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L-FUZZIFYING PROXIMITY, L-FUZZIFYING UNIFORM SPACE AND
L-FUZZIFYING STRONG UNIFORM SPACE

MOHAMMED M. KHALAF

ABSTRACT. In this paper the concept of proximity in L-fuzzifying topology is estab-
lished and some of its properties are discussed. Furthermore we introduce and
study the concepts of L-fuzzifying uniform space and L-fuzzifying strong uni-
form space.

1. PRELIMINARIES

In 1993, M. Ying [11] introduced and studied the uniformity in [0, 1]—fuzzifying topol-
ogy as a fuzzy concept, i.e., as a fuzzy subset of P(X x X) for an ordinary set X. In 2003,
H. F. Kheder [5], introduced and studied concepts of proximity and strong uniformity in
fuzzifying topology as fuzzy concepts. In this paper we introduce and study the concept of
proximity, uniformity and strong uniformity in L-fuzzifying topology. In section 2, we ex-
tend the concept of fuzzifying proximity due to (Kheder, et al (2003)[5]) into L-fuzzifying
setting. Some of basic properties of this extenstion are studied.

Section 3, is devoted to extend and study the concept of uniformity in the sense of (Ying
(1993)[10])in L—fuzzifying topology. Finally, the notion of fuzzifying strong uniform
space (Kheder, et al (2003)[5]) is generalized by introducing the concept of L-fuzzifying
strong uniform spaces. Some results concerning this concept are obtained. In the present
paper L is assumed to be a completely residuated lattice such that the following conditions
are satisfied:

(1) L is totally ordered as a poset.( i.e. foreacha,b € L,a < b,orb < a.)

(2) L satisfies that * A’ is disributive over arbitrary joins.

Definition 1.2. [9]. A structure (L,V, A%, —, L, T) is called a complete residuated lattice
iff

(1) (L,v, A, L, T) is a complete lattice whose greatest and least element are T, L re-
spectively,

(2) (L,, T) is a commutative monoid, i.e.,

2010 Mathematics Subject Classification. 54A05, 54A20, 54D10.
Key words and phrases. fuzzifying topology; fuzzifying proximity; fuzzifying uniformity.
Received: May 24, 2022. Accepted: June 25, 2022. Published: June 30, 2022.

63



64 MOHAMMED M. KHALAF

(a) * is a commutative and associative binary operation on L, and

b)Va€ LaxT=Tx a=a,

(3)(a) * is isotone,

(b) — is a binary operation on L which is antitone in the first and isotone in the second
variable,

(c) — iscouple with x as: axb < ciffa <b— ¢ Va,b,c € L. The basic operations
on the family L¥ of all L-sets on a non-empty set X was defined as follows:

Definition 1.3. [1]. A complete lattice L is called completely distributive if the following
law is satisfied:

V{A;|j € J} C P(L), where P(L) is the power subset of L we have,

AVA; =V (A FG)

= fel_[ AJ‘ jeJ
jeJ

Definition 1.4.(Csa’sza’r (1978)[2]). A binary relation 6 on P(X) x P(X) is called a
proximity on a set X if it satisfies the following conditions:

(P If (A, B) € 6,then A # ¢ and B # ¢ and 6(¢p, X) = 0,

(P2)IfAN B # ¢, then (A,B) €6

(P3)If (A; U Ay, C) € 4, then (A1,C) € dor (A2,C) €6

(P4)If (A, B) € 4, then (B, A) € 6

(P4) If (A, B) ¢ 6, then there exists D such that (A, D) ¢ § and (X — D, B) ¢ 6

The pair (X, 0) is said to be a proximity space.

The following concepts are given in (Kheder, et. al. ( 2003)[5]).

