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SYNOPSIS OF THE NOTIONS OF MULTISETS AND FUZZY MULTISETS

P. A. EJEGWA

ABSTRACT. This paper is an attempt to summarize the basic concepts of the theories of
multiset and fuzzy multiset. We begin by describing multisets and the operations between
them with some related results. In the same vein, the basic concepts of fuzzy multiset the-
ory as well as the operations between fuzzy multisets are buttressed in relation to multiset
theory. Finally, we present some properties of fuzzy multisets with some related results.

1. INTRODUCTION

In classical set theory, the concept of “well-definedness” is key. This implies that the
collection of objects must be distinct and definite. Zadeh [36] violated the fact that the
elements/members of a set must be definite to propose the concept of fuzzy sets with de-
gree of membership. By relaxing the restriction on the distinctiveness of the elements in
classical set, the notion of multiset sprung out. The term multiset was first suggested by De
Bruijn [5] to Knuth in a private correspondence as a generalisation of classical set theory
as noted in [[10]. Because of the appropriateness of the term multiset, it has replaced terms
like bag, heap, bunch, sample, etc. which were hitherto used in different literature [29]].

Multisets are very important structures applicable in real-life situations such as in data-
base queries, information retrieval on the web, multicriteria decision making, knowledge
representation in database systems, biological systems, membrane computing, musical
note, frequency, chemical compositions, processes in an operating system, etc [21}, 23] 28]
In mathematics, the prime factorisation of an integer n > 0 is a multiset whose ele-
ments are primes [31]. In fact, the relevance of multisets can not be over emphasised.
A complete account on the theory of multiset and its categorical models can be found in
[3L 14,1718 19, 111} 18} 120L 221 28] 2911301 311,132}, 134].

The concept of fuzzy multisets or fuzzy bags proposed by Yager [35] combines both
the relaxations captured in fuzzy sets and multisets. A fuzzy multiset is a collection which
simultaneously deals with quantities and degrees of membership of the elements it contains
[25]]. Thus, it is meet to say that a fuzzy multiset is a fuzzy set in multiset framework. In
fact, fuzzy multiset generalises fuzzy set in such a way that every fuzzy set is a fuzzy
multiset but the converse is not true. Some basic operations between fuzzy multisets were
discussed in [[12]. An outline on the development of the concept of fuzzy multisets can
be found in [27]. More studies on the theory of fuzzy multisets have been carried out in
literature as seen in [6} [13) [14} |19} |33]. The idea of fuzzy mutisets is very applicable in
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real-life problems, like in data analysis, decision making, clustering, information retrieval,
flexible querying, etc [}, 12, (151116, 117124} 23| 125} 26].

Many works have been done in multisets and fuzzy multisets in literature. Notwith-
standing, the aim of this paper is to provide a handy and an abridge document that suc-
cinctly discusses the concepts of multisets and fuzzy multisets at glance. This paper is a
survey of the literature on multisets and fuzzy multisets which extends through time, with
clarity. This account is certainly not a history of the concepts, but it is more than simply an
annotated bibliography. It is most certainly appropriate to write a comprehensive account
of multisets and fuzzy multisets due to the applicative important of the notions. In fact, the
relevant and interplay of the notions suggest that the time is right to consolidate the con-
cepts (as much as that is possible) into a single survey that permits access to the literature
from a single source. In a nut shell, this paper presents some fundamentals of the theories
of multiset and fuzzy multiset in details. The basic operations between multisets and fuzzy
multisets are explicitly discussed and exemplified. Some algebraic properties of multisets
and fuzzy multisets are explicated with some related results.

2. CONCEPT OF MULTISETS

This section explicitly presents some basic definitions in multiset theory, its representa-
tions and operations. We review multiset theory [3,[7, 19,18 [29}131], exemplify and deduce
some relevant results.

2.1. Some basic definitions in multiset theory. The definitions in this subsection are
either taken from [3} 7, 18} 9} 118} 28} 1291 130, |31] or adapted with more expository note.

