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ON RARELY FUZZY I,,,-CONTINUOUS FUNCTIONS

E. ELAVARASAN

ABSTRACT. In this paper, we introduce the concepts of rarely fuzzy I,.,,-continuous func-
tions in fuzzy topological spaces. Some interesting properties and characterizations of
them are investigated. Also, some applications to fuzzy compact spaces are established.

1. INTRODUCTION

In 1945, Vaidyanathaswamy [16] introduced the concept of ideal topological spaces.
Hayashi [6] defined the local function and studied some topological properties using local
function in ideal topological spaces in 1964. Since then many mathematicians studied
various topological concepts in ideal topological spaces. After the introduction of fuzzy
sets by Zadeh [18] in 1965 and fuzzy topology by Chang [3] in 1968, several researches
were conducted on the generalization of the notions of fuzzy sets and fuzzy topology. The
hybridization of fuzzy topology and fuzzy ideal theory was initiated by Mahmoud [11]
and Sarkar [14] independently in 1997. They ([LL1], [14]]) introduced the concept of fuzzy
ideal topological spaces as an extension of fuzzy topological spaces and ideal topological
spaces. Popa [12] introduced the notion of rarely continuity as a generalization of weak
continuity [9] which has been further investigated by Long and Herrington [10] and Jafari
[7] and [8]. In the present paper we introduce and study the concept of rarely fuzzy I,.,,-
continuous functions in fuzzy ideal topological spaces which simultaneously generalizes
the concepts of I,.,,-closed sets due to Vadivel and Elavarasan [[15]].

2. PRELIMINARIES

Throughout this paper, (X, 7) always means fuzzy topological space in the sense of
Chang [3]. For a fuzzy subset \ of X, the fuzzy interior of A is denoted by Int(\) and is de-
fined as Int(A) = \/{ulp < A, pis afuzzy open subset of X} and the fuzzy closure of A
is denoted by C(\) and is defined as C1(\) = A{p|p > A, pis a fuzzy closed subset of X }.
A fuzzy set A in (X, 7) is said to be quasi-coincident with a fuzzy set y, denoted by Agp,
if there exists a point 2 € X such that A(x) + p(z) > 1 [S]. A fuzzy set pin (X, 7) is
called a ()-neighborhood of a fuzzy point x4 if there exists a fuzzy open set A of X such
that zggA < p [
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A nonempty collection of fuzzy sets I of a set X is called a fuzzy ideal [4, 5] if and
onlyif(i) € ITand u < A\, thenp € I, (ii)if A € T and p € I,then AV p € I. The triple
(X, 7,I) means a fuzzy ideal topological space with a fuzzy ideal I and fuzzy topology
7. The local function for a fuzzy set A of X with respect to 7 and I denoted by A*(7, I)
(briefly A*) in a fuzzy ideal topological space (X, 7, I) is the union of all fuzzy points =3
such that if p is a @)-neighborhood of xg and ¢ € I then for at least one point y € X for
which u(y) + A(y) — 1 > d(y) [13]. The *-closure operator of a fuzzy set A denoted by
ClI*(N\) in (X, 7, I) defined as CI*(X\) = A \/ A* [13].

Lemma 2.1. [13] \; < Ay &](A1q(1 — A2)), for every pair of fuzzy sets Ay and s of X.

Definition 2.1. A fuzzy set A of fuzzy topological space (X, 7) is called fuzzy regular
open [2]] if A\ = int(cl(\)). The complement of a fuzzy regular open set is called fuzzy
regular closed.

Definition 2.2. A fuzzy set A of fuzzy topological space (X, 7) is said to be fuzzy regular
semi-open [17] if there is a fuzzy regular open set p such that p < A < cl(u). The
complement of a fuzzy regular semi-open set is called fuzzy regular semi-closed.

Definition 2.3. A fuzzy set A of fuzzy topological space (X, 7) is called fuzzy rw-closed
[17)) if ¢l(A) < p whenever A < p and p is fuzzy regular semi-open. Complement of a
fuzzy rw-closed set is called fuzzy rw-open.

Definition 2.4. A fuzzy set A of a fuzzy ideal topological space (X, 7, I) is called fuzzy
I.,-closed [15] if A* < p, whenever A < p and p is fuzzy regular semi-open. The
complement of a fuzzy I,.,,-closed set is called fuzzy I,.,,-open.

The family of all fuzzy I,.,,-closed (resp. fuzzy I,.,-open) subsets of (X, 7, I) is denoted
by F1,.,-C(X) (resp. FI,.,-O(X)).

