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DIFFERENT TYPES OF PRIME BI-IDEALS IN TERNARY SEMIRINGS

M. PALANIKUMAR* AND K. ARULMOZHI

ABSTRACT. To interact three different types of prime bi-ideals are introduce and the rela-
tion between them is obtain. Also we have define three different mP-systems. The bi-ideal
P of a ternary semiring R is 2-prime if and only if RM L C P, where R is a right ideal,
M is alateral ideal and L is a left ideal of R, implies R C Por M C Por L C P. If B
is a bi-ideal of R, then H p is the unique largest two-sided ideal of R contained B. Let M
be a mg system and bi-ideal B of R with B N M = ¢. Then there exists a 3-prime P of
R containing B with PN M = ¢.

1. INTRODUCTION

D. H. Lehmer initiated the concept of ternary algebraic systems called triplexes in 1932
[9]. He investigated certain ternary algebraic systems called triplexes which turn out to
be commutative ternary groups. The notion of semiring was introduced by Vandiver in
1934 [6]]. In 1962, Hestenes [7] studied the notion of ternary algebra with application to
matrices and linear transformation. In 1971, Lister characterized those additive subgroups
of rings which are closed under the triple ring product and he called this algebraic system
a ternary ring. Non-commutative ternary semirings have been an object of systematic
study only quite recently, during the 20th century. Other natural non-commutative objects
that arise are matrices. Algebraic structures play with applications in many area such as
control engineering, combinatorics, functional analysis, graph theory, Euclidean geometry,
optimization theory, discrete event dynamical systems, automata theory. Ternary semiring
is a generalization of semirings. The results in ordinary semirings may be extended to
n-ary semirings for arbitrary n but the transition from n = 3 to arbitrary n entails a great
degree of complexity that makes it undesirable for exposition. The ring of integers Z which
plays a role in the ring theory. The subset Z™ of Z is an additive semigroup which is closed
under the ring product, that is ZT is a semiring. Now, if we consider the subset Z~ of Z,
then we see that Z~ is an additive semigroup which is closed under the triple ring product,
that is Z~ forms a ternary semiring. Arulmozhi et. al was introduced by new type of ideals
in semirings and ternary semirings [[1} 2, [13} [14}[15]. Let B be any bi-ideal of a semiring
Sand L = {x € B|S£L' C B} and Hg = {y € LB|yS - LB} (L6, 171.
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2. PRELIMINARIES
Throughout this paper, R denote a ternary semiring unless otherwise specified.

Definition 2.1. [5] A non-empty set R together with a binary operation, called addition
and a ternary multiplication, denoted by juxtaposition is said to be a ternary semiring if
(R, +) is a commutative semigroup and ternary multiplication satisfies the following:

(i) (abc)de = a(bed)e = ab(cde),

(ii) (@ + b)ed = acd + bed,

(iil) a(b + ¢)d = abd + acd,

(iv) ab(c + d) = abc + abd for all a, b, ¢, d,e € R

Definition 2.2. [5] A ternary semiring R is said to commutative if abc = achb = cab = cba
forall a,b,c € R.

Definition 2.3. [5] An additive subsemigroup I of R is called a
(i) ternary subsemiring if 414973 € I for all 41,142,173 € I.
(ii) right (lateral, left) ideal if ir17o € I(ryire € I, 11790 € I) forall vy, 7o € Rand i € 1.

Lemma 2.1. Let a € R. Then the principal

(i) right ideal generated by “a” is given by (a), = {na + aRR|n € Z },

(ii) left ideal generated by “a” is given by (a); = {na + RRa|n € Z7 },

(iii) lateral ideal generated by “a” is given by ()it = {na + RaR + RRaRR|n € Z] },
(iv) two sided ideal generated by “a” is given by (a); = {na+RRa+aRR+RRaRR|n €
Zg},

(v) ideal generated by “a” is given by (a) = {na+aRR+RaR+RRaRR+RRa|n € ZJ },
(vi) bi-ideal generated by “a” is given by (a), = {na + ma® + aRaRa|n,m € Z7 }.

Theorem 2.2. [5] If P is an ideal of R, then the following are equivalent.

(i) P is a prime ideal.

(ii) aRbRc C P,aRRbRRc C P,aRRbRcR C P, RaRbRRc C P implies a € P or
be Porce P.

