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HESITANT ANTI-INTUITIONISTIC FUZZY SOFT COMMUTATIVE IDEALS
OF BCK-ALGEBRAS

G. MUHIUDDIN*, AHSAN MAHBOOB AND M. BALAMURUGAN

ABSTRACT. In this paper, the notions of hesitant anti-intuitionistic fuzzy soft
BCI-commutative ideals of BC'I-algebras and hesitant anti-intuitionistic fuzzy soft sub-
commutative ideals of BC K -algebras are introduced and their related properties are in-
vestigate. Relations between a hesitant anti-intuitionistic fuzzy soft ideals and hesitant
anti-intuitionistic fuzzy soft BC'I-commutative ideals are discussed. Conditions for a hes-
itant anti-intuitionistic fuzzy soft ideal to be a hesitant anti-intuitionistic fuzzy soft BC'I-
commutative ideal are provided. Finally, it is proved that a hesitant anti-intuitionistic fuzzy
soft p-ideal is a hesitant anti-intuitionistic fuzzy soft sub-commutative ideal in a BCK-
algebra.

1. INTRODUCTION

Zadeh in 1965, [40] put forward his idea of fuzzy set theory which is
considered to be the most suitable tool in overcoming the uncertainties. The concept of
fuzzy set was suggested to achieve a simplified modeling of complex systems. The appli-
cation of basic operations as direct generalization of complement, intersection and union
for characteristic function was also proposed as a result of this idea. This theory is con-
sidered as a substitute of probability theory and is widely used in solving decision making
problems. Later this "Fuzziness” concept lead to the highly acclaimed theory of Fuzzy
Logic. This theory has been applied with a good deal of success to many areas of engi-
neering, economics, medical science etc.

After the invention of fuzzy sets many other hybrid concepts begun to develop. Atanassov
[I8], in 1983, generalized the fuzzy sets by presenting the idea of intuitionistic fuzzy sets,
a set with each member having a degree of belongingness as well as a degree of non-
belongingness. Although, fuzzy set theory is very successful in handling uncertainties
arising from vagueness or partial belongingness of an element in a set, it cannot model
all sorts of uncertainties prevailing in different real physical problems. Thus search for
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new theories has been continued. As a result two new theories; rough set theory and the-
ory of interval mathematics were also introduced to deal with uncertainties. In daily life,
conventional methods are not efficacious for solving difficult problems.

Imai and Iseki [12| [13], in 1966, considered the properties of set difference and pre-
sented the idea of a BC'K-algebra. Iseki, in the same year, generalized BC K -algebras
and presented the notion of BC'I-algebras. BC K -algebras are inspired by BC K logic.
Torra [39] introduced the concept of hesitant fuzzy set as one of the extensions of Zadehs
fuzzy set allows the membership degree of an element to a set presented by several pos-
sible values, and it can express the hesitant information more comprehensively than other
extensions of fuzzy set. Jun et al. [16] proposed hesitant fuzzy set theory applied to
BCK/BC1T-algebras. Jun [14] introduced doubt fuzzy BC K /BCI-algebras. Muhiuddin
et al. [29[32][33][36]) introduced the various concepts are applied to BC'K/BCI-algebras.

Molodtsov [28] pointed out that due to insufficiency of parametrization tool, the theories
like, the probability theory, the fuzzy set theory, the theory of interval mathematics are
difficult to apply. He solved this problem by presenting the idea of soft set theory. This
theory is extensively used in many different fields. Soft set theory was primarily based
on parametrization of tools. In dealing with uncertain situations, fuzzy set theory was
perhaps the most appropriate theory till then. But the main difficulty with fuzzy sets is
to frame a suitable membership function for a specific problem. The reason behind this
is the inability of the parametrization tool of the theory. Soft set theory is considered to
be the one of the most reliable method for dealing with uncertainties. This theory is a
classification of elements of the universe with respect to some given set of parameters. It
has been proved that soft set is more general in nature and has more capabilities in handling
uncertain information.