The fuzzy I,.,,-closure and fuzzy I,.,,-interior of a fuzzy set \ are respectively, denoted
by I,-Cl(X) and I,.,-Int(\) and is defined as
I~ Cl(A) = M | A < pypp € Fly-C(X)} and
Tr-Int(N) = V{p | A > pu, pp € FI.,-O(X)}.

A fuzzy set A is said to be fuzzy I,,-closed (resp. fuzzy I,,-open) if and only if
I,-Cl(A) = A(@esp. L,-Int(A) = N). Clearly, I,.,-CIl(1 — X) = 1 — I,,-Int()\) and
Low-Int(1 — A) = L.,-Cl(N).

Definition 2.5. [3] A function f : (X, 7,1) — (Y, 0) is called fuzzy continuous if £~ ()
is fuzzy open in X for every fuzzy openset u € Y.

Definition 2.6. [3] A function f : (X,7) — (Y, 0) is called fuzzy open if and only if for
any fuzzy open subset A of X, f(\) € o.

Definition 2.7. [15] A function f : (X, 7,I) — (Y, 0) is called fuzzy I,.,-continuous if
f~Y(n) is fuzzy I,,,-open in X for every fuzzy open set y € Y.

Definition 2.8. [15] A function f : (X,7,I) — (Y, 0) is called fuzzy I, -irresolute if
f~1(u) is fuzzy I,.,-open in X for every fuzzy I,,-open set y € Y.

Definition 2.9. [1] Let (X, 7) be a fts. For A € I, X is called an r-fuzzy rare set if
Int()\) = Ox.

Example 2.10. Let X = {a, b} and a fuzzy set A\ € IX defined as follows: \(a) =
0.7, A(b) = 0.6. Let 7 = {0, 1, A}, be the fuzzy topology on X, a fuzzy set u(= u(a) =
0.6, u(b) = 0.7) of X is fuzzy rare set.



ON RARELY FUZZY I,.,,-CONTINUOUS FUNCTIONS 123

Definition 2.11. Let (X, 7) and (Y, n) be a fts’s. Let f : (X, 7) — (Y, n) be a function.
Then f is called

(1) weakly continuous [2] if for each fuzzy open set pof Y, f~1(u) < Int(f~1(Cl(p))).
(2) rarely continuous if for each fuzzy open set  of Y, there exists an fuzzy rare set
Aof Y with o+ CI(X\) > 1 and a fuzzy open set p of X such that f(p) < uV A\

Proposition 2.2. [1]] Let (X, 7) and (Y, o) be any two fts’s, and f : (X, 7) — (Y, o) is
fuzzy open and one-to-one, then f preserves fuzzy rare sets.

3. RARELY FUZZY I,,,-CONTINUOUS FUNCTIONS

Definition 3.1. Let (X, 7) and (Y, o) be a fts’s, and f : (X, 7) — (Y, n) be a function.
Then f is called
(1) rarely fuzzy rw-continuous if for each fuzzy open set p of Y, there exists an fuzzy
rare set A of Y with o + CI()) and a fuzzy rw-open set p in X such that f(p) <
VoA
(2) rarely fuzzy I,,,-continuous if for each fuzzy open set p of Y, there exists an fuzzy
rare set A of Y with u+C1(\) and an I,.,,-open set p of X, such that f(p) < pVA.

Remark. Every rarely fuzzy rw-continuous function is rarely fuzzy I,.,-continuous but
converse need not be true.

Example 3.2. Let X = {a, b, ¢, d},andY = {p, ¢, r, s} and the fuzzy sets a, 3, 7, 0, A
are defined as follows:

ala) = 0.5, a(b) = 0.4, alc) = 0.6, a(d) =0.4

Bla) = 0.4, B(b) = 0.6, B(c) = 0.4, B(d) =05

v(a) = 0.5, v(b) = 0.6, y(c) = 0.6, v(d) = 0.5

d(a) =04, §(b) =0.4, §(c) =0.4, 6(d) =04

A(p) = 0.5, M(q) =0.6, A(r) =04, A(r) =0.5

LetT = {0x, 1x, a, B, 7, 6} and o = {0, 1, A} be fuzzy topologies on X and Y respec-
tively and I = P(X) be the fuzzy ideal on X. Then the mapping f : (X, 7, I) — (Y, o)
defined by f(a) = p, f(b) = q, f(c) = r and f(d) = s is rarely fuzzy I,,,-continuous
but not rarely fuzzy rw-continuous, since A be fuzzy open set in Y and p be a fuzzy rare
set defined by u(p) = 0.5, u(q) = 0.4, u(r) = 0.6, pu(s) = 0.5 with A+ Cl(u) > 1 and a
fuzzy I,.,-closed set p(= \) of X such that £(0.5,0.6,0.4,0.5) < (0.5,0.6,0.6,0.5) but
p is not fuzzy rw-closed set.