(iii) (a)(b){c) C P impliesa € Porb e Porce€ P.

3. TYPES OF PRIME BI-IDEALS

By Theorem [2.2] if we replace the ideal P by bi-ideal P then we find that all the three
conditions are different.

Definition 3.1. A bi-ideal P of R is called a

(1) 1-prime if B1PB2%3 C P implies B, C P or B C P or B3 C P for any bi-ideals
%1, %2 and %3 of R.

(i1) 2-prime if aRbRc C P impliesa € Porb € Porc e P.

(iii) 3-prime if % % %3 C P implies #1 C P or %5 C P or %3 C P for any ideals
fh fg and fg of R.

Theorem 3.1. The bi-ideal P of R is 2-prime if and only if RM L C P, with R is a right
ideal, M is a lateral ideal and L is a left ideal of R, implies R C Por M C Por L C P.

Proof. Let P be an 2-prime of R and RM L C P. To provethat R C Por M C P or
L C P. Suppose that R & P and M & P implies thata € Rbuta ¢ P and b € M but
b ¢ P. To prove that L C P. For ¢ € L, aRbRc C RM L C P. Since P be a 2-prime of
Randa & Pand b ¢ P, implies that ¢ € P. Thus, L C P.
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Conversely, Suppose that aRbRc C P. Now, (aRR)(RbR)(RRc¢) C aRbRc C P
implies aRR C P or RbR C P or RRc C P. If aRR C P, then

<a>r : <b>lat : <C>l

[{nan €7t} + aRR} : {{mb|m €Z*} + [RbR +

RRbRR]} : {{m/clm/ e 7t} JrRRC}

N

{n'abcln’ € Z*} + aRbRc
C aRRCP.

Thus,a € Porbe Porce P.
Similarly, if RUR C P then (a), - (B)a¢ - (c); C [ROR U RRORR] C P.
If RRe C P, then (a), - (D)iat - {(¢); C RRec C Pimpliesa € Porb € Porc € P.

Theorem 3.2. Every I-prime is a 2-prime of R.

Proof. Let P be 1-prime of R. For the bi-ideals %, %5 and %5 of R such that
B1PBr B3 C P implies 1 C P or By C P or B3 C P. To prove P is a 2-prime
of R. Let aRbRe C P, for a, b, c € R. Now, (aRR) - (RbR) - (RRc) C aRbRe C P, since
aRR and RbR and and RIRc are bi-ideals. Hence aRR C P or RbR C P or or RRec C P.
Suppose that aRR C P. Consider (a) - {(a)p - (a)p C aRR C P. Then a € P. Similarly
if ROR C P and RRc C P, then b € P and ¢ € P respectively. Thus P is a 2-prime of R.

Converse of the Theorem [3.2]need not be true as the following Example.

Example 3.2. Consider the set R = {a,b,¢,d, e, f, g, h,i,j, k,1,m,n,o,p} with the fol-
lowing compositions:

