
I) forevery z € I and every s € S. Obviously, every right(left) S-hyperideal of an ordered
hypersemigroup S is a sub-hypersemigroup of H.

Definition 2.2. [14]] An ordered semihypergroup (H,o,<) with a unary operation x :
H — H is called an ordered semihypergroup with involution if

(i) (z*)* = x; and

(ii) (xoy)* =y*oa*
forall x,y € H. The unary operation x is called an involution. Furthermore, if for all
a,b e Hwitha < b= a* <b* then we call x an order preserving involution.
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Definition 2.3. Suppose that (H, o, <) is an ordered hypersemigroup with involution and
P, S C H. Then an S-relative hyperideal P of H is called a relative prime hyperideal
of Hif A,B C S, Ax B C P implies A* C P or B* C P. Equivalently: x,y € S,
xoy C P, thenx* € Pory* € P.

Definition 2.4. Suppose that (H, o, <) is an ordered hypersemigroup with involution and
P, S C H. Then a relative S-hyperideal P of H is called relative weakly prime hyperideal
of H if for relative S-hyperideals A, B of H such that AxB C P = A* C Por B C P.

Definition 2.5. Suppose that (H, o, <) is an ordered hypersemigroup with involution and
P,S C H. Then a relative S-hyperideal P of H is called a relative S-semiprime hyper-
ideal of H if for any subset A of S, Ax A C P implies A* C P. Equivalently: x € S,
rox C P, thenx* € P.

Definition 2.6. [4] Let (H,o,<) be an ordered hypersemigroup and let S, T be any
nonempty subsets of H. Then, T is said to be a S-bi-hyperideal(or relative bi-hyperideal)
of H if

(i) TxS*T CT;and

ii) forallteT,S>g<t=geT.

Definition 2.7. [4]] Let (H, o, <) be an ordered hypersemigroup and S C H. Then, H
is called left S-regular(resp. right S-regular) if g1 < g2 o gi(resp.g1 < g3 o go) for all
91,92 € S.
Equivalently:

(i) g € (S *g?|s(resp., g € (g*> x S)g) forall g € S; and

(ii) S C (S A%|g(resp. S C (A? * S]g) forall AC S.

Definition 2.8. Suppose that (H,o, <) is an ordered hypersemigroup and Sy,Ss C H.
Then H is called (S, S2)-regular (or relative regular) if for every s € S, there exist
k € Sy U Sy such that s < s ok o s. Equivalently: for all B C S,B C (S x B? x S].
Equvalently:

(i) s€ (sxSxs]gforalls € S=51USs; and
(ii) BC (B*Sx*B]gforall BCS.

Definition 2.9. Suppose that (H,o,<) is an ordered hypersemigroup and Si,Ss are
nonempty subsets of H. A nonempty subset S of H is called an (S, S2)-hyperideal or
a relative hyperideal of H if S1 xS C S, S %Sy C S and S1 U Sy 3 a < b for some
beS=acbS IfSH = JorSy = &, then the (51, Ss2)-hyperideal coincides with
one sided relative hyperideal of H. We represent the set of all (S1, Sa)-hyperideals of S by
1(S1,52).

Definition 2.10. Suppose that (H,o, <) is an ordered hypersemigroup and let Sy, So be
any nonempty subsets of H. Then a nonempty subset P of H is said to be an (S1, S3)-prime
hyperideal of H if

(i) Pisan (S1,S2)-hyperideal of H; and

(ii) Let X, Y C S1USy with X xY C P, then we have, either X C PorY C P.

Definition 2.11. Suppose that (H,o, <) is an ordered hypersemigroup and let Sy, Sa be
any nonempty subsets of H. Then a nonempty subset P of H is said to be an (S, S2)-
weakly prime hyperideal of H if

(i) Pisan (S1,S2)-hyperideal of H; and
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(ii) Let X, Y be arbitrary (S1, S2)-hyperideals of H and X, Y C S1USy with X+Y C
P, then we have, either X C PorY C P.

Definition 2.12. Suppose that (H,o, <) is an ordered hypersemigroup and let Sy, So be
any nonempty subsets of H. Then a nonempty subset P of H is said to be an (S, 52)-
semiprime hyperideal of H if

(i) P e I(Sl, SQ),' and

(ii) For S C S1U Sy with S« S C P, we have X C P.

Definition 2.13. Suppose that (H,o, <) is an ordered hypersemigroup and Sy, So are
nonempty subsets of H. Then, S(# &) is called an (S, S2)-bi-hyperideal or a relative
bi-hyperideal of H if

(i) Sx(S1US2)*S =85S *SUS*Se*SCS;and

(ii) foralls € S, S1US 2 k<s=keS.

We denote the set of all relative bi-hyperideals of H by B(S1, S2).

Definition 2.14. Suppose that (H, o, <) is an ordered hypersemigroup and let S1,S2 C H.
A nonempty subset Q of H is called an (S1, S2)-quasi hyperideal of H if

(i) (Q*S2]s(S1*Qls C Q, where S = 51 U So; and

(i) meQ,S>5n<m=neqQ.