Definition 2.1. Letaset X = {z1, ..., z,} for simplicity. A multiset A of X is character-
ized by a function C';(x;) defined by

CA X =N
such that the nonnegative integer N' = {0, 1, ...} corresponds to each z; € X, for i =
1, ...,n. whereby an element, say x; of X may appear more than once in A.
The number of appearance of an element, say x; in A is called the count or multiplicity
of x; in A.
We denote the set of all multisets drawn from X by M S(X) unless otherwise stated.

Definition 2.2. Let A € M S(X). We say A is an empty or a null multiset if and only if
Cji(z;) =0Va; € X.
Example 2.3. Let A € MS(X). Suppose X = {a, b, ¢, d} such that
Cjla)=2,C50b) =1, Cz(c) =3, C;(d)=0.
"l:hus, A= {a,a,b,c,c,c}impying a,b, c and d appear 2, 1, 3 and 0 times, respectively in

A.

Definition 2.4. If A and B are two multisets over X. Then A and B are equal if and only
if C;(x) = Cg(x) Vo € X.

Definition 2.5. Let A and B be two multisets over X. We say A is a submultiset of B
denoted by A C Bif C;(z) < Cy(x) Vx € X. Also, if A C Band A # B, then A is
called a proper submultiset of B and denoted by A C B. A multiset is called the parent
in relation to its submultiset. A and B are comparable to each other or equal if AC Bor
B C A
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Example 2.6. Let X = {a,b,c,d}. Suppose A = {a,a,a,b, b.c,c c.d, d} and~§ =
{a,a, a,a, b~, b, ¢, ¢, c,d,d,d} are multisets drawn from X . Clearly, A C B. Infact, A C B
since A # B.

Definition 2.7. A multiset A over X is a regular multiset if all of its objects occur with
the same multiplicity, and such common multiplicity is called its height. A is irregular if
otherwise.

Example 2.8. If X = {a,b,c, }. Then A = {a?,b?, ¢} is a regular multiset of height 3.

Definition 2.9. Suppose A € M S (X), the subset A, of X is called the support or root of
A if for every x € X such that C';(x) > 0, 32 € A, and if for every 2 € X such that
Cji(z) =0,3x ¢ A Thatis,

A, = {z € X|Cj;(z) > 0}.

A multiset is called finite if its root set is finite and the multiplicity of each of its object
is finite; infinite otherwise.

Example 2.10. From Example A, = {a,b,c}.

Definition 2.11. A multiset A over a set X is called simple if all its elements are the
same. That is, [a?] is a simple multiset. It follows that the root set of a simple multiset is a
singleton.

A submultiset of a given multiset is called whole if it contains all multiplicities of
the common objects. That is, if X = {a,b,c}, then [a?,b%] is a whole submultiset of
[a?,b3, ct]. Whereas, a submultiset of a given multiset is called full if it contains all ob-
jects of the parent multiset. For example, [a, b2, ¢®] is a full submultiset of [a?, b3, ¢*] over
X ={a,b,c}.

Definition 2.12. Let A be a multiset over X. The cardinality of A denoted by |A| or

card(A) is defined by
4] =) Csla).
reX
If A is a submultiset of B, then |B| > |A|. The cardinality of the root set of a multiset is
called its dimension.

Example 2.13. From Example |A| = 6.

Remark. Two multisets A and B drawn from a nonempty set X are said to be equivalent
if and only if |A| = |B|.

2.2. Representations of multiset. We have been making use of a particular form of mul-
tiset representation so far. Here, we enumerate other forms of multiset representations as
found in literature.

Let X = {x1, 2o, 23..., 2, }. Suppose A is a multiset over X such that

C,&(xl) = k17 CA’(.TQ) = ]{72, CA(CU5) = kg, ceey CA(xn) =ky.