Definition 1.5. Let X be a set and let § € [(PCOXPX)) e §: P(X) x P(X) —
[0, 1]. Assume that for any A, B,C € P(X) the following axioms are satisfied:

(FP1) | ~(X.¢) € 4,

(FP2) = (A,B)€d <+ (B,A) €9,

(FP3) E (A, BUC)ed+ (A,B)edV(AC) €,

(FP4) forevery A, B C X, there exists C' C X such that

E ((4,C)edv(B,X—-C)ed) — (A B) e,

(FP5) = {z} = {y} < ({=},{y}) € 6. Then ¢ is called a fuzzifying proximity on
X and (X, ¢) is called a fuzzifying proximity space.

Theorem 1.1. Let (X, ¢) be a fuzzifying proximity space. Then we have
(1) E(A,B)edABCC— (A,C)eq,
(2) = (ANB) # ¢ — (A, B) €4,
(3) (4, ¢).

Proposition 1.1. For every « € (0, 1], d,, is a proximity on X, where J,, is the a-level of
d,i.e., 0, = {(A,B):6(A,B) > a}.

Definition 1.6. Let (X, §) be a fuzzifying proximity space. For each o € (0, 1], we define

the interior operation induced by J,, denoted by

ints, : P(X) — P(X), as follows: ints_(A) = U B VAe P(X).
BEP(X),(B,X—A)¢d,

Proposition 1.2. Forevery a € (0, 1], the family 75, = {4 : A C X andints_ (A) = A}

is a topology on X.
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Theorem 1.2. Let (X, 0) be a fuzzifying proximity space. The mapping 75 : P(X) —

[0,1] defined by: 75(A) = \ « is a fuzzifying topology and is called the
a€e(0,1) ,A€Ts,,

fuzzifying topology induced by the fuzzifying proximity 6.

Definition 1.7. (Csa’sza’r (1978)[2]). A uniform structure U on a set X is a family of
subsets of
X x X, called entourage, which satisfies the following properties:

(UL) Ifu € U, then A C u, where A is the diagonal:
A={(z,x)|lre X}

(U2)Ifv Cu,and v € U thenu € U,
(U3) forevery u,v € U, unNwv € U,
(U4)Ifu € U, thenu~t € U, where u=! = {(x,y) |(y,z) € u}.
(U3) for every u € U, there exists v C U such that v o v C u, where v o v C u, where
v o u is defined by:

vou= {(r,y)|3z € X such that (z,2) € vand (z,y) € u}, Vo,y € X. The pair
(X, U) is said to be a uniform space.

The following results are given in [Ying (1992)[11]).

Definition 1.8. Let X be aset and U/ € TPX*X) Ifforany U,V C X x X,

(U1) E (U el) »(ACU),

(U2) = (UelUu)—=U1telu),

U3 EWU eld) -3BVIVeUANVoVCU),

U EUeUNV eU)—-UNV CU),

(U5) = (U eU)NU C V) —= (V €lU). Then, U is called Fuzzifying uniformity and
(X,U) is called fuzzifying uniform space.

— — — —

Lemma 1.1. Let (X, ) be a fuzzifying uniform space and & € I7(X) defined by:
TeS:=NWa)(zeT)—=AU)((UceU)AN{Ulz] CT))), TCX ie,
ST)= AN V UU), TCX. whereUlx] ={y € X : (z,y) € U}. Then Sis a

The following concepts are given in (Kheder, et. al. ( 2003)[5]).

Definition 1.9. Let X be a set and let U/ : P(X x X) — I. Assume that ¢/ is normal,
ie.3UC X x X st U[U]=1.Ifforany U,V C X x X,

(FUL) = (U eld) -(A CU),

(FU2) = (U eU)—=U-teu),

(FU3)* There exists H — P(X x X) sit. E (U e U) =3V)(V € H)A(V €
U) N (V oV CU),where C stands for ~a finite subset of>",

(FU4) = U eU)NV eld) - (UNV CU),

(FUS) = (U e U)NU C V) — (V € U ). Then, U is called a strong fuzzifying
uniformity and (X, /) is called a strong fuzzifying uniform space.
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Theorem 1.3. Let (X, /) be a strong fuzzifying uniform space. Then for each o € (0, 1),
the « level of U denoted by U, is a classical uniformity on X. where U, = {U € P(X x
X)st. UWU) > a}.