Maji et al. [26]] introduced the concept of soft set theory. Also, he defined some new
operations. Maji et al. [24} 25 1277]] proposed intuitionistic fuzzy soft sets as a generalization
of the standard fuzzy soft sets. Jun et al. [19]] generalized soft set theory applied to ideals in
d-algebras. Jun [[15] was the first who applied the idea of soft sets to BC'K/BCI-algebras.
He presented the idea of soft subalgebras and soft BC K /BC1I-algebras. Jun et al. [20]
introduced fuzzy soft set theory applied to BC K /BCI-algebras.

Babitha et al. [9] defined another important soft set, hesitant fuzzy soft set. They
introduced basic operations such as union, intersection, complement, and De Morgans law
was proven. Alsheri et al. [6] introduced new types of hesitant fuzzy soft ideals in BC K-
algebras. Alsheri et al. [[7] first come out with the idea of hesitant anti-fuzzy soft set in
BC K -algebras. Balamurugan et al. [[10] introduced translations of intuitionistic fuzzy soft
structure of B-algebras. They defined an intuitionistic fuzzy soft subalgebras, intuitionistic
fuzzy soft ideals, and intuitionistic fuzzy soft a-ideals of B-algebra. Balasubramanian et
al. [11]] studied generalizations of (€, € Vq)-anti intuitionistic fuzzy soft subalgebras of
BG-algebras. Some researchers used Doubt instead of Anti (see [4}15]). Muhiuddin et al.
[L}130] introduced normal unisoft filters in Ry-algebras. Jun et al. [[18] developed concave
soft sets, critical soft points, and union-soft ideals of ordered semigroups. Muhiuddin
et al. [31] 35] discussed the cubic soft sets with applications in BCK/BCT-algebras
and subalgebras of BC' K /BCI-algebras based on cubic soft sets. Muhiuddin et al. [34]]
introduced the concept of N-soft p-ideal of BC'I-algebras.

For more details of BC' K/ BC'I-algebras and related study with this topic, the reader is
referred to [4, (5, 21}, 122, 231137, [38]].
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The work carried out in this paper is organized as follows: section 2 summarizes
some definitions and properties related to BC' K /BCI-algebras which are needed to de-
velop our main results. In section 3, the notion of hesitant anti-intuitionistic fuzzy soft
BCT-commutative ideals of BC'I-algebras and associated results are studied. In section
4, the concept of hesitant anti-intuitionistic fuzzy soft sub-commutative ideals of BC' K-
algebras and related properties are investigated.

2. PRELIMINARIES

An algebra (X; *, 0) of type (2, 0) is called a BC'I-algebra if it satisfies the following
axioms for all x, y, z € X,
(C1) ((@xy)* (2% 2)) % (2 xy) = 0;
(Co) (% (x )+ y = 0;
(Cy) xa =0;
(Ch)zxy=0andy*xz=0=2=1y;
(C5)xx0=0=2=0.
In a BC'I-algebra, a partial ordering “ < is demarcatedas z < y = xz xy = 0.

Moreover, in a BC'T -algebra the succeeding axioms hold:

Co)0x (xxy) = (0%x)*(0xy)

C10) 0% (0 (z xy)) = 0x (y * x)

(C) (zxy) x (x5 2) < (2xy)

forallx,y, z € X.

If a BC'I-algebra X satisfies 0 * x = 0 for every z € X, then X is a BC K -algebra.

(Ce
(
(C’g)x<y:>x*z<y*zandz*y<z*x
(
(

Let X be a BCI-algebra. A nonempty subset I C X containing 0 is called
e anideal of X if x xy € I and y € I whenever z € [.
e ap-ideal of X if (x % 2z) x (y* z) € I and y € I whenever x € I.
e a BCI-commutative ideal of X if (z * y) * 2 € I and z € I whenever x * ((y *

(y @)+ (0% (0 (zxy)))) € L.
o asub-commutative ideal of X if (y* (y*(x*(z*y))))*z € [ and z € I whenever

(xx(xxy)) el
An ideal I of a BC'I-algebra X is termed as closed if 0 x x € I, forall z € I.