Thus, A can be represented as follows;

< ki ko k3 kn
A:{757773“'77}1

1 T2 I3 T,

5 Ty T2 I3 T

SRR A AR
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3 ki ke _k En
A=z, x3?, 257, .., a0,

A=[21,22,T3, s Tnlky ko ks, hn
and

A = [xlkl,xzkg,.%'gk;g, ,.’L‘nk‘n}

Example 2.14. Let X = {w, z,y, z}. Suppose A is a multiset over X such that
CA(’U)) = 5, CA(Z‘) = 4, C’A(y) = 7, CA(Z) =3.
Then A can be represented by

~ 5 4 7 3

A={—,—, —, —
{w Ty z}

~ w T Y z

A={— - 2, =
~ {5?4?773}
AZ[U)5 4y7’Z]
A [w,z,y, 2 }5,4,73

and ~
A = [wb, 24, y7, 23].

2.3. Operations between multisets. This subsecion deals with operations between mul-
tisets and exemplifies the operations in a tabular form.

2.3.1. Union and intersection.

Definition 2.15. Let fl, BeMS (X). Then, their union is a multiset A U B such that V¥
re X,

Ciuplz) = Ch(x) v Cp(x),
where V is a maximum operation.

Definition 2.16. Let A, B € MS(X). Then, their intersection is a multiset A N B such
thatVz € X,

Cing(z) = Cji(z) N Cp(z),

where A is a minimum operation.

2.3.2. Sum and difference.

Definition 2.17. Let A, B € MS(X). Then, their sum is a multiset A & B such that ¥
rzeX,

Ciep(r) = C5(2) + Cp(2).

Definition 2.18. Let A,B € MS(X). Then, the difference of B from A is a multiset
Ao BsuchthatVax € X,

Oﬁeé(gj) = CA(JJ) — Cé(l‘) Vv 0.
2.3.3. Scalar multiplication and complementation.

Definition 2.19. If A € M S(X). Then, the scalar multiplication of A is a multiset oA
such thatVx € X,

Coi(r) = aCx(x),

where « is a positive integer.

We shall present the notion of complement in multiset setting in two perspectives.
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Definition 2.20. Let A, B € MS(X
multiset B’ such thatV z € X,

Cp () = Cx(x) — Cp(z) VO.

Before we consider the second perspective of complementation, the following state-
ments are helpful.

Let X be the set from which mulisets are constructed. The multiset X* is the set of all
multisets of X such that no element occurs more than & times. Likewise, the multiset X *°
is the set of all multisets of X such that there is no limit on the number of occurrences of
an element.

). Then, the complement of B with respect to Aisa

If X = {x1, 22, ...,2, }, then we define
k1 ko ky,
(L‘l .1'2 In
fori =1,2,...,n,k; € N ={0,1,...}, and
kl k'2 k'n
X®={— = ... —, ..
{x17 1'27 71.”) }
fori=1,2,...,n,..,k e N ={0,1,..}.

Definition 2.21. Let X be a nonempty set and X* be the multiset space defined over X.
Then for any A e X*, the complement of Ain X* denoted by A’ is a multiset such that
zeX,
Ci(z) =k —Cj;(x).
Example 2.22. Let X = {a,b,c,d} and X* be a multiset space defined over X, where
multisets A and B are drawn from. Suppose k = 10, a = 2,
4354
{a b e d}

and
7 4 2 10

{a b d ik
We verity the aforesaid operations with this example in a tabular form below.
TABLE 1. Demonstration of the operations on multisets

Operations | Multisets of X 10 Multisets of X °
7 (1.5
B’N %,%,%} { }WrtA

21 ghend e
51w, UK
s ey pame

AUB I same

AeB {2} same

Bo A {2,3,%} same

o |1 451y

We recall some properties of multisets with respect to their operations.

Proposition 2.1. Ler A, B,C' € MS(X

(i) ANB=DBnA,
(i) (ANB)NC =An(B

). Then, the following properties hold:

na),
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(iii) ANA=A
(iv) AN =0.

Proof. Straightforward.

