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STABILITY OF FINITE VARIABLE QUARTIC FUNCTIONAL EQUATION IN
CLASSICAL METHODS

K. TAMILVANAN, K. LOGANATHAN* AND G. BALASUBRAMANIAN

ABSTRACT. In this work, we investigate the Hyers-Ulam stability by using direct and
fixed point methods for the quartic functional equation
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for positive integer p > 3.

1. INTRODUCTION

The stability problem of a functional equation became first posed by way of Ulam [13]]
regarding the stability of group homomorphism which become responded by means of
Hyers [6] for Banach spaces. Hyers theorem became generalized through Aoki [2] for
additive mapping and through Rassias [[L1] for linear mappings by using considering an
unbounded Cauchy difference. Rassias [[11]] has provided plenty of have an impact on in the
improvement of what we name generalized Hyers-Ulam stability of functional equations.

A generalization of the Th. M. Rassias theorem became acquired with the aid of P.
Gavruta citedthrough replacing the unbounded Cauchy difference by using a wellknown
control function within the spirit of Rassias technique. Won-Gil Park and Jae-Hyeong Bae
citel1, delivered the subsequent functional equation

flx+2y) + f(z —2y) =4f(x +y) +4f(x —y) + 24f(y) — 6f(2) (1.1)

and that they mounted the general solution of the functional equation (II)). It is straightfor-
ward to look that the function f(x) = z* is a solution of the functional equation (refl.1).
Therefore, it is natural that (T.I) is referred to as a quartic functional equation and each
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solution of the quartic functional equation is stated to be quartic mapping. Numerous au-
thors are inspect the stableness for the functional equations in banach and numerous spaces
which offers an concept to develop this paper ( see [1} 13,4} 16l 7, 9, [10L [12] ).

The aim of this paper is to obtain the Hyers-Ulam stability by using direct and fixed
point methods for the quartic functional equation
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for positive integer p > 3 in Banach space.
Theorem ( Alternative of fixed point): Suppose that for a complete generalized metric
space (A,d) and a strictly contractive mapping I' : A — A with Lipschitz constant L.
Then, for each given element u € A either
B1) d(T?u, T y) = +00 Vi >0, or
(B2) There exists natural number 7 such that
i) d(Tu, T y) < 0o Vi > ig;

ii) the sequence (I"“u) is convergent to a fixed point v* of T;

iii) v* is the unique fixed point of I" in the set B = {v € A;d(I"u,v) < co};

iv) d(v*,v) < 22d(v,Tv) Vv € B.

Consider E be a normed space and F' be a Banach space. For notational handiness, we
define a function ¢ : E — F by

p P
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for all vy, vy, -+ ,v, € E.

2. STABILITY RESULT FOR ((1.2]) IN BANACH SPACE USING DIRECT METHOD

Theorem 2.1. Leti € {—1,1}. Let ( : EP — [0, 00) be a function such that

ZOO C(Q ’U12 ’U2, -,2T7'Up)
r=0 24ri

converges in R and
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If ¢ : E — F be a function fulfils
||D¢(Ulav23”'7vp)||§C(v1;v2a"'avp) Vvlvv23”'7vp€E; (22)

=0 Vov,vg,--,v,€E. 2.1
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then there exist a unique quartic function Q4 : E — F which fulfils (I.2) and

o0

o)~ Quw)l < 1 > U2 @3)

1—1i
2

where v(v) = ((v,0,---,0) Vv € E. The function Q4 is given by
Qs(v) = lim $(2"v)

r—oo  4ri

r=

Vo € E. 2.4)

Proof. Assume that ¢ = 1. Replacing (v1, va,- -+ ,vp) by (v,0,---,0) in (2.2)), we get

1166 (v) — ¢(20)]| < ¢(v,0,---,0) Vv € E. (2.5)
It follows from (2.3) that
2

122 o)) < rc(w.0.-.0) vwe B, 26)

Switching v through 2v and dividing by 2% in (2.6), we arrive
$(2%v)  ¢(2v)
e _ o2

Adding (2:6) and (2.7), we have
HCZS(;?U) — ()| < 1 <C(Ua07"' ,0) + C(Qv,(),4,0)> Vo e E.