We denote an (S, S2)-bi-hyperideal Br(s) and (S, S2)-quasi hyperideal Qg(s) of

H generated by an element s of H as follows: Bgr(s) = (s U s? U s * S * s|g and
Qr(s) = (sU((s* S2)s N (S1 * s]s)]s respectively, where S = S; U Ss.

Definition 2.15. Suppose that (H,o,<) is an ordered hypersemigroup and Sy, S are
nonempty subsets of H. Then S(# @) is called an (S, S2)-prime bi-hyperideal of H if
(i) S e B(Sl, Sg); and
(ii) s1%(S1US2) xs9 =51 %51 x83Usy %S9 %89 C S = eithers; € Sorsy €8.
Equivalently: X, Y C P = 5,USy with X « PxY C S implies either X C SorY C S.

Definition 2.16. Suppose that (H,o, <) is an ordered hypersemigroup and Sy, So are
nonempty subsets of H. Then S(# &) is called an (Sy, S2)-semiprime bi-hyperideal of H
if

(i) S € B(S1,52); and

(i) s*x(S1USy)xs=5%xS1xsUs*xSaxsCS=s€S8.
Equivalently: X CP=51USwith X« PxX CS=XCAS.

Suppose that H is an ordered hypersemigroup and P € B(S1, S3), where S1,S52 C H.
Then we have the following notation:

L(P)={pe P|Si *pC P},

and
M(P)={se L(P)|sxSy C L(P)}.

3. RELATIVE WEAKLY PRIME HYPERIDEALS IN INVOLUTION ORDERED
HYPERSEMIGROUPS

In this section, we extend results proved in [45], [46] for intra-regular ordered semi-
groups, in [[18]], [19] for intra-regular ordered %-semigroups and in [14], [37] for ordered
I"-semigroups and ordered involution hypersemigroups. We start this section with the fol-
lowing lemma similar to Lemma 1 of [46] which may easily be proved.
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Lemma 3.1. Suppose that (H, o, <,x) is an ordered hypersemigroup with involution and
S C H. Then the following assertions are true.

(i) AC (Algforany ACS.
(ii) (Als C (B]g forany AC BCS.
(iii) (A]s * (Bls C (A* B|g forall A,B C S.
(iv) ((Alsls C (A]g forall ACS.
(v) For any right (left, two-sided) relative hyperideal I of S, (I|g = 1I.
(vi) If I and J are relative hyperideals of H, then (I x J|g and (I N J)g are also
relative hyperideals of H.
(vii) Forany s € S, (S * s x S]g is a relative hyperideal of H.

Lemma 3.2. Suppose that (H, o, <, %) is an involution ordered hypersemigroup such that
the involution x admits order and S C H. Then:

(i) (bxSxa]s=(a**S=b"]gforanya,beS.
(ii) (S*ax S| =(S*a**S|gforanyac S.
(iii) I” is a relative hyperideal of H for any relative hyperideal I of H.

Proof. (i) Suppose that x € (b S x a§. Since x* € (b S *als, {z*} < bos < afor
s € S. Then, {x} < (bosoa)* =a*os*ob* Ca*xS b as*is an order preserving
involution. Therefore, © € (a* x S * b*] and thus, we receive (b* S x a]* C (a* * .S * b*]g.
Furthermore, if x € (a* x S * b*|g, then we have {x} =< a* o s 0 b* for some s € S.
Therefore, {x*} < bos*oa CbxS xa, since a* o so0b* = (bos*oa)*. It follows that
z* € (bx S xa)and x € (bx S xa]*. Therefore, (a* * S * b*|s C (b* S * a]§. Hence,
(b*S*aly = (a**S=*b"]s.

(ii) The proof is similar to (i).

(iii) Suppose that I is a relative hyperideal of H. Since, S x I C I, we obtain (S x I)* C
(I)*. Therefore, I* % S* C I*. Since x is an involution, we have (s*)* = s for every s € S,
and thus, S* = S. Therefore, I* xS C I*. Similarly, I * S C I, we obtain S * I* C I*.
Suppose that a € I*, and b < a, then b* < a*. Since a* € I and I is a relative hyperideal
of H. Therefore, b* € I, and so b € I*. Hence, I* is a relative hyperideal of H. O

Theorem 3.3. Suppose that (H, o, <,x) is an ordered hypersemigroup such that H admits
an order preserving involution x. A hyperideal of H is a relative prime hyperideal of H if
and only if it is both relative weakly prime and relative semiprime. Furthermore, if H is
commutative, then the relative prime and relative weakly prime hyperideals coincide.
Proof. Let I be a relative prime hyperideal of H. Then it is obviously relative weakly
prime and relative semiprime hyperideal of H.