Definition 3.3. Let (X, 7) and (Y, o) be a fts’s, and f : (X, 7) — (Y, n) be a function.
Then f is called weakly fuzzy I,,,-continuous if for each fuzzy I,,,-open set p of Y,
1) < Int-(f7H(CU())).

Definition 3.4. [15] A fts (X, 7) is said to be fuzzy I.,,-T; /o-space if every I,.,-open set
A is fuzzy open set.

~—

Proposition 3.1. Ler (X, 7) and (Y, o) be any two fuzzy topological spaces. If f :
(X, 1) = (Y, o) is both fuzzy I..-open, fuzzy I.-irresolute and (X, 7) is Iry-T1 /2
space, then it is weakly I,.,,-continuous.

Proof. Let X be a fuzzy open set in X. Since f is fuzzy I,,-open f()\) of Y is I,.,,-open.
Also, since f is fuzzy I,.,-irresolute, f~(f(\)) in X is fuzzy I,.,-open set. Since (X, 7)
is fuzzy I,,,-T} /> space, every fuzzy I,.-open set is fuzzy open set, now, f~'(f(}\))
is fuzzy open. Consider f~1(f(\)) < f~Y(CIL(f()\))) from which Int(f=1(f(\)) <
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Int(f~H(CIU(f(N))))- Since f~(f(N)) is fuzzy openin X, f~1(f(A)) < Int(f~H(CI(f(N)))).

Thus f is weakly fuzzy I,.,,-continuous. (]

Definition 3.5. [15] A collection {)\; : i € A} of fuzzy I,,-open sets in a fuzzy ideal
topological space (X, 7, I) is called a fuzzy I,.,,-open cover of a fuzzy set p of X if

w<U{N\:i€en}l
Definition 3.6. [15] A fuzzy ideal topological space (X, 7, I) is said to be fuzzy I,.,-
compact if every fuzzy I,.,-open cover of X has a finite subcover.

Definition 3.7. [13] A fuzzy set u of a fuzzy ideal topological space (X, 7, I) is said to
be fuzzy I,.,,~compact if for every collection {); : i € A} of fuzzy I,.,,-open subsets of X
such that o < [J{\; : ¢ € A} there exists a finite subset Ao and A such that u < {); : 7 €
/\Q}.

Definition 3.8. [15] A crisp subset u of a fuzzy ideal topological space (X, 7, I) is said
to be fuzzy I,.,,-compact if u is fuzzy I,.,,-compact as a fuzzy ideal subspace of X.

Definition 3.9. A fts (X, 7) is said to be rarely fuzzy I,.,,-almost compact if every fuzzy
I,.,-open cover {\; € X, \; is fuzzy I,,-open, i € J} of (X, 7), there exists a finite
subset Jo of J such that \/,_ ; \; V p; = 1 where p; € X are fuzzy rare sets.

Proposition 3.2. Let (X, 7,1) and (Y, o) be any two fis’s, and f : (X, 7,1) — (Y, o)
be rarely fuzzy I,.,-continuous. If (X, 7) is fuzzy In-compact then (Y, o) is rarely fuzzy
I -almost compact.

Proof. Let {\; € Y, i € J} be fuzzy I,,-open cover of (Y,o). Then 1 = Ve \;.
Since f is rarely fuzzy I,.,,-continuous, there exists an fuzzy rare sets p; of Y such that
Ai+Cl(p;) > 1 and an fuzzy I,..,-open set u; of X such that f(u;) < \;Vp;. Since (X, 1)
is fuzzy I,.,,-compact, every fuzzy I,.,,-open cover of (X, 7) has a finite sub cover. Thus
1< VieJoMi- Hence 1 = f(l) = f(viEJo/Ji) = viEJof(/J'i) < \/iEJU)‘i Vv pi. Therefore
(Y, 0) is rarely fuzzy I,.,,-almost compact. |

Proposition 3.3. Let (X, 7.1) and (Y, o) be any two fis’s, and f : (X, 7,1) — (Y, o)
be rarely fuzzy rw-continuous. If (X, 7) is fuzzy I,.,-compact then (Y, o) is rarely fuzzy
I-almost compact.