Definition 2.1. A fuzzy set on a nonempty set X is a function h : X — [0, 1].

Definition 2.2. Let E be a reference set. A hesitant fuzzy set on E is defined in terms of a
function that when applied to E returns a subset of [0, 1] which can be seen as the following
mathematical representation: Hg = {(e, hg(e)) | e € E}, where hg : E — P([0,1]).

Definition 2.3. Let X be a primary universe set and let E act as a set of factors. Let F(X)
denotes the set of all fuzzy sets in X. Then (F, A) is called a fuzzy soft set over X and
A C E,where F: A — F(X).

Definition 2.4. Denote by HF(X) the set of all hesitant fuzzy sets. A couple (H,A) is
called a hesitant fuzzy soft set over a reference set X, where H : A — HF(X).

Definition 2.5. A HF'SS (H, A) is called a hesitant anti-fuzzy soft ideal (HAFST) of
X if H[§] = {(z, hjz5(2) | 2 € X and § € A} satisfies the following conditions:
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@) hf{[ ( )< hH[g]( )
(i) hm5]( z) < hg(@=y) vV hgs ),
for every x,y € X.

3. HESITANT ANTI-INTUITIONISTIC FUZZY SOFT BCI-COMMUTATIVE IDEALS

In this section, hesitant anti-intuitionistic fuzzy soft BC'I-commutative ideals (briefly,
HAIFSpc;Cls) of BC-algebras are defined. Throught this section, X will stand for a
BC K-algebra.

Definition 3.1. Denote by HIF(X) the set of all hesitant intuitionistic fuzzy sets. A pair
(H, A) is called a hesitant intuitionistic fuzzy soft set over a reference set X, where H :
A — HIF(X).

Definition 3.2. A HIFSS (H, A) is called a hesitant anti-intutionistic fuzzy soft BCI-
commutative ideal (briefly, HAIFSpc;CI) of X if H[o]
={(x, h1y,, (@), hay , ()] 2 € X and § € A} satisfies the following conditions:

(i) th[5 (0) < th[g]( ) and hZH[a]( ) = haj [5]( ),
(i) Por gy (2 o+ ((y * (y . 2)) + (0% (0% (25 9))))) < ha gz (2 5 y) % 2) V ha gr5(2)s
(iii) ho g (@ % ((y* (yx2)) % (0% (0% (2 %9))))) > ha (% y) * 2) Ao gg5(2),
forevery z,y € X.

Example 3.3. Consider a BClI-algebra X = {0, 1, 2, 3} with Cayley table.

W —=| O] *
W= O
N =O O =
W OO
O —= O] W

Define a HIFS H[6] = (h1 gr15)(2), P2 157 (%)) in X as follows:

h1 115)(0) = ha jg15)(3) = 0, ha g5 (1) = ha g 57(2) = x
and

hzg[a] (0) = hzg[g] (3) = 17h2]:][5](1) = h2f1[5] (2) =1,
where x,v € (0,1) and x + v < 1.
By routine calculation it is easy to verify that H [0]isa HAIFpcCI of X.
Hence (H,A)isa HAIFSpciCI of X.

Proposition 3.1. Any HAIFSgc;C1 of X is order-preserving.

Proof. Let (I§LA) bea HAIFSpc;CI of X. Let§ € A and z,y,z € X be such that
<y = xxy=0,then

ha s (@ ((y = (y = x)) = (0 (0 (z % y)))))

< h s (@ xy) * 2) V ha gy (2)

= h115 (0% 2) V ha jy15(2)

= h1g715(0) V D1 147 (2)
(

= th[(S] Z)
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Putting y = 0 and z = y, we get hy 6] (x) < hlg[é] (y). Also, we have
ha g1y (@ 5 ((y * (y * ) % (0% (0% (z % y)))))
2 ha g5 ((x % y) % 2) A ha g (2)
= ha 15 (0% 2) A ha jy15(2)
= h2 g715)(0) A b g1 (2)

= th[[s](Z)
Again, putting y = 0 and z = y, we get ha 715 (%) = ha g5 (¥)- O
Lemma 3.2. Let (H, A) be a HAIFSI of X. If x %y < z holds in X, then hi gy (@) <

h sy (W) V hags(2) and ho g (@) 2 ha g (Y) A he s (2).