Theorem 1.4. Let (X,U) be a strong fuzzifying uniform space. The fuzzy set 7y €

(F(P(X)), defined by: 74(A) = V a, is a fuzzifying topology. It is called the
ae(0,1],A€Ty,

fuzzifying topology induced by the strong fuzzifying uniformity U

Theorem 1.5 Let 4, be the proximity induced by the uniformity U,,. Then the mapping

d,  P(X x X) — [0,1], defined by 6,,(A, B) = V a, is a fuzzifying
«€(0,1],(A,B)Edu,,

proximity. It is called the fuzzifying proximity induced by the strong fuzzifying uniformity

u.

u

2. L-fuzzifying proximity space

Definition 2.1. The binary crisp predicate CE € {L, T}7)XP(X) called crisp equality,
is given as follows:

T if A=B
1 if A#B

Definition 2.2. Let X be aset and let § € LEC)*XP(X) je
d: P(X) x P(X) — L. Assume that for every A, B,C' € P(X), the following axioms
are satisfied:
(LFP1)3(X, ) = L,
(LFP2)§(B,A) =6(A,B),
(LFP3)5(A,BUC) =6(A,B) V(A CQC),
(LFP4)Forevery A, B € P(X), 3C € P(X)
st.0(A,B) > (A, C)V B, X —C),
(LFP5) 06({z},{y}) = CE({z},{y}). Then ¢ is called an L-fuzzifying proximity on
X and (X, 9) is called an L-fuzzifying proximity space.

CE(A,B) = {

Definition 2.3. The binary crisp predicate Ce {1, T}F(X)*xP(X) called crisp inclusion,
is defined as follows:

T if ACB,
Q(A’B):{J_ if A¢B.

Definition 2.4. The binary crisp predicate N € {1, T}’ (X)*P(X) called crisp intersec-
tion, is defined as follows:

[T if ANB#¢
m(A’B){L if ANB=¢

Lemma 2.1. If C (B,C) = T, then §(A4,B) < §(4,C) VA € P(X).

Proof. §(A,C) =5(A, BUC) = §(A, B)V§(A,C) > 5(A,B).
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Theorem 2.1. Let (X,d) be an L-fuzzifying proximity space. For every A, B,C €
P(X),then we have

(1) 6(A,C) = 6(A, B)A € (B,C),

(2) 6(B,A) = N(A,B),
(3) 6(A,¢) > L=T.

Proof. (1)If C (B,C) = L,then(A,C) > d6(A,B)A L
and if C (B,C) =T, from Lemma 2.1 we have
6(A,C) >0(A,B) A T.Then§(A,C) > 6(A, B)A C (B,C).

(2) If O(A B) = 1, the result hold. Let (A4, B) = T,ie., 3z € AN B.
From (LF P5), 5({x} {z}) = T. Applying Lemma 2.1 and (LF P2),
0(A, B) = 6(A,{x}) = 6({x}, A) = 6({x}, {«}) = T. Hence 6(A, B) > N(4, B).

(3) From Lemma 2.1, (A4, ¢) < §(X, ¢).
Then 6(A,¢) > L >6(X,¢p) > L =1 —- 1L =T.

Theorem 2.2. For every o € L-{ L}, J, is a proximity on X, where d,, is the c-cut of an
L-fuzzifying proximity 4, i.e.,d, = {(A, B) : (A, B) > a}.

Proof. Let v € L — {L}.
(P1) From (LFP1) we have (X, ¢) = L. Then (X, ¢) < a. So, (X,¢) ¢ da

(P2) Suppose (A, B) € é,. Then 6(4, B) > «.

From (LFP2), 6(B,A) = 6(A, B) > a. Hence (B, A) € 4.
(P3)Let (A, BUC) € 4, then 6(A,BUC) >«

From (LF P3) we have 6(A, B) > aor6(A,C) > «

and hence (A, B) € d, 01 (A,C) € dq4.