Conversely, let P be a hyperideal of H which is relative weakly prime and relative semiprime.
Suppose that a o b C P, we need to prove that a* € P or b* € P. By Lemma[3.1} we have

(bx Sxalsgx(bxS*alg C(S*xa*xbxS)s C(S*Px*S]s C(P|lg=P.
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Thus, P is relative semiprime and it follows that (b + S x a]g C P. Now, we have the
following:

(Sxa”*Slgx(S*b**S]s xa* xS xS *b**xS]g
* (a* %S xb*) x Sg

S
S
Sk ((S*b* ) xa) *S]g
S
S

N 1N

x(bx Sxa) x9S)g
* (bx S *a]**S)s

N 1N

N
)

We recall that (S * a* * S)|g and (S * b* * S|g are relative hyperideals of H, and P is
relative weakly prime hyperideal of H. Therefore, (S xa* x S]5 C P or (S+b**S)g C P.
Hence, by Lemma we have (S x a * S|g C P or (S *bxS]s C P. Now, to prove that
P is relative prime, we simply need to prove that if (S x a * S|g C P then a* € P. The
other statement can be shown similarly. If (S x a x S]s C P then, we have

I(a) x I(a) x I(a) (aUS*aUaxSUSx*axS]3
((aUS*aUaxSUSx*ax*S)>s
(Sx(aUS*xaUaxSUSxax*S)xS]|s
(SxaxS]s CP

N 1N 1N

Thus, by Lemma([3.2) we have
(I(a) * (I(a) * I(a)]s = (I(a)]s * (I(a) * I(a)]s C ((1(a))’]s C (P]s = P.

We know that P is relative weakly prime and I(a), (I(a) * I(a)]s are relative hyperideals
of H. This implies that (I(a))* C P or (I(a) * I(a)]§ C P. Let (I(a))* C P. Therefore,
a* € (I(a))* C P. Again, let (I(a) x I(a)|s € P. Therefore, a* o a* C (I(a) * I(a))* C
(I(a) * I(a)]s C P since, aoa C I(a) * I(a) and therefore, a = (a*)* € P since, P is
relative semiprime. Now, P is a relative hyperideal of H shows that a o a C P, therefore,
a* € P as P is relative semiprime. Now, we prove the last statement. Suppose that P is a
relative hyperideal of H. If P is relative prime then, obviously P is relative weakly prime.
Conversely, suppose that P is relative weakly prime. Let a o b C P. Since, H is commuta-
tive, we obtain

Ia)*I(b) = (aUS*xaUaxSUS*axS)gx(bUS*xbUbxSUS*xbxS|g
((aUS*xaUaxSUS*a*xS|gx(bUS*xbUbxSUSxbx*S)]s
(aobUS*aob|s.

We recall that (a obU S * aoblg C (Plg = P. Therefore, I(a) x I(b) C P, and so, we
obtain (I(a))* € P or (I(b))* € P since, P is relative weakly prime. Hence, a* € P or
b* € P. It follows that P is a relative prime hyperideal of H. O

c
c

Proposition 3.4. Suppose that (H, o, <,x) is an ordered hypersemigroup with order pre-
serving involution x and S C H. Then the following statements are equivalent:

(i) (A* x A*]s = A for any relative hyperideal A of S.

(ii) A* N B* = (A x B)g for any relative hyperideals A, B of H.
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(iii) I(a) NI(b) = ((I(a))* * (I(b))*]s for any a,b € S.
(iv) I(a) = (I(a*) x I(a*)]s forany a € S.

(v) a € (S*a**Sxa*«S]gforanya € S.

Proof. (i) = (ii). Since A*, B* are relative hyperideals of H, by the assumption and
Lemma 3.1] we obtain the following:

(Ax Bl]s C(AxS]s C(Als = ((A* x A¥]g]s = (A* % A*]s C (A*]s = A™.
Similarly, we have
(A* Blg C (S*Bl]s C (B]s = ((B" x B*]s|s = (B** B*]s C (B*]s = B".

Therefore, (A * Blg C A* N B*. Moreover, A* N B* is a relative hyperideal of H shows
that

A*NB*

(A*NB*)* %« (A*NB*)"]s
= ((ANnB)x(ANB)ls
- (A*B]S.

Thus, we obtain (AxBls C A*NB* and A*NB* C (AxB]s. Hence, A*\NB* = (AxB]g.
(#9) = (4i3). By Lemma we have (I(a))* and (I1(b))* are relative hyperideals of H.
Hence follows the result.

(#31) = (iv). Since, I(a) = ((I(a))* * (I(a))*]s by the assumption, we just need to show
that (I(a))* = I(a*). Clearly, a* € (I(a))*. Therefore, I(a*) C (I(a))* since (I(a))* is
a relative hyperideal of H. Now, suppose that x € (I(a))*. We have

z*€l(a)=(aUaxSUS*xaUS xaxS]s.

This shows that x* < a or x* = aovorz* X voaorz* =X voaow for some
v,w € S. Therefore, v < a* orx X v*oa* C S*xa*orx X a*ov* C a* xS or
x* K w*oa*ov* C Sxa* xS for some v*,w* € S, and thus, v € (a*|s orx € (S*a*|g
orz € (a* *S)g orx € (S xa**S]s. Therefore, v € (a*]sU (S *a*|sU (a**S]sU(S*
a*x Slg C (a*USxa*Ua**SUS*a**S)|s = I(a*). This implies (I(a))* C I(a*).
Hence, (I(a))* = I(a*).