Lemma 3.3. Let (H, A) be a HAIFSI of X. If x < y holds in X, then h1 g1y (@)
ha s (y) and ha 1) () = D2 s (y).

Proposition 3.4. If (H, A) be a HAIFSpcrCI of X, then (H, A) be a HAIFSI of X.

Proof. Let (H, A)be a HAIFSpcCI of X. Then for every § € Aand x,y,z € X, we
have

N

ha s (%) = ha grps) (2 % ((0 % (05 2)) * (0% (0% (2 0)))))
< th[5]((x x0) x 2) V th[é](z)
< higps(x*2) V ha g (2)
and
hafigs (€)= ha gy (@ (0% (0% 2)) # (0% (0% (x 0)))))
= ha g5 (2% 0) % 2) V ha g5 (2)
= hagis)(@ % 2) V ha g (2).
Hence (H,A)isa HAIFSI of X. 0

Theorem 3.5. Let (ﬁ ,A)be a HAIFSI of X. Then the following are equivalent:
(1) (H,A)isan HAIFSpcCI of X.
(2) B gy (@5 (g5 () 5 (0% (05 (25 9)))) < I gy ((259) 62) VR
By (@ ((y % (5 .2)) % (0% (0% (5 ))))) > ha g (2 5 9) % 2)
(3) Ifx <y, then hygg(x* ((y*(y*z))* (0
2) V h s (2) and ha s (z % ((y = (y * 2)) * (0% (0 % (z + y))))
y) *z) Nhags(2), forallz,y, z € X and § € A.
Proof. (1) = (2). Let (H, A) be an HAIFSpc;CI of X. Then z,,2 € X and § €
A, by s (@ ((y = (y+ 2)) * (0% (0% (2% y))))) < ha gy (@ % y) * 2) V ha gg57(2) and
ha i) (@ ((y* (y*+2)) * (0% (0% (xxy))))) = h2 g5 (2 *y) *2) Ah2 g5 (2). By putting
z =0, we get
o (2% (9 % () 5 (05 (0% (5 ) < oty (2 5 ) % 0) V o 5 (0)

and
ha gy (@ * ((y * (y * @) * (0% (0% (% y))))) = ha g5 ((x *y) % 0) A hag5(0),
i€ b g (@ ((y = (y @) * (0% (0% (z+y))))) < hags(@*y)
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and

ha gy (@ ((y * (y * 2)) % (0% (0% (% y))))) = ha g5 (z *y).
(2) = (3). Let

B gy (@ % ( (u ) % (0% (0% (2% 9) < higlasy) G
and

B gy @ * (g% ()« (0% (0% (2% 9)) = hagrg(axy). ()

Since (y * (y x x)) * (0% (0+ (z xy))) = (y* (y*x)) * (0 (zxy)) <y by Co
and C1q) implies z xy < z* ((y x (y*x)) * (0% (0% (x xy)))). Then by Lemma 3.4, we
have

ha sy (% ((y o+ (y + 2) * (0% (0% (z % 9))))) = ha gy (2 * y) (3.3)
and
ha s (@ * ((y = (y = 2)) % (0% (0% (z % y))))) < hagpsy(z*y). (3.4)
From (3:1), (3:3), (3:2) and (3:4), we get
ha s (@ ((y o+ (y x 2)) % (05 (0% (2 % y))))) = ha ﬁ (((zxy) *2) V higs(2)
and ha g5 (@ % ((y * (y * @)+ (0 (0 (% y))))) = ﬁ;g]((l’*y) *2) N ha s (2)-
(3) = (1). Let
ha s (@ ((y o+ (y % @) (05 (0 (2 %)) = ha g (5 y) % 2) V hajgp(2) 3.5)
and
ha s (@ ((y o+ (y x 2)) 5 (05 (05 (2% y))))) = ha g (25 y) * 2) Aha gy (2),