Proposition 2.2. Let A,B,CeMS (X). Then, the following properties hold.:

(l)AUB BU A,

(ii) (AUB)UC’ AU(BUOQO),
(iii) AUA = A,
(iv) AU = A

Proof. Straightforward.

Proposition 2.3. Let A, B,C € M S (X). Then, the following properties hold:
oA

(t)A@B B
(i) (A@B) oC=A®(Bal),
(m)A@A;AA
(iv) Ae ) = A.

Proof. Straightforward.

Proposition 2.4. Let A, B,C € MS(X). Then, the following properties hold:

(i) Au(BNC)=(AuB)n(AuC),
(i) An(BUC)=(ANB)U(ANC),
(ii) Ae (BUC) = (Ao B)u(de0),
(v A (BNC)=(AeB)Nn(Aa ().

Proof. Straightforward.

O

Proposition 2.5. Let A, B € MS(X) such that B C A. Then, the following properties

hold:
(i) Ao B=As(ANnB),
(ii) Ac A =0.

Proof. Straightforward.

O

Having gone through the above stated properties of multisets’ operations, we deduce

the following results.

Proposition 2.6. Let A, B,C € MS (X). Then, the following properties hold:

(z)Aﬂ(AGBB) A,
(lt)AU(A@B) Ao B,
(iii) A B=(AUB)® (AN B).
Proof. For all x € X, we have

(1)

3>Q

/2

hS

D

Ex

O

[l

Q Q
SIONC)
> >
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(i)
Civaen) (@) = Ci(@)VCjigp(@)
= Cji(z) VI[C4(z)+ Cp(a)]
= Cj(2)+ Cp(x)

Hence, AU(A® B) = A® B.
(iii)

-
D
oo}

&
|

Q

i(z) + Cp(z)
Ci(z) v Cp(x)] + [Ci(z) A Cp(z)]
Ciug() + Cinp(®).

Hence, A® B = (AUB)® (AN B). O

Proposition 2.7. Suppose A and B are drawn from X*. Then (A') = A.

Proof. Given that A, B € X*. Then, for all z € X, it follows that
Cole) =k — C(a).
Certainly,
Cliny (@) = k— [k — C4(2)] = Cx(x).
Thus (4’) = A. O

Remark. Let A, B € MS(X) such that A C B. It still follows that (A")" = A.

Proposition 2.8. Suppose A and B are drawn from X*. Then
(i) (AnBy =A'UB.
AUB)

(i) (AUB) = A'NB'.
Proof. s
(i) Given that A, B € X*. Forall z € X, we have
Cianpy(®) = k—Cxp(®)
= k—[C4(x) ACp(x)]
= [k—=Ci(@)]V[k—Cg(z)]
= C(A/uéf)(x)

Hence (AN B) = A'UB'.
(ii) Straightforward from (i). [l

Remark. Let A, B € MS(X) such that A C B. Then, it still follow that

() (ANBy = AU B
(i) (AuB)Y =A'"NnDB'.

Proposition 2.9. Let A, B € MS(X). Then An(AUB) =AU (AN B).
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Proof. For all x € X, we get

Cincivgy(r) = Ci@) ACjp(a)
= Ci(x) N [C;(z) V()]
= [Ci(x) ACz(2)] V [Cz(x) A Cp(a)]
= Ci(@) Vv Cinp(x)

= AU(ANB)

N

AN ([1 U B). These complete the result. (]

Theorem 2.10. Suppose A and B are submultisets of C € M S (X)) such that A =B and

B = A'. Then
(i) (AUB)N(AUB') = (A'nB")U(ANDB).
(i) (AANBYU(ANB)=(AUB)N(AUB).

Proof. Giventhat A= B’ and B = A’

(i) Forall x € X, we have
CA/UB(QT) = CBUB(x) = CB,(I> and CAUB/(x) = CA‘UA(.T) = CA(.T)

Thus,
Ciaupniave) (@) = Ca,5().
Also,
CA’F]B’(x) CAOB(x)
Thus,

=C

C(A'né')u(AnB) (2) ANB
B')U (AN B).