(iv) = (v). For this, we show (1). I(a) = ((I(a*)®xI(a)]s, and (2). ((I(a*))® *I(a)]s C
(S a* xS *xa* x S|s. This will imply that a € I(a) C (S *a* xS *xa* x 5.

(1) By Lemma 3.1} and our assumption, we obtain

I(a) (L(a*) = I(a”)]s
((I(a) x I(a)]s * (I(a)
((I(a) * I(a) * I(a) * I(a)
( ]

N

~
—~
IS
=
*
~
—
IS
=
*
~
—
IS
=
*
~
—
IS
=
19))

Moreover,
(I(a) x I(a) *x I(a) * I(a)]s

N 1N
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suchthat](a)g(( (a*))® x I(a)]s C I(a). Thus, I(a) = ((I(a*))® x I(a)]s.
(2). As (I(a))® C (S * ax]s by Theorem‘ we obtain the following:

(I(a)) (I(a))® * I(a) * I(a)
(S*xaxSlsg*x(aUaxSUS*xaUS*xaxS]sg*(S5]s
(Sxa*xS+(aUa*xSUS*xaUS*axS)=*S]s

Obviously, S x (aUa*SUS*xaUSxaxS)*S CSxaxS, and so
(SxaxSx(aUaxSUS*xaUSxaxS)*S|g C (SxaxS+SxaxS]s C (SxaxSxaxS]s.

Therefore, (I(a))® C (S*ax S *axS]s and so, (I(a*))® C (S *a* xS xa* x S]g. We
now have

(%28

-
-

((I(a"))®* I(a)]s ((Sxa*Sxa™*S]s«I(a”) «I(a)ls
((S*a**S*a**S|s=*(S]s]s
(Sxa**xS*a* xS xS]g

(S*a**xS*xa*«9S]s

Therefore, ((I(a*))® x I(a)]s C (S *a* * S *a* x S)s.

(v) = (i). Let x € (A* x A*]g. Then © = y o z for some y, z € A*. By the assumption, if
y € (S*xy*+«Sxy**Sg, theny < ujoy* ougoy*ougforsomeu; € S,i=1,2,3. Ina
similar fashion, z < v 0 z* o vy 0 z* o w3 for some v; € S, i = 1,2,3. Therefore, we have

NN 1N 1N

yoz=Xuioy ougoy* <ugovioz"ovoz*ovzC Sxy xS CSxAxS CA.

So, x € (A]g since x X yoz, and thus, (A* x A*|s C (A]s = A. If x € A, then we obtain
x 2wy ox* 0wy o x* ows for somew; € S,i=1,2,3sincex € (Sxa**Sxx*x9]s.
It is now obvious that wy o x* o wy C A*, and x* o w3 C A* as A* is a relative ordered
hyperideal of H by Lemma(3.2] Therefore, we have

x 2 wiox*owyoxrrows C A x A,
and so, we have A C (A x A*|s. Hence, A = (A* x A*];. O

Theorem 3.5. Suppose that (H, o, <,x) is an ordered hypersemigroup having order pre-
serving involution x. Then, the relative hyperideals of H are relative weakly prime if and
only if A* = (Ax Alg for any relative hyperideal A of H and any two relative hyperideals
of H are comparable under the inclusion relation.
Proof. Let the relative hyperideals of H be relative weakly prime. Suppose that A, B
are any relative hyperideals of H. As B* is a relative hyperideal of H and (A x B*|g
is relative weakly prime. Thus A x B* C (A x B*|g shows that A* C (A x B*|g or
B C (A x B*lg. If A* C (A % B*]s, then A* C (S * B*]s C (B*]s = B* and so
(A*)* C (B*)*. Thismeans A C B. If B C (A* B*]g, then B C (AxS]s C (A]lg = A.
It now follows that A and B are comparable. We claim A* = (A x A]g. As (A x Alg
is weakly prime and A x A C (A x A]s, we obtain A* C (A x Alg. Also, suppose that
€ (Ax Alg. Then, x < ay oay C A x A for some ay,a9 € A. As A* C (A x A]g, we
obtain a} 2 uyovy C Ax Aand al < usove C Ax A for some uq,us,v1,v2 € A. Thus,
a1 = (upovy)* and ag = (ugowvy)*. This shows that x < ajoas =X (uj0vy)*o(v0v9)* C
(Ax A)* * (Ax A)* = A* x A"« A* x« A* C A* since A* is a relative hyperideal of H. It
follows that x € (A*]g = A*. So, (Ax Alsg C A*.
Conversely, assume that A, B and P are relative hyperideals of H such that A x B C P.
As A* = (A x Als, we obtain A* N B* = (A = Blg by Proposition[3.4] As A and B



72 BASAR

are comparable, two cases arise. If A C B, then A* C B*, and so, A* = A* N B* =
(Ax B]s C (P]ls = P by Proposition Also, if B C A, then B* C A*, and so,
B* = A*N B* = (A« B|s C (P]s = P. Hence, P is a relative weakly prime hyperideal
of H. O

Proposition 3.6. Suppose that (H, o, <, ) is an involution ordered hypersemigroup and
S C H. Then, H is relative intra-regular if and only if the relative hyperideals of H are
relative semiprime hyperideal of H.