(3.6)
forall z,y,z € X and 6 € A.
Since (x * y) * ((x * y) * z) < z, therefore by Lemma 3.5,
hi gy (@ +y) < Py (@ % y) % 2) V b gie(2) 3.7)
and
ha 15 (@ % y) = ha g5 (2 % y) x 2) A hags(2). (3.8)

From (3:1), (3-7).(3:2) and (3:8), we have

B gy (5 (5 (g% ) % (05 (0% (2% 9))))) < Bt g (@ % ) 5 2) V D g (2)
and

sy (@ ((y (9% @) 5 (05 (0% (2% 9))))) = ha sy (@ %) % 2) A ha g (2).
Therefore, H[6] isa HAIFpcrCI of X. Hence (H, A)isa HAIFSpc;CTof X. O
Definition 3.4. A HIFSS (H, A) is called a hesitant anti-intutionistic fuzzy soft closed

BCI-commutative ideal (briefly, HAIFSCpc;CI) of X if H [0] =
{(z h1yy (@), hay (@) | © € X and 6 € A} satisfies the following condtions:

() Py gy (2 (g (y % 2)) % (0% (0% (2% y))))) < b gy (€5 y) % 2) V g (2),

]
() P gy (25 (y # (y @) 5 (0 (0% (25 )))) 2 bz gy (@ 5 y) #2) A bz g (2),
Qi) P05 (0 # @) < ha gy (),
(iv) hgg[(s]( x) > ho 5](95)
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forevery z,y,z € X.

Theorem 3.6. Let (H, A) be a HAIF'S closed ideal of X. Then (H, A) isan HAIFSpcC1T
of X if and only if

(@) hgs (@ (y * (y * @) < ha g (@ *y),
(b) hapis)(z % (y* (y * 2))) = ha s (@ * y),

forall x,y € X and § € A.

Proof. Let (H, A) be an HAIFSpcCI of X. Since (H, A) is an HAIFS closed ideal
of X,soforany z,y € X and d € A,

@ h1 g5 (0% (25 y)) < hygg(@*y).
Since by C4, Cg and C1g,

(@ (Y (y =) = (@* ((y = (y*x)) * (0 (0 (xxy)))) < (0 (zxy)).
Hence by Lemma 3.5,
ha s (o (y* (y @) < b grg) (2% (g (g 2)) (05 (0 (25y))))) V b g5 (0 (25 y))
Now by using (3:1),
ha gy (@ (y * (y x @))) <
ha gy (@ (y * (y = @))) <

(b) Ha 15 (0 (2% y)) > ha gyis)(x + y).
Since by Cy, Cg and C1g,

hi gy (@ y) V b g5 (0 % (2 % )
th[s](fC*y)~

(x(y=*(yxa)))*(@*((y=(yxx))* (0 (0x(zxy))))) < (0x(zxy)).
Hence by Lemma 3.5,

o g5y (5 (4 (y5))) = gy (n (' () (0% (0% (25)))) Ay (0% (5)).
Now by using (3:2),
ha iy (e % (y * (Y %)) = ha gy (€ % y) A ha g (0% (2% )
2 ha gz (2 * y)-
Conversely, let (I:I , A) is an HAIFS closed ideal of X satisfying the conditions: A i) (zx

(y* (y =) < higs(@xy) and ho g5 (2« (y * (y 7)) = ha g5 (z +y) forall x, y, z
€ X. By C; and C5, we have