(P4) Let (A, B) ¢ d4.since L is totally ordered
then we have §(A, B) < «. From (LF P4) there exists C' € P(X) such that
§(A,B) > (A, C)VI(B,X —C). Then 6(A,C)V (B, X —C) < o which implies that
§(A,C) < a and (B, X —C) < o which implies that (A, C') ¢ §, and (B, X —C) ¢ d,.

(P5) Suppose z = y. Then CE({z},{y}) =T so that from (LF P5),
d({z},{y}) = T > a. Hence ({z},{y}) € da.

Definition 2.5. Let (X, ) be an L- fuzzifying proximity space. For each o € L-{1},
the interior operation induced by d,, denoted by ints_ : P(X) — P(X), is defined as
follows: ints, (A) = U B VA e P(X).

BeP(X),(B,X—A)g5a
Theorem 2.3. For every o € L-{ L}, the family 75, = {A : A C X and ints, (A) = A}
is a classical topology on X.

Proof. Let o« € L-{L}. Then:
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(D)since ints, (X) = U B =X andints (¢) = U B
BeP(X),(B,p)¢0a BeP(X),(B,X)¢d0a
= ¢, then X, ¢ € 75,.

(2) Let A, C € 75, s.t. ints, (A) = Aand ints_ (C) = C.

Then ints (ANC) = U B
BEP(X),(B,X—(ANC))¢dq

U B = U BN U B
BeP(X),(B,(X—A)U(X—C))&da BeP(X),(B,X—A)gda BeP(X),(B,X—C)¢dq
=ANC.So, ANC ers,.

(3) Let {A,\ A€ A} C 1s,. Now U Ay = U int 5Q(A,\) Cint 5@( U Ay),
AEA AEA AEA

because int 5, is monotone (indeed, If A C C, then int 5 (A) = U B
BEP(X),(B,X—A)¢da

C U B =int s, (C).). Also,int s (|J Ax) C U Ax
BeP(X),(B,X—C)¢64 AEA AEA
because int 5, (A) = U B C U B

BEP(X),(B,X—A)¢5, B €P(X), (B, X—A)=1

= U B = A forany A € P(X)
BeP(X),B CA

Then int 5, (U Ax) = U Ax.Hence |J Ax € 75, .
AEA AEA AEA

Theorem 2.4. Let (X, §) be an L- fuzzifying proximity space and let X satisfies the com-

pletely distributive law. The mapping 75 : P(X) — L defined by: 75(A) = V a is
acL—{Ll},AeT 5,

an L- fuzzifying topology and is called the L-fuzzifying topology induced by the L-

fuzzifying proximity 9.

Proof. (1) 75(X) = V a=T, 75(¢) = V a=T.
acL—{Ll}, XeTs, acL—{L},9€T 5,
(2) s(ANB) = \ o> \ o
acL—{Ll},ANBerT 5, acL—{Ll},AeT 5, ABET 5,

= V al A V o | =75(A) A1s(B).
acL—{L1l},AcT 5, a€L—{Ll},BeT s,
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(3) Let {Ay : A € A} C P(X). Then we have, 75( | Ax) = \V o
ACA a€L—{1}, U Asrers,
AEA
> V a= A V a= A\ 75(Ax).
a€L—{L},A\ET 5, ,AEA AEA aeL—{L},A\eET 5, AeA

3. L-fuzzifying uniformity and L-fuzzifying strong uniformity

Definition 3.1. Let X be a nonempty set and letf € LP(X*X) Assume that the following
statments are satisfied:
(LFUO) Thereexists U € P(X x X)st. U(U ) =T
(LFUl)ForanyU € P(X x X), U(U ) >0, [[A,
(LFU2)Forany U € P(X x X), U(U)=UU1)
(LFU3) Forany U € P(X x X), V UVIANC(VoV,U)>UU),
VCX XX
(LFU4)Forany U,V € P(X x X), U{UNV ) > UU) AN UV),
(LFU5) Forany U,V € P(X x X), UV ) >UU )A C (U, V). Then U is called
an L-fuzzifying uniformity and (X, ) is called an L-fuzzifying uniform space.