Proof. Let I be a relative hyperideal of H having sos C I for some s € S. As H is hyper
intra-regular, we obtain s* € (Sxsos*S|g C (S«1IxS|g C (I|g = I and therefore, I
is semiprime.

Conversely, let s € S. It is now obvious that (S x s* o s* % S|g is a relative hyperideal of
H. Therefore, (s * s* o s* x S|g is semiprime by the assumption. This shows that s o s =
(s*0s*)* C (S*s*0s*xS]g since (s*0s*)o(s*0s*) C Sxs*0s**S C (S*s*os xS5]g.
So, s* € (S*s*os**S]g and thus, s*os* C (Sxs*os*xS]s. Hence, s € (Sxs*0s*xS|g
and it follows that H is relative intra-regular. O

Proposition 3.7. Suppose that (H, o, <,x) is an ordered hypersemigroup with involution
and S C H. If H is relative intra-regular, then (S x x oy x S]g = (S x 2* o y* x S| for
some x,y € S.

Proof. Suppose that x,y € S. As H is relative intra-regular, it follows that x oy C
(Sk(zoy)*o(xoy)* xSlg = (Sxy*ox*oy*oz**S|g C (S *a*oy**x9s.
Therefore, x o y = uy o0 x* o y* o ug for some uy,us € S. Therefore uz o x oy ouy <
ugouyox*oy*ougouy C Ska*oy* xS C (S*xa*oy*xS|sforany us,uy € S. This
shows that SxxoyxS C (Sxx*oy**g, therefore, (SxxoyxS|s C ((Sxx*oy**S]gls =
(S * z* o xS]g by Lemma[3.1} We obtain (S * z* o y* * S]g C (S * z oy = S]s. Hence,
(SxzoyxS)s=(S*az*oy**9]s. O

Proposition 3.8. Suppose that (H, o, <,x) is an ordered hypersemigroup with order pre-
serving involution x and S C H. If the relative hyperideals of H are semiprime, then the
following are true:

(i) I(s) = (S *sxS|gforany s € S; and

(ii) I(xoy)=1(x)NI(y)foranyx,y € S.
Proof. (i) Suppose s € S. Since (S * s x S|g is a relative hyperideal of H and so, it
is relative semiprime. Since (s o s)o (sos) = (so0s8)? = s* C (S *sx S]s gives
s¥os* = (sos)* C (SxsxS|s. Ina similar fashion, s € (S x s x S|g so that
I(s) C (S * s S)s. Moreover, (S*s%S]s C(sUs*xSUS*xsUSxsxS|g=1I(s)
Hence, I(z) = (S * z * 5.
(ii) Asx oy C I(x) * S C I(z), we obtain I(x oy) C I(x). Also, I(x oy) C I(y)
sincexoy C SxI(y) C I(y). So, I(xoy) C I(x)NI(y). Ifz € I(x) N I(y), then
z € (S*xx*xS|gN(S*y=Sls by (i), andso z < uj ox ouy and z < vy 0y o vy for some
u, g, V1, Ve € 5. Since

(your ot 02) = (youp 0t 02) 0 (yous 0ty 02) C (Sxw oy xSls = I(x oy)

and that 1(x o y) is relative semiprime. So, (y o v ouy o z)* C I(z o y). So, 2* 0 z* <
(upoxoug)*o(vyoyovy)* = ujo(yowvgouox) owvy C I(xoy), and so,
z*oz* C (I(xoy)]s = I(xoy). This implies that z € I(xoy), then I(x)NI(y) C I(xoy).
a

Theorem 3.9. Suppose that (H,o,<,x) is an involution ordered hypersemigroup such
that the involution admits the order and S C H. Then the relative hyperideals of H are
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relative prime if and only if H is relative intra-regular and any two relative hyperideals of
H are comparable under the inclusion relation.
Proof. If the relative hyperideals of Hare relative prime, then they are relative weakly
prime and thus, they are comparable by Theorem Suppose that s € S. Since, (S *
s* o s* x Sl is a relative hyperideal by Lemma and therefore, it is relative prime. So,
(sos)o(sos)=s*C (S xs*0s**S]|gsince (s*) o (s*)* C (S*s*o0s**9]s. Ina
similar fashion, we have (s* 0 s*) = (s*)2 C (Sxs*0s* x S]gand s € (S*s* 0 s* % 5)g.
It follows that H is relative intra-regular.
Conversely, assume that H is relative intra-regular and any two relative hyperideals of H
are comparable under the inclusion relation C. Suppose that T is any relative hyperideal
of Hand aob C T, where a,b € S. We claim that a* € T or b* € T. By Proposition[3.6}
1(a) is relative semiprime. Thus, a o a C I(a) implies a* € I(a). One can similarly show
that b* € I1(b). By the assumption, we obtain I(a) C I(b) or I(b) C I(a). If I(a) C I(b),
then a* € 1(a) = I(a) N 1(b) = I(aob) C T by Proposition[3.8 If I(b) C I(a), then we
obtain

b elIb)=I(a)NI(b)=1(aodb)CT.