(@ x (y* (yx ) * (2 x ((y * (yx2)) * (0% (0% (2 xy))))) <0 (0* (2 *y)).
Therefore by Lemma 3.5,
ha sy x ((y * (y + ) * (0% (0% (z % y)))))
< bz (y* (y *2))) V a5 (0% (0% (2 x y)))
= h gy (xxy) V ha g5 (0 (0 (2 y)))
= ha g (2 x y).
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Thus, f g5 (@ % ((y * (y * 2)) % (0% (0% (2 % y))))) < ha g (2 ).
Again by Lemma 3.5, we have

ha s (@ = ((y = (y x @) * (0% (0% (z x y)))))
> ha s (@ (Y = (y % @) A h2 g5 (0 % (0 (2 % y)))
= ha 15 (@ % Y) A ha g5 (0% (0 (2 % y)))

= h2H[5] (zxy).
Thus, ha g5 (2 ((y * (y * @) % (0% (0 (% y))))) = ha g5 (2 *y). Hence (H,A)isan
HAIFSgo;CI of X. 0

Definition 3.5. Let (ﬁ ,A) be a hesitant intuitionistic fuzzy soft set over X. For each
e € HIF(X), the set (H,A)* = (H¢, A) is called a hesitant anti-intuitionistic fuzzy -
level soft set of (H, A), where H[0]® = {z € X : higs (@) < e and hogp(z) > e}
forevery x € X and § € A.

Theorem 3.7. Let (lfI, A)bea HAIFSpcCI of X. Then (f{, A)¢ is a BCI-commutative
ideal of X.

Proof. Suppose that (H, A) is a HAIFSpc;CI of X. Define H[5]F = ={z e X :
higs () < € and hopgs(x) > €} forevery z € X and § € A. Since H[0]F # @,

letx € fI[cS]E = hlg[é] () <eand hggm (z) > €. By definition, we have

I j115)(0) < T jyigy () = 0 € H[6)°
and R

hggm(O) = hgﬁw](l‘) =0¢ H[(S]E
Let 2,7,z € X and § € A be such that (z * y) * z € H[§]° and z € H[0]°. Then
hi gy (@ % y) * 2) < €, ha s (2) < € ha g ((w % y) * 2) > € and ha fg5(2) = €. Since
(H,A)isa HAIFSpc;CI of X,

g (% (g5 2)) % (05 (0% (25 ) < gy (25 9) 5 2) V B g (2) < =
and
h2ﬁ1[5] (wx ((yx(y*z)* (0 (0% (x*y))))) > hQﬁ[(g]((x kYY) *2) A th[(;](Z) > e,

Therefore « % ((y * (y * x)) * (0% (0 % (z xy)))) € H[6]°. Hence (H, A)° is a BCI-
commutative ideal of X. ~

Conversely, suppose that (H, A) is a BCI-commutative ideal of X. )
Put hy g5(2) =€ and  ho g (x) = € forevery z € X and 6 € A. So 0 € H[0]* =
h 7115)(0) < € = hipi5(2) and ho g715(0) = € = ha (5 (2). Now we prove that (H,A)
isa HAIFSgcrCI of X. In contrast, there exist xg, yo, 20 € X such that
(i) ha s (o (o * (yoxwo)) * (0% (0% (20 %y0))))) < 1 157 ((To *Yo0) *20) V b 157 (20)-
Taking 9 = 1/2, we get
{1 gy (@ox (o (yo* o)) % (0 (0% (zoxy0))))) +{h1 g5 (2o *yo) *20) V 1 g5 (20) }}-
It follows that h1g[5](($0 *0) * 29) < €p and hlﬁ[é] (20) < &g, implies ((zg *yo) * 20) €
HI[5]*° and 29 € H[0]®°. As (H, A)% is a BCI-commutative ideal of X, h g1y (wo *
((yo * (yo * o)) * (0% (0% (xg *yo0))))) < £o. This is a contradiction.
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(i) h2 g1y (o * (Yo * (yo x20) ) * (0% (0% (20 *y0))))) = h2 g5 ((To* o) *20) A2 151 (20)-
Taking €9 = 1/2, we get