+ a b c d e f g h 7 7 k l m n o p

a a b c d e f g h 7 7 k l m n o p

b b a f g k c d p o [} e 7 n m 7 h

c c f a n h b m e ! o D 7 g d Fi k

d d g n a 7 m b l e D o h f c k g

e e k h 7 a D o c d m b n 7 ] g f

f f c b m D a n k J 7 h o d g ] e

g g d m b o n a J k h 7 P c f e l

h h D e l c k Fi a n g f d o 7 m b

7 7 o ! e d 7 k n a f g c p h b m

Fi J ] o D m 7 h g f a n b e k c d

k k e D o b h 7 f g n a m l 7 d c

l l 7 7 h n o P d c b m a k e f g

m | m n g f J d c ) D e ! k a b h i

n n m d c l g f 7 h k Fi e b a D o

o ) 7 Fi k g ] e m b c d f h D a n

p p h k 7 f e ! b m d c g 7 o n a

a b c d e f g h 7 Fi k l m n o p
a by by by by by by by by by by by by by by by by
b by bo b3 by by be bo b3 by bg bo b3 bg b3 by bg
c | B; | b1 | b1 | b2 | b3 | b1 | b2 | b3 | b6 | b6 | b3 | bs | b2 | b2 | bs | b3
d | by | ba | b5 | b1 [ b1 | Bo | ba | b5 | b1 | By | ba | b5 | bo | b5 | ba | bo
e by by b1 by bs [ by bs bg bg bs by by by bg bs
f [ b1 [ by [ b3 [ by | b3 | bs | b1 | b1 | bs b1 be b b3 be b3 b
g | by | by | bg | by | by | bip | b7 | bg by bio b7 bg bio | bs bz | bio
h | b1 [ by [ by [ by | bg | b1 | by | bg | big | bio | bs | big | b7 bz | bio | bs
7 by by bs by bs bg by by by by bg by bs by bs by
J | ba [ by | bg | by | bg | bio | b1 | b1 | bio | b1 big | b7 bs | bio | bs b7
k | by [ by | b3 | by | by | b | by | bg | bg | big | bi1 | bi2 | b1z | bia | bis | bis
I [ by [ by [ bs | by | bg | bg | by | b3 | bio | be | bia | big | bi1 | bis | bie | bia
m | by | by | bg | by | b3 | big | ba | b5 | bg bg | big | by | bia | big | bia | bis
n | by | by | bs | by | b3 | bg | by | bg | be | big | bia | bie | bis | bi1 | biz | bi2
o | by [ by [ bg [ by | bs | big | ba | b3 | bg bg | bis | bia | bie | biz | bi1 | big
p | b1 | by | b3 [ by [ bg | bg | ba | bs | bio | bg | big | bis | bia | big | bia | b1
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. a b c d | e flagl|h % 7 k l m n o D
by alal|lala|la|la|alal|ala a a a a a a
by a b cl|lal|allf b c a | f b c f c b f
b3 al|lala b c a b c 17 c f b b f c
by a d e a a i d e a 7 d e i e d 7
bs a a a d e a d e 7 7 e 7 d d 7 e
bg a b c b c flalal f|a f b c f c b
bz |a|lg|hlala|jlg|hlal|lji|lg|h]|3j hlg |l J
bs ala|lalg|h|a|lg|h|[J]|J h J g g J h
bg a d e d e 7 a a 7 a 7 d e 1 e d
bip la|lg|h|g|h|jlalal|ljlal]|yJj g | h | J h |l g
bi1 a b c d e f g h 7 J k l m n o D
bio a d e g h 7 b c 7 f ! m k o P n
bis al|l g | h b c | j d e f 7 m k ! p n o
big a | d e b c 7 gl h | f|3J n D o k m l
bis a g h d e Fi b c 7 f o n D ! k m
big a b c|lg|h| f]|d e 7 7 D o n m l k

Clearly P = {a,d,e,i} is a 2-prime. Now, {a,g} - {a,h} - {a, f} = {a} C P with
{a,9} € Pand {a,h} € P and {a, f} € P. This implies that P is not a 1-prime.

Theorem 3.3. Every 2-prime is a 3-prime of R.

Proof. For ideals .#;, % and .3 of R such that .%; - % - %3 C P. If %, € P and
I3 L P,letb € S \ Pand ¢ € S5\ P. Forany a € .1, aRbRe C (a) - (b) - (c) C
S - Iy I3 C P.Hencea € P. Then % C P. Thus P is a 3-prime of R.

Converse of the above theorem not true as shown by the Example.

Example 3.3. In Example Clearly P = {a,h} is a 3-prime of R. Now, gRbRc =
{a,h} C Pbutg & P,b ¢ P and c ¢ P. This means that P is not a 2-prime of R.

Definition 3.4. A subset M of R is called a

(i) m&8-system if for any a,b,c € M, there exists a; € (a)y , by € (b)y and ¢; € {(c)y such
thata1 . bl -1 € M.

(ii) mg-system if for any a,b,c € M, there exists a1 € (a), , by € (b)jqt and ¢1 € {(c);
such thatay - by - ¢; € M.

(iii) m§-system if for any a,b,c € M, there exists a; € (a) , by € (b) and ¢; € (c) such
thataq - b1 - ¢1 € M.

Theorem 3.4. If P is a bi-ideal of R, then P is a 1-prime (2-prime, 3-prime) if and only if
R\ P is an m&-system (m$-system, m$-system) of R.