Hence (A'UB)N (AU B’) = (A'n
(i) Using the same logic in (i), we get
Coanbuanig)(®) = Canpuani) (@) = Claup) (@)
and similarly,
Ciavyniavi)(®) = Ciaupnaui) (@) = Caup(@).
Hence (A’ NB)U (ANB') = (A'UB)N(AUB).
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Theorem 2.11. Ler Ay, Ay, A3, Ay € MS(X). Then

[AlUA UA3 UAy = |Ay| +|As| +|A3] + |Ag] — |41 N Ag| — | A N A3
|A1 N Ay| — |Ay N As| — |[As N Ay| — |As N Ay
|A; N Az N Ay| 4 |Ay N Az 0 Ay
|A; N Ay (A3 U Ay)|.

+

Proof. Firstly, we show that
|A; U Ay| = |Ay| + | Az| — |A; N Ay

and
|AJUAUAs| = | A |+ | Ag| +|As| — | A1 N Ag| — |Ag N As| — | Ay N A3 |+ | A1 N Ay N As].
Thus,

|41 U Ay + |A1 N Ayl = YoexC i 04, () + BeexC g q4, (2) Vo € X

= YoexC4 () VO (7) + XeexC g () NCy, ()

Yoex[C4, (2) V Oy, (2) + Cg () A Cy, ()]
= Yeex[Cf (z) + O, ()]
= YpexCy, (z) + YrexCy, (z)

= |Ai|+ |4,
Hence, |Al U AQ‘ = |Al| + |A~2| - ‘Al n A~2|
Again,
|ALUAy UAs| = A1+ |4y U As| — |A; N (A U A3)

= |A1|+|/{2\+|A3|

— Ay N As| — |(Ay N Ay) U (A N As)|

= |Ay| + |Ag| + |As| — | A3 N As

— (JA N Ag|+ |A; N As| — [(AL N Ay) N (AL N A3)|)
= A1+ |Az| + | A5 — |4y N Ag]

— A N Ay| — |A; N A3| 4 |A1 N (Ag N A3)|

= A1+ |Az| + | A5 — |41 N Ay

— Ay As| — |Ay N As| + |Ay N Ay N Al
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Now,

A UAy UAs U Ay = |A)|+ Ay UAsU Ay — |A1 N (AU A3 U AY)|
\A1|+|A2\+|A3UA4|
— JAyN (43U Ay)| — |4 N (A3 U A3 U Ay)|
|Ar| + |Az| + |As| + |As] — [A5 N Ay
|(Ay N A3) U (Ay N Ay)| — AL N (A U A3 U Ay)|
| AL + | Ao| + | As| + |As| — | A5 N Ay
(|Ay N As| + | Ay N Ay — |(As N Ag) N (A N Ay)))
— AN (43U A3 U Ay))
= |Ay| + |Ag| + 45| + | As| — | A3 N A4
|Ay N As| — |[Ay N Ay| + |As N A3 N Ay

— AN (Ay U AU Ay)).

By simplifying |A; N (Ay U A5 U Ay)|, we get

AN (A UAsUAL)| = (A nAy) U (4, )

= AN A +][(4 JU (A1 N Ay)l

(A1 N As) N (AL N As) U (A N AY))|
|Ay; N Ay| + |A; N As| + A N Ay
— (A1 N A3) N (AN Ay
I(Ay N Ay) N (AN As) U (AN Ay))|
|A] N Ay| + |AL N As| + |AL N Ay
— A N Asn Ay — (A N Ay) N (AL N (A5 U Ay))|
|A1 N Ay| + |AL N As| 4 |Ay N Ay
— |AiNAsn Ay — |A N AN (A5 U Ay)|.