Theorem 3.1. Let (X,i{) be an L-fuzzifying uniform space . Then 7 € L7(X) defined

byr(A)= A V U(U) VA € P(X).is an L-fuzzifying topology on X and is called
T€AU[z]CA

the L-fuzzifying topology on X induced by Y.

Proof. It is clear from (LFUO) that 7(X) = T. Let Ay, A2 C X. From (LFU4) we

have,
T(A1) AT(A2) =( A Voo U)o A Vo Uuz)
21€A1 Up[z1]CA; z2€A2 Us[z2]C Ao

= A V UU) NUU2))

r1€A1,x2€A2 Up[z1]C A1, Us[z2]C A2
< A V UU, NU,)

z1€A1,x2€A2 Uy[z1]CA;, Us[z2]CA2
< A V UU NUL)

r€A1NAs Uin Us[z]CA1NA,
< A V UU) =7(A1 N Ag).Finally, forany A; C X (i € I),

T€A1NA; Ulz]CANA,

wehave 7(|J 4:)) = A V UU)= A(CA V Uuw))

el zeJ A; Ulz]C U A; i€l z€A; Ulz]C U A
i€l icl i€l
= ANCA V U)= A 7(4).
i€l x€A; Ulz]CA; el

In [5], the authers introduced a counterexample in [0, 1]-fuzzifying setting to illustrate
that there exists some a-cut of the [0, 1]-fuzzifying uniformity in the sense of M. S. Ying
[11], which not a uniformity. In the following we introduce the concept of an L-fuzzifying
strong uniform space as a generalization of the concept of fuzzifying strong uniform space

[S].
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Definition 3.3. Let X be a nonempty set and let/ € LT(X*X)_ [f the following statments
are satisfied:

(LFSUO) There exists U € P(X x X)st. UU)=T

(LFSU1l)Forany U € P(X x X), [[AU[][=T

(LFSU2) Forany U € P(X x X), U(U ) < Z/l( Uu—t),

(LFSU3) Forany U € P(X x X), 3V € P(X x X)st. VoV C U and
uwv)=u),

(LFSU4) Forevery U,V € P(X x X), UUNV ) > UU) AN U(V), and

(LFSU5) Forevery U,V € P(XxX), U(V) >U(U )N C (U, V), thenU is called
an L-fuzzifying strong uniform and (X,f) is called an L-fuzzifying strong uniformity
space.

Remark 3.1. If L = [0,1], the condition (LFSU3) implies the condition (FU3)* in
Definition 1.9.

Theorem 3.2. Let (X,U/) be an L-fuzzifying strong uniformity space. Then for each
a € L — {1}, then the a-cut of U denoted by U,, is a uniformity .

Proof. Letaw € L — {L}.
(U0) From (LFSU0) 3U € P(X x X)s.t. U(U ) =T > « so thatU, # ¢.
(Ul)LetU € U,. So from condition (LEFSU1), [[A,U][=T sothat A C U.

(U2) LetU € U,.So from (LFSU2), UU1)>UU) > a.
Then U~' €U,

(U3) LetU € U,. Then from (LFSU3), 3V € P(X x X) s.t
VoV CU and U(V)>UU ) > a. Hence V € U,.

(U4) Let U, V € U, Then from (LFSU4), UUNV ) > UU)A UV) > a
sothat UNV € U,.

(U5) Let U € U, and U C V. Then from (LFSUS5),
UV )Y>UU)IN C(U,V)=UU ) > a.Hence V € U,,.