Proof. Let P be an 1-prime of R and let a,b,c € R\ P. Hence a,b,c € R but
a ¢ P,b¢ Pandc ¢ P. Then (a), - (b)y - (c)p € P implies there exists a1 € (a)p,
by € (b)y and ¢; € {c)p suchthata; - by - ¢; € R\ P. Thus R\ P is a m{-system.
Conversely, Let R \ P be an m?—system. let %1 - $Bo - B3 C P for the bi-ideals
B, Bo and HBs of R. To prove that 81 C P or BBy C P or 3 C P. Let us arrive
at a contradiction. If 1 € P, 5 € P and B3 £ P,letb; € %1\ P, bs € B>\ P
and bs € B3 \ P. Thus by,bo,b3 € R\ P implies (b1)p - (b2}, - (b3)py € P, which is
a contradiction. Thus #; C P or B C P or 3 C P. Hence P is a 1-prime of R.
Similarly we can prove other two cases.

Lemma 3.5. The following statements are true.
(i) Every ml{-system is an mg-system.
(ii) Every mg—system is an mg—system.

Converse of the above lemma not true by the following Example.

Example 3.5. By the Example [3.2] Clearly, (i) M = {b,¢, f,g,h, j,k,l,m,n,0,p} is an
m5-system, but not m$-system. For b, f, g € M, but there is no 1 € (b), and y1 € (f),
and z; € (g)y such that zy -y -z € M. Since (b)y - (f)o- (9)s = {a, b} -{a, f}-{a, 9} =
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{a} & M.
(i) Clearly, M = {b,c,d,e, f, 9,4, 7, k,1,m,n,0,p} is a m§-system, but not a m%-system
by jRdRc = {a, h}.

Lemma 3.6. Every mb-system is an m-system and vice versa.

Proof. Let M be an m$-system. Let a, b, c € M, then there exist a; € (a),, by € (b)jas
and ¢; € (c); such thatay - by - ¢; € M. Now,

a1-by-c1 = [nia+arira] - [n2b + r3bry + rsrebrors] - [nge + roripc]

= {nlngab + (n1a)rsbry + (n1a)rsrebrors + aryraa(ned) +
arirorsbry + ar1r2r5r6br7r8} - [ngc + roriod]

= [nlngngabc + (n1a)rsbra(nsc) + (n1a)rsrebrers(nsc) + ariraa
(nansbc) + aryrarsbra(nsc) + aryirarsrebrors(nsgc) + ningabreripe
+(n1a)rsbrargripe + (n1a)rsrebrirgrorioe + arirea(neb)rorige +

arirar3brargrige + arirorsrgbryrgrerigc

! 17 1"’
= ningngabc + ar br ¢+ ningabr c € M.

Again a, b, ninongabe + ar'br’ e+ nlngab'rmc € M, then there exist ay € {(a),, by €
(b)1at and co € (n1nanzabe + ar'br’ e+ nlngabr/”cﬁ such that as - by - ¢o € M. Now,
ag - by - cog = ary1briac € aRbRe. Thus, ari1bri2¢c = ag - by - co € M. Therefore M is a
m-system.

Conversely, let M be an m-system and a,b,c € M. Then there exist 1,72 € R
such that ar broc € M. Let ary = ap and roc = c¢q, then there exists a; € {(a),, b €
(b)1at and ¢; € {c); such that a; - b- ¢; € M. Therefore M is a m5-system.

Definition 3.6. Let B be any bi-ideal of R.
(i)let Lg = {z € B|RRz C B} and relativeto Hg = {y € Lp|yRR C Lg}.
(ii) Rp = {x € B|2RR C B} and relative to Hp = {y € Rp|RRy C Rp}.

Lemma 3.7. If B is a bi-ideal of R, then Hp is the unique largest two-sided ideal of R
contained B.

Proof. Let B is any bi-ideal of R. To prove that Hp is a two-sided ideal of R. Since
Lp C Band Hg C Lp. Therefore Hg C Lp C B. Letx € Hp and y1,y> € R. Then
x € Hp C B implies that x € B. Since z is an element of L 5. We have RRz C B and
zRR C Lp. Then yi1yox € RRx C B implies y1y2x € B and RRy;y22 € RRRRxz C
RRxz C B implies that y,y2x € Lp. Now, zy1y2 € xRR C Lg. Hence xy,y2 € Lp and
y1y2x € Lp. Hence Lp is a two-sided ideal of R. To prove that Hp is a two-sided ideal
of R, that is zy1y2 € Hp and y1y2x € Hp. Now, zy12RR C zRRRR C zRR C Lp.
Hence xy1y2RR C Lp implies xy1y2 € Hp. Now, y1y22RR C RRzRR C RRLp C
Lp. Since Lp is a left ideal of R, y1y2x € Hp. Hence Hp is a two-sided ideal of R. It
enough to prove Hp is a largest two sided ideal of R. Let I be any ideal of R and I C B.
Leti € I, thent € Band RRi C I C B. Hence RR: C B implies ¢ € L. Hence
I C L. Next,i € Lg and {RR C I C Lg. Therefore :RR C Lg. Thus, i € Hg. Hence
I C Hp.