4. RELATIVE PRIME, WEAKLY PRIME AND SEMIPRIME BI-HYPERIDEALS OF
ORDERED HYPERSEMIGROUPS

We generalize the following results proved in [27], [60] for an associative ring without
unity, and in [50] for ordered semigroups. First, we state the follwing Theorem which will
be needed to prove some results in the sequel of the present paper.

Theorem 4.1. [4] Suppose (S, o, <) is an ordered hypersemigroup and G C S. Then, for
any G-hyperideal of S, the following assertions are equivalent:
(i) Iis G-weakly prime.
(ii) If z,y € G, such that (x * G x y|¢ C I, then either x € T ory € I.
(iii) If x,y € G such that Ig(x) * Ir(y) C I, then either x € I ory € L.
(iv) if X and Y are left G-hyperideals of S such that X Y C I, then either X C I
orY C 1.
(v) if X and 'Y are right G-hyperideals of S such that X xY C I, then either X C I
orY C 1.
(vi) If X is a right G-hyperideal andY is a left G-hyperideal of S such that X xY C I,
then either X C 1T orY C 1.

Theorem 4.2. Let (H, o, <) be an ordered hypersemigroup and S be a sub-hypersemigroup
of H. An S-hyperideal of H is S-weakly semiprime if and only if one of the four equivalent
assertions are true in H.

(i) Foreverys € S, we have (s* Sxs]g CP=s€ P.

(ii) Fors € S, we have (Ir(s))>? C P=se P.
(iii) For right S-hyperideal A of H, we have A2 C P = A C P.
(iv) For left S-hyperideal A of H, we have A2 C P = A C P.

Proposition 4.3. Suppose that (H,o,<) is an ordered hypersemigroup and Sy, Ss are
subhypersemigroups of H and S * S; C Sy U Sa. Suppose that P € 1(S1,S52) and
P € B(51,52). Then, the (S1,Ss)-bi-hyperideal P of H is (S1, S2)-hyperprime if and
only if Rx L C P such that R € 1(2,55), L € I(S1,9) and R, L C S; U Sy implies
either RC Por L C P.

Proof. = Suppose that P is a (S1, S2)-prime bi-hyperideal of ordered hypersemigroup



74 BASAR

(H,0,<),and R+ L C P.Let RZ P. Foralla € Landb € R\ P, we obtain
bx (S1US2)xa = bxSy*xaUbxSyx*a
C R*xSi*LUR=x*xSy*L
C RxLUR=xL
RxL CP.

Since, P is an (S1,S2) prime-bi-hyperideal of H and b ¢ P, we receive a € P for all
ac L. So, L CP.

< Suppose that R« L. C P = RC Por L C Pforany R € I(&,53) and L € 1(S1,9).
Suppose that s1, 82 € S = S1 U Sy with s1 xS * s9 C P. Therefore,

(s1 % Sa]g * (S1 % s2]g C (s1 %S9 * S1 * s2]g C (51 %S * s2]5 C (P]s.

As, (s1 % Sa]ls C I(@,S2) and (S * s2)s C I(S1,D), we obtain (s1 * Sa]s C P or
(S1 % s2]lg C P. Since, s1, 32 € S, the proof now proceeds as follows:

Case (i). Let s3 € S1,51 € So. Take (31 x Sa]s C P. Therefore, s3 C P. Thus, S * (s1)
and Sy * (s1) are (S1, @)-hyperideal of H and (&, S)-hyperideal of H. We now have the
following:

N

S1 % (s1) % Sa % (s1) (s1 U Sy *s1]g * (sU sy *Ss)s
C ((s1US7y#x81)%*(s1Usy*S52)]s
= (s2Us2 %S US; xs2US) %52 % Solg
C (PUP%xS3US; %« PUS;*PxSsg
C (PUPUPUP]s C(Plg=P.

By the assumption, we have either Sy x (s1) C P or Sy * (s1) € P. Thus, s; € P. Let
(S1 * sa]s C P. Then, s3 C P. Similarly, we receive so € P. Therefore, P is a (S1,S2)-
prime bi-ideal of H.

Case (ii). Let s1 € Sy and so € S5. Thus, obviously, s1xs3 C P. As, Sox(s1) and S1x(s2)
are 1(@,55) and 1(S1, @) hyperideals of H, respectively, we obtain the following:

Sok (81) % S1x(s2) = (s1Usy % Sa)s * (s2USy *82)s

C  ((s1Us1%853)*(s2US7 % s2)s

= (s1%82Us1 %51 %82 Usq %S9 %82 U sy %S9 *S7  82]g
C (s1#82%UsyxS*xsgUsy xS *syUsy xS« 8a]g

C (PUPUPUP]s C(Pls=P.

By the hypothesis, we obtain either Sy * (s1) C P or Sy x (s3) C P. Therefore, either
s1 € Porsg € P. Hence, P is an (S1, S2)-prime bi-hyperideal of H.

Case (iii). Let s1,82 € Sy or s1,52 € So. Thus, by combining the preceding cases, one
can prove that either sy € P or so € P. Hence, P is an (S1, S3)-prime bi-hyperideal of
H.