1
I < ﬁC(Q’U,O, -+-,0) YveE. (2.7)

< 5

2
In general for any integer s > 0, one can easy to verify that
»(2°v) "v)
| ois — ()| < 4 24r Yv e E. (2.8)

#(2

In order to show the convergence of the sequence { o1 v }, replacing v by 2'v and dividing

24 in ( . for s,t > 0, we get
d(25Ttw)  B(2%) 1 = v(2" )
[ 1< o Z
7—0

od(st8) ofv 21(r1D) —>0 as t — 00 (2.9)

for all v € E. Therefore, {4’224 f)} is a Cauchy sequence. As F' is complete, there exists a

mapping (4 : E — F such that

Qa(v) = lim ¢(224$v) Vv € E.

Passing s — oo in (2.8) we see that (2.3) holds for v € E. To show that Q4 fulfils (T.2),
switching (v1, v, ,vp) by (2%, 2t -+, 2%) and dividing 2 in (2.2), we arrive

24ti|Q4( ,07275,1],.” ) )” — 24t (Qtv 2t ’ztv) v’Ul,’UQ,"' ) Up €L
Letting ¢ — oo in above inequality and using the definition of Q4(v) , we see that
Q4(v1,v2,--- ,vp) = 0. Hence Q4 satisfies (1.2) for all v € E. To show that Q4 is

unique. Let Ry be the another quartic mapping fulfilling (I.2) and (2.3), then
[Qa(v) — Ra(v)]| < 24t{||Q4(2t v) = (2] + 9(2"v) — Ra(2'))|1}

1 v 2T+t
3—4 e —>Oast—>oo
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for all v € E. Hence ()4 is unique. Similarly, we can derive the stability results for
1= —1. O

Corollary 2.2. Let a and b be a non-negative real numbers. Let ¢ : E — F be a function
Sfulfilling

a,
||D¢<’U1,U2,U3,-~- ’UP)H < qal §')=1ijl|b)a
a([T7— losl1” + 225y Hlv;1[7*),
forall vi,va,--- v, € E. Then there exists a unique quartic function Q4 : E — F such
that
a
M
16() = Qu()ll < { ptpyi b A4,
P
Igzll‘zlglpb‘ 5 b 7é %7
forallv € E.

3. STABILITY RESULT FOR (1.2]) IN BANACH SPACE USING FIXED POINT METHOD

Theorem 3.1. Let ¢ : E — F be a mapping for which there exists a function ¢ : EP —
[0, 00) with the condition

(7501, 7502, -+, T50p)

=0 3.1)

limy oo

where

such that the functional inequality
[[Dp(v1, v, vp)|| < ((v1,v9, 0 ,vp)  Vor,va,--+ v, € E. (3.2)
If there exist L = L(0) such that the function

UHT(”U):C(E o,m,o)

2 bl
has the property,
1
%T(Tgv) =LY(v) YveE. (3.3)
Then there exists a unique quartic function Q4 : E — F fulfilling (I.2) and
L1—6
I6(0) - Q| £ T T () (3.4)

holds for allv € E.

Proof. Suppose d = {s/s: E — F,s(0) = )} and define the generalized metric on ®.
d(s,t) = inf {r € (0,00) : ||s(v) — t(v)|| < rY(v),v € E}. It is easy to see that (P, d)
is complete. Define ¥ : & — & by

1
Us(v) = s s(msv) Vv e ®.
75
Now s,t € P,

d(s,t) <r=||s(v) —t(v)|]| <rT(v) YveE.
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= ||i43(7'5v) - %t(rgv)ﬂ < %Tr(ﬂsv) Yv € E.
75 Ts 75
= [|Ts(v) — Ut(v)|| < rY(v) Yo € E.
= d(Us, Ut) <rL.
This implies d(¥s, ¥t) < Ld(s,t) Vs,t € ®. (i,e.,) ¥ is strictly contractive mapping on
with Lipschtiz constant L. Switching (vq, v, -+ ,vp) by (v,0,---,0) in , we obtain