Corollary 3.8. If B is a 1-prime (2-prime) of R, then Hp is a prime ideal of R.
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Proof. Straightforward.
The following Example shows that the converse of the Corollary [3.8] need not be true.

Example 3.7. (i) By the Example[3.2] B = {a, j} is a bi-ideal and Hp = {a} is a prime
ideal, but B is not a 1-prime of R. For the bi-ideals #; = {a,d} and B> = {a,b} and
PBs = {a,i}. Now, %1 - By - B3 = {a} C B but %4, g B and %, g B and %3 g B.
(ii) Clearly, B = {a, f} is a bi-ideal and Hp = {a} is a prime ideal, but B is not a 2-prime
of R. For¢c,e,i € Rand cReRi = {a, f} C Bbutc¢ B,e ¢ Bandi ¢ B.

Theorem 3.9. The bi-ideal B is a 3-prime of R if and only if Hp is a prime ideal of R.

Proof. Let B be any bi-ideal of R and B be a 3-prime of R. Let us show that Hp is a
prime ideal of R. Suppose that %7, % and .#3 be the ideals of R such that %} - Z - I3 C
Hgp. By Lemma Hp is the largest two sided ideal of R such that Hg C B. Thus
fl - HB Orfg - HB 01‘/3 - HB.

Conversely, Suppose that Hp is a prime ideal of R. To show that B is a 3-prime of
R. For the ideals .#7, .%5 and .5 of R such that .#| - %, - .3 C B. To show that .#; C B
or %5 C Bor %3 C B. Now, ¥ - Sy - I3 C S - Iy - I3 C Hp, since Hp is a prime
ideal of R. This implies .1 C Hg C Bor %o C Hg C Bor .3 C Hg C B. Hence B
is a 3-prime of R.

Theorem 3.10. Let M be a mbsystem and B be a bi-ideal of R with BN M = ¢. Then
there exists a 3-prime P of R containing B with PN M = ¢.

Proof. Let X = {J|J is a bi-ideal with B C J and J N M = ¢}. Clearly X is
non-empty. By Zorn’s lemma, there exist a maximal element P in X. Let us show that
P is a 3-prime of R. By Theorem it is enough to prove that Hp is a prime ideal in
R. Since Hp C P and PN M = ¢ implies that Hp N M = ¢. Then Hp is a largest
ideal in R such that Hp N M = ¢. We claim that (a)(b)(c) € Hp. Then (a) C Hp
or (by C Hp or (¢) C Hp. By proving at a contriduction, If (a) € Hp, (b) € Hp
and (¢) € Hp,thenz € (a) \ Hp, y € (b) \ Hp and z € (c) \ Hp. Then (z) C
(a), {y) € (b) and () C (c). If {a)(b)(c) S Hp then (z)(y)(z) C (a)(b)(c) C Hp.
Then (Hp + (z)) N M # ¢ and (Hp + (y)) N M # ¢ and (Hp + (2)) N M # ¢. Thus
(Hp + (x))(Hp + (y))(Hp + (2)) C Hp. Then there exist m; € (Hp + (z)) N M and
ma € (Hp + () N M and ms € (Hp + (z)) N M such that m msy ms € M for some
my € (my) C (Hp+(z))andms € (mso) C (Hp+(y))andms € (ms) C (Hp+(2)).
Hence my my'ms’ € (Hp+(x))(Hp + (y))(Hp+ (z)) C Hp. Which is a contradiction.
Thus (a)(b)(c) € Hp. Hence Hp is a prime ideal of R. By Theorem[3.9 P is a 3-prime
of R. If Hp is not a largest element in X, then there is a maximal ideal P’ in R such that
Hp C P'and PN M = ¢. Thus Hp: is a prime ideal and P’ is the required bi-ideal of
R.