{ha g5 (@o* ((yox (Yo +w0)) # (0% (0% (20 xy0))))) +{h2 15 (o *y0) * 20) A2 15 (20) }}-
It follows that ha g5((o * yo) * 20) = €0 and hag5(20) = €o, which implies that
(o * o) * z0) € H[]° and 2o € H[]*. Since (H, A)% is a commutative ideal of X.
So, ha g5 (zo * ((yo * (Yo * o)) * (0% (0* (xo * y0))))) = €o. This is a contradiction.
Thus from (i) and (ii), it follows that (f{, A)isa HAIFSpcrCI of X. O

4. HESITANT ANTI-INTUITIONISTIC FUZZY SOFT SUB-COMMUTATIVE IDEALS

In this section, hesitant anti-intuitionistic fuzzy soft sub-commutative ideals
(HAIFSSCIs) and  hesitant  anti-intuitionistic =~ fuzzy  soft  p-ideals
(HAIFSPIDs) of BCK-algebras are studied. Throught this section, X denote a BCK-
algebra.

Definition 4.1. A HIFSS (H, A) is called a hesitant anti-intutionistic fuzzy soft sub-
commutative  ideal  (briefly, HAIFSSCI) of X if H[] =
{(z, b1 g7 ha (s (x)):z € X and § € A} satisfies the following conditions:
() h1j15)(0) < 1 ggg () and ha g 15(0) = ha gy (),
) =+ () < (0 (e (52000 )V g2,
Gii) B oy (2 (% 1) > oy (9% (5 (% (249)))) * 2) A ha gy (),
forevery z,y,z € X.

Example 4.2. Consider a BC K-algebra X = {0, 1,2, 3} with Cayley table.

W —=| O] *
W= O
W= OO =
O8] Rl Nen) Haw] I 9]
O =] W

Definea HIFS H[5] = (h1 715 (%), P2 () (%)) in X as follows: Then H[0]isa HAIFSCI

X 0 1 2 3
H[4] | [0.1,0.8] | [0.7,0.2] | [0.7,0.2] | [0.1,0.8]

of X. Hence (H, A) isa HAIFSSCI of X.

Theorem 4.1. Let (I~{, A) bea HAIFSI of X. Then the following are equivalent for all
x, Y,z € Xandd € A:
(1) (H,A)isa HAIFSSCI of X.

(2) b1 sy (@ (2% y)) < by (y * (y * (2% (2% y)))) and hy g5(x + (z x y)) >
ha s (4 * (y (2 (2 % y)))).
(3) b1y (@ (% y)) = Py (y * (2 + (2% y)))) and hy s (2 * (2 x y)) =
)-
]

oy (% (2 (25 3)
(4) If v <y, then hy g4 (@) =M [ ]( (y*x)) and h g s) (x)
hig

(5) If v <y, then th[é}(x) <
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Proof. (1) = (2). Suppose that (H, A) is a HAIFSSCIT of X. Then
ha gy (@ % (@ % ) < ha gy (Y (y * (2% (2% y)))) * 2) V by g9(2)
and
B (2% (25 ) > B (5 % (9% (25 (25 ) % 2) A B g (2).
Putting z = 0, we get
g (2% (25 ) < g (0% (9 (2 (%)) % 0) V oy 5 (0)
< hagsy (Y * (y * (2% (2 % y))))
and
o g (5 (2 % 9)) 2 B (0 (% (2 (5 )))) % 0) A ha g 0)
= ha gy (y * (y * (2 % (2 % y)))).
(2) = (3). Since y * (y * (z * (x *y))) < z * (z * y), we have
Py (0 (0 % (2 % (2 % 9)))) < B g2 * (2 5 9)
and

ho gy (y * (Y = (% (x % y)))) = ha s (x * (x *y)).
Combining 2, we get

ha sy (% (@ % y)) = ha gy (y * (y * (2 % (2 % y))))
and

ha sy (@ % (@ % y)) = ha g (y * (y * (2 % (2 % y))))
forall z,y € X and 0 € A.

(3) = (4). If x < y, then = * y = 0. We have

ha gy (@ (@ % y)) = ha g (y = (y * (@ (% y))))
and

ha s (@ % (2 ) = hajg5(y * (y * (2 * (2 y))))
forallz,y € X and o € A.
(4) = (5). Obvious.