Proposition 4.4. Suppose that (H,o, <) is an ordered hypersemigroup and S1, Ss are
sub-hypersemigroups of H such that S; * So C S = S1 U Sy and Sy« S1 C S. Then,
an (S1, So)-prime bi-hyperideal of H is either (&, Sy)-prime hyperideal of H or (S, 9)-
prime-hyperideal of H.

Proof. Suppose that P is an (S1, Sa)-prime bi-hyperideal of H. We only require to prove
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that P € I(@,S5) or P € I(S1, D). Obviously,

(P*S5)gx(Sy*xPls C (PxSyxSy*Pls
C (PxS« P}
< (Pls
As, (P * Sq)s € 1(@,S2), (S1 * Plg € I(51,9) and (P* Sa)s, (S1* Pls € S. By
Proposition we obtain either (P x Salg C P or (S * Pls C P. Therefore, either

PxSy, C PorSi«P CP. Lets € S =5 USyandp € P withq < p. As,
P € B(S1,S2), we obtain q € P.

Lemma 4.5. Suppose that H is an ordered hypersemigroup and S1, Sa are sub-hypersemigroups
of H. Let P € B(S1,52). Then, L(P) € I(S1,9).
Proof. Suppose thatp € L(P) and s € Sy. Thus, sop C S1 xp C P, and S1 * (sop) C
S1#Sy3%p C S1xp C P = sopC L(T). Consider, m € L(P) C P with S1 > s <m.
So, s1 € P since P € B(Sy,52). Since, s1 < m = sy08; < sp0m forall s5 € 5.
Therefore,

Sp081 Xspg0om C Sy xm C (S;xm|g C(P]=P.
It follows that s 0 81 C P forall s5 € S1. So, S1*s1 C P = s1 € L(P). Hence,
L(P) € I(51,9).

Proposition 4.6. Suppose that (H, o, <) is an ordered hypersemigroup and S1, Ss are sub-
hypersemigroups of H. Let P € B(S1,S2). Then, M (P) is the unique largest (S1,52)-
hyperideal of H contained in P.

Proof. Obviously, M(P) C L(P) C P. Consider v € M(P),z1 € Sy and x5 € Ss.
Thus, x € P,x € L(P), S; xx C P and x * Sy C L(P). Obviously, z; ox C Sy xx C
S1 = zy0x C P. Moreover, Sy x(x102z) C S1xS1xx C Syxax C P = x10x C L(P).
Furthermore, x o x5 C x % Sy C L(P) = x o x5 C L(P). Next. we prove that x1 o x C
M(P) and xoxa C M(P). Since, (xox3)*S2 C x%SexSy C xxSy C L(P), we obtain
xoxe C M(P). Again, (x10x)*Sy C Sy*xax*Sy C S1*xL(P) C L(T) = xoxe C M(P).
Suppose that y € M(P), S;US2 =S 3k <y. Then, k € L(P) since M(P) C L(P)
and L(P) € 1(51,9). As, k < yandk € Sy ork € Sa, we obtain k o h < y o h for
allh € Sy. Then, koh X yoh X yx*x Sy C L(P) = koh C L(P) forall h € S,.
So, kx Sy C L(P) = k € M(P). Hence, M(P) € I(S1,S2). Let I be any I(S1,53)-
hyperideal of H and I C P. Fori € I, i € Pand Sy xi C 1 C P = I C L(P).
Furthermore, for i € L(P), since i x Sy C I C L(P), we obtain i € M(P). Hence,
1C M(P).

Proposition 4.7. Suppose that (H, o, <) is an ordered hypersemigroup and H is a sub-
hypersemigroup of H. Let P be a S-prime bi-hyperideal of H. Then, M (P) is a weakly
prime S-hyperideal of H.

Proof. Suppose that P is S-prime bi-hyperideal of H. As, P is S-prime bi-hyperideal of
H, M(P) € I(S,S). Now, we need to show that M (P) is S-weakly prime. Consider
z,y € S with Ig(x) * Ir(y) € M(P). Therefore, by Theoremd.1} either Ir(x) C P
or Ig(y) C P. Since M (P) is the unique largest S-hyperideal in P, we obtain Ig(x) C
M(P) or Ig(y) C M(P). So, we have either v € M(P) ory € M(P). Hence, by
Theorem- M (P) is S-weakly prime S-hyperideal of H.

Proposition 4.8. Suppose that (H,o,<) is an ordered hypersemigroup and Sy, Sy are
nonempty subsets of H. Suppose that P is an (S, S3)-semiprime bi-hyperideal of H and
B € I(S1,S2). Then, B?> C P implies that B C P for each B € I(Sy, Sa).
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Proof. Suppose that P is (Si,S>)-semiprime bi-hyperideal of H with B> C P. On
the contrary, assume that B ;(_ P, then there exists b € B such that b ¢ P. Since,
B € 1(51, S2), we obtain

bx(S1USy)*bC Bx(S1USy)*B=BxS*BUBx*S,«BC B?UB?=B?CP.
As, P is (S1, S2)-semiprime, we obtain b € P which is a contradiction. Hence, B C P.