Theorem 3.3. Let (X,U) be an L-fuzzifying strong uniformity space and let X satis-

fies the completely distributive law. The L-fuzzy set 7, € L¥(X) | defined by: 7 (A4) =
\ « is an L-fuzzifying topology. It is called the L-fuzzifying topology in-

acL—{Ll}, AeTy,

duced by the L-fuzzifying strong uniformity /.

Proof. (1) Since X, ¢ € 74, then we have that 7,(X ) = V a =T. and

acL—{1}, Xery,
Tu(¢) = V a=T.
(XEL—{L}, ¢e7—l4a

(2) u(ANB) = V a > V (a1 A )
aceL—{L1l}, AnNBey, (a1 Aaz)eL—{1}, A€y, »BETU,,
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= V o1 A V ag = 1y (A) A1 (B).
aeL—{L1}, A€y, acL—{1}, BeTy,,
B) (U Ax) = % az> V a= VA f
A€A aeL—{L1}, AUAAAev—z,,a acL—{Ll}, Ax€Ty, ,\EA feAHA My AeA
€ €

=AVMy=A V a=A 'V a= A ).

AEA AEA aEMy AEA Ax€ETu, AEA

WheI’CM)\:{OZGL—{J_}: A)\GTMQV)\GA}.

Theorem 3.4. Let 0, be the proximity induced by the uniformity ¢, « € L—{L}. Then

the mapping §,, € L¥(X)*P(X) defined by 4,,(A, B) = \V a isan L-
acL—{Ll}, (A,B)Edy,

fuzzifying proximity. It is called the L-fuzzifying proximity induced by the L-fuzzifying

strong uniformity /.

Proof. (LFP1)6,(X,¢) = V a=1.
(leL—{l}, (X7¢)e6b(a
(LFP2) 6,(A,B) = V a= \ a=94,(B,A).
acL—{Ll}, (A,B)Edy, acL—{Ll}, (B,A)Edy,
(LFP3) 6,(A,BUC) = \/ a

acL—{Ll}, (A,BUC)Edy,,

= V alV V al =6,(A,B)Vi,(ACQC).
acL—{L1}, (A,B)Edy, acL—{L1}, (A,C)€Edy,

(LFP4) (A,B) &6, = 3CeP(X)st (A,C)¢0d,,

U

and (B, X —C) ¢ ¢

12

.- Therefore 0, (A, B) = V !
aceL—{Ll}, (A,B)€Ebu,

> V a
acL—{Ll}, (A,C)€dy, o a€cL—{l}, (B,X-C)€Edy,

=( V a) VvV ( V a) =6,(A4,C)Vve, (B, X~
aeL—{Ll}, (A,C)Edu, acL—{L}, (B,X-C)€edy,,

0).

(LFP5) Frist suppose that CE({z},{y}) = T. Then {z} = {y}. So,
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({z},{y}) €4, ,forany o € L — { L}, Therefore

o, ({z}, {y}) = V a=T. Second if CE({z},{y}) = L,
acL—{1}, ({} {y})€bu,

then z ¢ {y}. So, ({=},{y}) ¢ 0, , forany o € L — {L}.

Hence 6, ({z}, {y}) = V a=1
acL—{Ll}, ({z}.{y})¢du,

4. Conclusions

in this paper, the notion of fuzzifying strong uniform space (Kheder, et al (2003)[5])
is generalized by introducing the concept of L-fuzzifying strong uniform spaces. Some
results concerning this concept are obtained. In the present paper L is assumed to be a
completely residuated lattice such that the following conditions are satisfied:

(1) L is totally ordered as a poset.( i.e. foreacha,b &€ L,a < b,orb < a.)

(2) L satisfies that * A’ is disributive over arbitrary joins.

In the future, we will study topological notions defined by means of regular open
sets when these are planted into the framework of Ying’s fuzzifying topological spaces
(in Lukasiewicz fuzzy logic). We used fuzzy logic to introduce almost separation axioms
(almost Hausdorff)-, (almost-regular)-and (almost-normal). we gave the relations of these
axioms with each other as well as the relations with other fuzzifying separation axioms.
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