(5) = (1). Since z * (z * y) < y, by condition 5, we have

1 s (zx(zxy)) < hlg[(;]((y #(yx(zx(zxy)))x2)V h1 s (2)
and

ha s (% (@ % y)) = ha i) ((y * (y + (@5 (2% y)))) * 2) A hag5(2)
forall 2,5,z € X and § € A. Hence (H, A) isa HAIFSSCI of X.
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Definition 4.3. A HIFSS (H, A) is called a hesitant anti-intutionistic fuzzy soft p-ideal
(briefly HAIFSPID) of X if H[6] = {(z, h1 g5, hars(2)) @ € X and 6 € A}

satisfies the following conditions:
(i) h15(0) < ha gy () and ha 15 (0) 2 ha g5 (2),
(i) 1) (@) < ha gy (@ 2) = (y * 2)) V ha g (),
(iiD) ha g5 (@ (25 y)) = ha g (2% 2) * (Y * 2)) A h jg15(y)s
for every x,y € X.
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Example 4.4. Consider a BC K-algebra X = {0, 1,2, 3} with Cayley table.

W —| O| *
W —=OO
W= oo -
W OO
O —=| O W

Define a HIFSHI[] = (h1 g5 (2), P2 g5y (%)) in X as follows:

X 0 1 2 3
H[s] | [0.2,0.7] | [0.6,0.1] | [0.6,0.1] | [0.2,0.7]

Then H[0] is a HAIFSCI of X. Therefore (H, A) is a HAIFSSCI of X. But it is
not a HAIFSPID of X because hi g15(1) < hij5((0%0) +2) = 0.6 £ 0.2 and

h2f{[5](1) > h1g[5]((0 % 0)*2) = 0.1#0.7.
Lemma 4.2. If (H, A) isa HAIFSI of X, then (H, A) isa HAIFSPID of X if and

only if for every x,y € X and 6 € A satisfies the inequalities: hlﬁ[g] () < hy Hm((o *
0) * @) and h g5 (2) = ha g5 ((0 % 0) * ).

Theorem 4.3. If(fI,A) bea HAIFSPID of X, then (H, A) isa HAIFSSCI of X.

Proof. Let (H, A)bea HAIFSPID of X. Then (H, A) isa HAIFST of X. As

(0% (0% (2w (x5 y))] [y * (y * (xx (2 xy)))]
= [0 (g (yx (@ (@ y)]* [0 (2 (25 y))]
= [0 y) * (0 y) * (0 (2% (xxy)))) * [0 * (z* (xxy))]
<[00 (2 (@5 y))] # [0 (2 % (z+y))] =0,
we have, 0% (0% (z * (x xy))) < yx* (y* (z* (z*y))). Therefore
h1 g1y (0% (0 (2 % (2 y)))) < Py (y + (y * (@ % (2 )
and
ha 15 (0 (0% (2 % (2 ) = ha s (y * (y * (2 (2 x y)))).
It follows that
ha sy (% (@ % ) < ha g (y * (y * (2% (2 % y))))
and
ha g5 (@ * (2% y)) = ha g5 (y * (y * (z = (z  )))).
Hence (H, A) is called a HAIFSSCT of X. O

5. CONCLUSION

In this paper, we brought the notions of hesitant anti-fuzzy soft BC'I-commutative
ideals of BC-algebras and hesitant anti-fuzzy soft sub-commutative ideals of BC K-
algebras. We have shown that the hesitant anti-intuitionistic fuzzy soft ideal is a hesitant
anti-intuitionistic fuzzy soft BC'I-commutative ideal of BCI-algebras. Also, we have
proved that hesitant anti-intuitionistic fuzzy soft p-ideal is hesitant anti-intuitionistic fuzzy
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soft sub-commutative ideal of BC K -algebras. In our future work, the idea of present re-
search work will be extended to different algebras such as BL-algebras, MTL-algebras,
RO-algebras, M V-algebras, EQ-algebras and lattice implication algebras etc.
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