Proof. Since every rarely fuzzy rw-continuous function is rarely fuzzy I,.,,-continuous,
then proof follows immediately from the Proposition 3.2] O

Proposition 3.4. Ler (X, 7,1), (Y, 0,J) and (Z, n) be any fis’s. If f - (X, 7,I) —
(Y, o,J) be rarely fuzzy I..,-continuous, fuzzy In,-open and g : (Y, o,J) — (Z, n) is
fuzzy open and one-to-one, then go f : (X, 7,1) — (Z, n) is rarely fuzzy I..,-continuous.

Proof. Let A be a fuzzy open set in X. Since f is fuzzy I,.,-open f(\) in Y with f()) is
fuzzy open. Since f is rarely fuzzy I,,,-continuous, there exists an fuzzy rare set p in Y’
with f(A\)+Cl(p) > 1 and an fuzzy I,,,-open set 1+ in X such that f (1) < f(\)Vp. By the
proposition[2.2] g(p) in Z is also an fuzzy rare set. Since pof Y is such that p <  for all y
of Y with «y is fuzzy open in Y, and g is injective, it follows that (go f)(A\)+Cl(g(p)) > 1.

Then (go f) () = g(f(1)) < g(f(N)Vp) <g(f(N)Valp) < (g0 f)(N)Vg(p). Hence
the result. Il

Proposition 3.5. Ler (X, 7,1), (Y, o0,J) and (Z, n) be any fts’s. If f : (X, 7,I) —
(Y, o0,J) be fuzzy I.,-open, onto and g : (Y, o,J) — (Z, n) be a function such that
go f: (X, r,I) — (Z, n) is rarely fuzzy I,.,-continuous, then g is rarely fuzzy I .-
continuous.
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Proof. Let A be fuzzy set in X and p be a fuzzy set in Y be such that f(\) = u. Let
(g o f)(A) = v in Z with ~ is fuzzy open. Since (g o f) is fuzzy I,.,-continuous, there
exists a rare set p in Z with v + Cl(p) > 1 and an fuzzy I,.,,-open set § in X such that
(go f)(8) <~V p. Since f is fuzzy I,,-open, f() is an fuzzy I,,,-open setin Y. Thus
there exists a fuzzy rare set p of Z with v + Cl(p) > 1 and an fuzzy I,.,,-open set f(d) in
Y such that g(f(8)) <~V p. Hence g is rarely fuzzy I,.,,-continuous. O

Proposition 3.6. Ler (X, 7,1) and (Y, o) be any two fuzzy topological spaces. If f :
(X, 1,1) = (Y, o) is rarely fuzzy I,-continuous and (X, 7, 1) is fuzzy I.,-T 2-space,
then f is rarely continuous.

Proof. The proof is trivial. (I

Definition 3.10. A fts (X, 7) is said to be rarely fuzzy I,.,,-T>-space if for each pair A, u
of X with \ # p there exist fuzzy I,.,-open sets p1, p2 in X with p; # p and a fuzzy rare
set y of X with p; +Cl(y) > 1 and p2 + Cl(y) > 1suchthat A < p; Vyand u < pa V1.

Proposition 3.7. Let (X, 7,1) and (Y, o0,J) be any two fuzzy topological spaces. If
f:+ (X, r,I) = (Y, o) is fuzzy I-open and injective and (X, 7,1) is rarely fuzzy
I..,-Ts space, then (Y, o) is also a rarely fuzzy I,..,-T> space.

Proof. Let A and p be a fuzzy set of X with A\ # . Since f is injective, f(\) # f(u).
Since (X, 7,I) is rarely fuzzy I,.,,-T>-space, there exist fuzzy I,.,,-open sets p1, ps in X
with p; # pe2 and a fuzzy rare set v in X with p; + Cl(v) > 1 and p2 + Cl(y) > 1
such that A < p; Vyand p < po V. Since f is fuzzy I.,-open, f(p1), f(p2) inY
are fuzzy I,.,,-open sets with f(p1) # f(p2). Since f is fuzzy I,.,,-open and one-to-one,
f() is also an fuzzy rare set with f(p1) + Cl(y) > 1 and f(p2) + Cl(~y) > 1 such that
FA) < f(p1Vvy)and f(p) < f(p1 V7). Thus (Y, o, J) is rarely fuzzy I,.,,-Ts-space. O
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