[lp(20) — 16¢(v)|| < ((v,0,---,0) Vv € E. (3.5)
It is follows from (3.3)) that
¢(2’U) C(U, 07 e 70)
lé(v) = =5l < T Vv e E. (3.6)
Utilizing for & = 0, we have
o) - 220 <x(0) woer.

i, d(p, Vo) <1=d(p,¥¢)<1=L=L"<oc.
Again interchanging v = § in (3.3) and (3.6), we get

l6(e) =160 (5) | < ¢ (5.0.--.0)

and
v v
l|lé(v) — 16¢ (§)|\gg<§,o,--- ,0) Vo€ E. 3.7)
Utilizing (3.3) for § = 0, we have
o) - 2y < pr) wer, (3.8)

(.e.) d(¢,¥p) < 1= d(p,¥¢p) < 1= LY < cc. In above case, we arrive
d(¢, Ug) < L'
Therefore, (Ba(i))holds. By (Ba(ii)), it follows that there exists a fixed point Q4 of ¥ in
FE, such that
¢(75v)

4r
Ts

Qa(v) = lim, Vv € E. (3.9)

In order to prove Q4 : E — F'is quartic. Interchanging (vi, va, - - - , vp,) through (75 vy, 7§ vo, - - -
{3

in (3.2) and dividing by 7", it follows from (3.1 and (3.9), we see that Q4 fulfils (1.2) for
12). B

all v1,ve,--- ,v, € E. Hence Q4 fulfils ( y (Ba2(ii1)), Q4 is the unique fixed point
of Uinthe set, F = {¢ € ®;d(V¢,Q4) < oo}. Utilizing the fixed point alternative result,
(24 is the unique function such that,

llo(v) — Qs(v)|] < rY(v) Vv e E,r>0.
Finally, by (Bz(iv)), we reach

1
(6, Q1) < T—7d(6,9)

1-5
(ie.) d(6,Q0) < T—-
Hence, we conclude that
L175
I6() = Q)| < {—7T(0) Vwe E.
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Corollary 3.2. Let ¢ : E — F be a mapping and there exists a real numbers a and b such
that
a,
IDd(vr, vz, vp)l] <  al32h_y [lvi][°),

(Tl v 11 + 3251 1l 1),

or all v1,vs,- -+ ,v, € E. Then there exist a unique quartic function Q4 : E — F such
p
that
a
5]
_ < ) allvll” . b4
l[p(v) — Qa(v)]| < |24,2bLa )
P
el b L
forallv € E.

Proof. Setting
a7
Cor, 02, ,vp) < Qa0 [|vs]]%),
a(TT7 [lojl* + 3252, v 1P*),
for all vy, v2, -+ ,v, € E. Now

Ts
TTy I esll?® + X0y v P}

as r — 00,
as r —» 00,

I
7_57‘)
TIUL, TEvVe, -+ , TV
oo e, ’5“<{%é2§1gw%,
0
0
0

as r — 00,
i.e., (3.5) is holds. But we have T (v) = ¢ (%, 0,--- ,O). Hence
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(),
for all v € E. Hence the inequality (T.2) holds for
L=2"%if0=0 and L= 5 if6=1.
L=2"% for b<4if6=0 and L=z~ for b>4ifd=1.
L=2""% for b<2if6=0 and L= g= for b>2ifd=1.
Now, from (3.3)) we prove the following cases:
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Casel:L = 2%if§ = 0.

1-6 —4) a
||¢( )_ ( )|<L LT(U):1(32—4GZE~
Case2:L = == if 6 = 1.

16(v) = Qa(v)]| < ELT(v) = ra = 72
CaseS:L:24forb<4 f6: )

16(0) — Qa(v)]] < Ep Y (v) = 12y 2Ll — alloll
Cased:L = 5 forb > 4if § = 1.

(v) = —1 aIIva _ al]®
R E——— 2024

l[p(v) — Qa(v)
Case5:[ = 2P0~ 4forb< S ifo=0.

pb—4 pb pb
g (v) — <>||f1L (v) = s A2 = 2l

Case6:L = W for b > ; if 6 = 1.

-5 b b
[6(0) = Qu(v)l| < F=7 T(v) = == = = g,
2Pb—
Hence the proof. g
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