4. TYPES OF SEMIPRIME BI-IDEALS

Definition 4.1. A bi-ideal P of R is called a

(i) 1-semiprime if % C P implies 2 C P for any bi-ideal % of R.
(i1) 2-semiprime if aRaRa C P implies a € P.

(iii) 3-semiprime if .#3 C P implies .# C P for any ideal .# of R.

Theorem 4.1. A bi-ideal P of R is 2-semiprime if and only if #> C P (M#> C P, 3 C

P), with Z is a right ideal (A is a lateral ideal and £ is a left ideal) of R, implies
AP (M CPYLCP).
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Theorem 4.2. If P is a 1-semiprime of R, then P is a 2-semiprime of R.
The following Example shows that the converse of the Theorem [4.2| need not be true.

Example 4.2. By the Example3.2] R = {a,b,c,d, e, f,g,h,i,j, k,1,m,n, o, p}. Clearly,
P = {a,b} is a 2-semiprime, but not a 1-semiprime. For the bi-ideal = {a,c} and
B> C Pbut B L P.

Theorem 4.3. If P is a 2-semiprime of R, then P is a 3-semiprime of R.
Converse of the Theorem 4.3 need not be true as the following Example shows.

Example 4.3. Consider the ternary semiring R = {a, b, ¢, d, e, f} with the following com-
positions:

+ [ a|b|c|d|el|f clal|lb| c|d]|e]| f
a|la|b|c|d|ellf a|u|u|u|u|u|u
b |b|b|lc|dl|ellf blu|v|w|ov|w]|w
cl|lecl|lelec| flelf clullv|wl|lv|w]|w
dld|d| f|ld]ellf dlu |z |y |z|y |y
e |lele|le|le|e]e el|lu |z | ylz|y|y
flfrlflflflelf flulzlylz]y |y

a|b|lc|dlelf

u |a|a|la]|lal|lala

v |a|b|lc|[b]|c]|c

w | a|b|c|b|c]|ec

x | a|d|e|d|e]e

y |la|ld|e|d]|]el]|e

z |la|d]e|d]|]e]|e

By routine calculation, P = {a, e} is a 3-semiprime of R. Now, fRfRf = {a,e} C P
but f ¢ P implies P is not a 2-semiprime of R.

Definition 4.4. A subset N of R is called a

i) n-system if for any a € N, there exist a1, as, a3 € {a)p such that a; - as - ag € N.

(i) nt-system if f y N, th t h that N

(ii) nb-system if for any a € N, there exist a1, as,asz € (a), or ay,az,a3 € {(a)q; or

a1,as,a3 € {(a);) such that a; - as - ag € N.

iii) n3-system if for any a € NN, there exist a1, as, a3 € (a) such that a; - as - ag € N.
%-system if for any @ € N, th t h that N

Theorem 4.4. If P is a bi-ideal of R, then P is a 1-semiprime (2-semiprime, 3-semiprime)
if and only if R\ P is an n8-system (n}-system, ng-system).

Lemma 4.5. Every n!-system is a n-system.
Converse need not be true as the following Example.

Example 4.5. By the ExampleN ={c,d,e, f,g,h,i,7,k,1,m,n,o,p}is ansystem,
but not a nYsystem. For j € N, there is no x1, 22,73 € (j), such that z; - x5 - 3 € N.
Since () - () - (j)p = {a} & N.

Lemma 4.6. Every nS-system is a n3-system.
Converse need not be true as the following Example.

Example 4.6. By the Example N = {b,c,d, f} is anf-system but not a n}-system of
R.For f € N and fRfRf =e & N.

Corollary 4.7. If B is a 1-semiprime (2-semiprime) of R, then Hp is a semiprime ideal of
R.

Converse of the above Corollary need not be true as the following Example.
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Example 4.7. (i) By the Example By routine computation, Hg = {a,j}, B =
{a,g,h,j}and B, = {a,d}. Clearly, Hp is a semiprime ideal, but B is not a 1-semiprime
of Rby #,° = {a} C Bbut %, ¢ B.

(ii) By the Example Taking Hg = {a} is a semiprime ideal of R. For the bi-ideal
B ={a,d,e} and fRfRf = {a,e} C Bbut f ¢ B implies that B is not a 2-semiprime
of R.

Theorem 4.8. The bi-ideal B is a 3-semiprime of R if and only if Hp is a semiprime ideal
of R.
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