N A3) U
NA3)U(A NA

Hence,
|Aj UAy UAs U Ay = A+ |As| +|As| 4 |Ay] — AL N Ay| — |A; N As
— JAINAy| = |Ay N As| — |[Ay N Ay| — |A5 N Ay
+ JAiNAsN Ayl 4 |Ay N As N Ay
+ JAiNnAyn (A3 U Ay)|
as required. (]

3. CONCEPT OF FUZZY MULTISETS

This section discusses some basic definitions in fuzzy multiset theory, its representations
and operations. We review fuzzy multiset theory [2| 24} 23] 121 |33/|35] and thereby deduce
some relevant results.

3.1. Some fundamentals of fuzzy multiset theory. The ideas in this subsection are taken
from [2 24} 23112} 33} 35] with lucid explanations.
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Definition 3.1. Assume X is a set of elements. Then, a fuzzy bag/multiset A drwan from
X can be characterised by a count membership function C'M 4 such that

OMAIX%Q,

where () is the set of all crisp bags or multisets from the unit interval I = [0, 1].
A fuzzy multiset can also be characterised by a high-order function. In particular, a
fuzzy multiset A can be characterised by a function

CMp:X — NlorCMy : X —[0,1] = N,

where I = [0, 1] and N = N U {0}.

It implies that CM 4 (x) for x € X is given as

CMa(z) = {:u}él(x)v /1024(56)’ e WA (@),
where il (2), 5 (), o j (@) . € [0, 1] such that iy (z) > p () > oo > pli(e) >
..., whereas in a finite case, we write
OMa(x) = {ph (@), fh (@), ooy wa ()},

for py (z) > pi(z) = ... = pi(2).

A fuzzy multiset A can be represented in the form

In a simple term, a fuzzy multiset A of X is characterised by the count membership
function CM 4 (z) for x € X, that takes the value of a multiset of a unit interval I = [0, 1].
We denote the set of all fuzzy multisets by F'MS(X).

YzeXtorA={{z,CMy(z)) |z € X}.

Example 3.2. Assume that X = {a,b,c} is a set. Then for CM4(a) = {1,0.5,0.5},
CM4(b) ={0.9,0.7,0}, CMa(c) = {0,0,0}, A is a fuzzy multiset of X written as

1,0.5,0.5, ,0.9,0.7,0, ,0,0,0
A= {{ ) (=)

Definition 3.3. Let A, B € FFM S(X). Then, A is called a fuzzy submultiset of B written
as A C Bif CMa(z) < CMp(x)Vx € X. Also, if A C B and A # B, then A is called
a proper fuzzy submultiset of B and denoted as A C B.

Suppose for X = {a,b, c},

0.5,0.4,0.3. 0.6,0.4,0.4

A - (220003 06,0 >7<0.7,0.4,0.2

c

)}

and
0.6,0.6,0.4, ,0.6,0.5,0.45  ,0.7,0.5,0.4
B = (=), (R (2ol

are fuzzy multisets of X. Then it is easy to see that A C B.

Definition 3.4. Let A, B € FMS(X). A and B are comparable to each other if and only
ifACBorBC A,and A= B < CMy(x) = CMp(x)Ve € X.

Definition 3.5. Let A € FMS(X). Then, the cardinality of A denoted by | A4| is the length
of the membership sequence C M4 (z) = pk (), p? (), ..., u’3 (z). We define the length
L(z; A), that is, the length of py(z),7 = 1,...,m as

L(w; A) = V{i| gy (x) # 0},
where V stands for maximum.
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The cardinality between two fuzzy multisets, say A and B of X, is the lengths of the
membership sequences

CMa(x) = pp (@), pi (), ... wx (x)
and
CMp(x) = pp(2), ph(2), ... uj (@)
defined as L(z; A, B) = V{L(x;A), L(z; B)}. Where no ambiguity arises, we write
L(z) = L(x; A, B) for simplicity.
For example, let
0.3,0.2, ,1,0.5,0.5 0.7,0.1, ,0.6, ,0.8,0.6
A= ) ) 5 dB = ) e ) )
(P20, (BE20) and B = (200, (), (R0
Then L(w; A) =0, L(x; A) = 2, L(y; A) = 3, L(w; B) = 2, L(x; B) = 1and L(y; B) =
2. Also, L(w) = 2, L(x) = 2 and L(y) = 3. Then |A| = 3 and |B| = 2.