Proposition 4.9. Suppose that (H,o, <) is an ordered hypersemigroup and S is a sub-
hypersemigroup of H. Let P be a S-bi-hyperideal of H. Then, M(P) is a S-weakly
semiprime hyperideal of H.

Proof. Suppose that P is S-bi-hyperideal of H. By Proposition we receive M (P) is
S-hyperideal of H. We need to show that M (P) is S-weakly semiprime. Consider s € S
with (Ir(h))?> € M(P). By Theorem Ir(h) C Pas (Ig(h))? C P. Since, M(P)
is the unique largest S-hyperideal of P, we obtain Ir(h) C M(P) which implies that
h € M(P). Hence, by Theorem{d.2| M (P) is an S-weakly semiprime hyperideal of H.

Proposition 4.10. Suppose that (H,o, <) is an ordered hypersemigroup and Si, Sy are
sub-hypersemigroups of H with Sy % S1 C S1 U Sa. Then, each (S1,S2)-semiprime bi-
hyperideal of H is an (S1, S2)-quasi-hyperideal of H.
Proof. Suppose that P is (S1,S2)-semiprime bi-hyperideal of H. Suppose t € P % Sy N
S1 * P. Therefore, t € P x Sy andt € Sy * P. Now,

tx(S1US)xt C  (Px%S3)*(S1USy)*(S1*P)
(P %Sy S?UPx*S3%S))

C P*xS%«S1*PUPx%xSy*S P

As, P is an (S1, S2)-semiprime bi-hyperideal of H, we obtain t € P. Hence, (P * Sy N
Sy % P) C P. Moreover, h € P, S1U Sy >t < h. Then, since P € B(S1,52), t € P.
Hence, P is an (S1, So)-quasi-hyperideal of H.

Proposition 4.11. Suppose that (H, o, <) is an ordered hypersemigroup and S1,Ss € H
with Sy % S1,S1 x Sy C S = S1 U Sy. Then, H is (S1,S2)-regular if and only if each
(S1, S2)-bi-hyperideal of H is (S, Sa)-hypersemiprime.

Proof. = Suppose that H is an (S1,S2)-regular ordered hypersemigroup and P €
B(S1,52). Let sx S« S C P fors € S. Therefore, since H is (S1,S2)-regular, we
have k € Swiths <sokoa. But, sokosC s*xS*S CP. Since, S>s=<sokos
and P € B(S1,53), s € P. Hence, P is (S1, S2)-semiprime.

< Suppose that all (S, S2)-bi-hyperideal of H is (S1,S2)-semiprime. Suppose that
s € S. Obviously, A = (s * S xs| € B(S1,S52). Thus, we have either s € Sy or
s € So. Suppose that s € S1. We provethat Ax* S+« A=AxS;*xSUAxSyxAC A
Then,

AxS1xA = (sxSxs]gxSp*(sx8xslg
C ((sxSy*xsUsxSxs)xSy*(sxS;%xsUs*Sy%*s)|g
= (sxS1#xsxS1xsxS1xsUs*xS1xsx85] 5% S xsUsx
Sy k5% Sy xsx S xsUs*Sy%s%xS)xs%x 5 xs|g
- (s*Sf*sUs*Sf*SQ*SUS*SQ*S%*SUS*Sg*Sl*Sg*s]s
C (sxS1xsUsxkSxsUs*xSxsUsx*Sx*s|g
C (sxS=xs]sg=A.
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Obviously, ((s x S * s]g]s = (s xS * s|s. By the assumption, (s x S x s]g is (S1,.52)-
semiprime for s € S. As, s x Sxs C (sx S+ slg = s € (sxS*xs]g =>s<Xsokosfor
some k € S. Hence, H is (S1, S2)-regular.

Proposition 4.12. Suppose that (H, o, <) is a commutative ordered hypersemigroup and
S1, Sy are sub-hypersemigroups of H with Sz x S1 C S1 U Sa. Therefore, H is (S1,52)-
regular if and only if each (S, Se)-hyperideal of H is (S, S2)-semiprime.

Proof. = Suppose that H is (S1, S2)- regular commutative ordered hypersemigroup and
P € I(S1,S5). Suppose k* C P for some k € S = S1 U Sy. Thus, there exists h € S
suchthatk < kohok. For h € Sy, we obtaink < kohok = (koh)ok =ho(kok) =
hok? C Sy x P C P. This implies that k € P. Since P € 1(S1,S2). Let h € Sa. Then,
we receive

k<kohok=ko(hok)=ko(koh)=k>ohCP*xS, CP=keP.

Hence, P is (S1, S2)-semiprime.

< Suppose that each (S1, S2)- hyperideal of H is (S1, S2)-semiprime. Suppose that s €
S = 81U S, Since, (s*> x S]s € I(S1,S2). By the assumption, (s> x S]g is (S1,S2)-
semiprime. As, s* C (52 x S)g = s2 C (s * S * s|g = s € (s? * S]g, therefore, we have
s = s2 ok for some k € S. This implies that s < sosok = so ko s for somek € S.
Hence, H is (S1, S2)-regular.
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