We can rewrite A and B as
0,0,0, ,0.3,0.2,0, ,1,0.5,0.5 0.7,0.1, 0.6,0, ,0.8,0.6
A:{< >7< >7< >}andB:{< >7< >a<

w x Y w x Y
by completing the membership sequences.

)}

Definition 3.6. Let A € FMS(X). Then, the set A, defined by
A, ={z e X |CMa(z) >0}

is called the support or root of A.
Definition 3.7. Let A € FMS(X). Then, for a € [0, 1], the sets A, and A, defined
by

A ={z € X | CMy(z) > o}
and

Ay ={z € X | CMy(z) > a}
are called strong and weak upper a—cuts of A.

Whenever the count membership values of x is greater than or equal to «, that is,
CMA(x) = {/1‘17/1‘27 7/1'n} >,

the strong upper a—cut of A exist for such z € X. Likewise the weak upper a—cut of A
can be listed.
For example, let X = {a, b, ¢, d} be a set. Then,

e {<1,2.8>’ <0.7,bO.6>7 <0.6,0.5>)<0.6&0.5>}

is a fuzzy multiset of X. Let a = 0.4,0.5,0.6,0.7,0.8, 0.9, then
A[0.4] = {CL, b; c, d}
A[0.5] = {a7 b) c, d}'

A[o.@] = {a,b}
A[oiﬂ = {a}
Ajpg) = {a}

A9 =0

and
A(0.4) = {aa bv ¢, d}
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A(0.5) = {a, b}
Ao.6) = {a}
A7) ={a}
Ap.s) =0
A(0.9) - @
Definition 3.8. Let A € FMS(X). Then, for o € [0, 1], the sets Al* and A(®) defined
by
Al = {r e X | CMy(x) <
and

AW =z e X |OMy(z) < a}
are called strong and weak lower a—cuts of A.

The strong and weak lower a—cuts of A can be constructed similarly as in the case of
strong and weak upper a—cuts of A.

Remark. Let A € FMS(X) and take any o € [0, 1] such that A,y and Al exist. Then,
it follows that

(i) Aoy € Ay and A C Al
(ii) A[a] = B[a]7A(a) = B(a), A[a] = B[O‘] and A(O‘) = B(a) lﬁcA = B.
3.2. Representations of fuzzy multiset. Here, we enumerate some forms of fuzzy multi-

set representations to enhance the study of its algebraic properties.
Let X = {y1, Y2, Y3..., Yn }- Suppose A is a fuzzy multiset over X such that

CMa(yr) = i (1), 12 (Y1), oo 1" (11),
CMa(y2) = 1 (2), 12 (Y2), oo 1" (42),
CMa(ys) = " (y3) 112 (Y3), -os 1™ (y3),

CMa(yn) = :ul (Yn), N2(yn)v vy W (Yn)-
Thus, A can be represented as follows;

A= {<N1(y1)7?‘; /J'n(yl)>7 <:U’1(y2)7é/'; /1'n<y2)>7 " <:U’1(yn)>z'4'; u”(yn)>}

o Y1 Y2 Yn
4= {<M1(y1), o ™ (Y1) ) <u1(y2), oy 1 (y2) b <u1(yn), ooy (Y '}

)

and

1 1)5- it (Y1 it 2)5ee " (Y2 ! n)see st (Yn
A= {<yllt (Y1), 1™ (y )>,<yl2 (y2),-- 1™ (y )> (" (Yn)s-- o™ (y )>}

Example 3.9. Let X = {a,b, c,d}. Suppose A is a fuzzy multiset over X such that
CMa(a) = 0.7,0.6,0.6,

CM4(d) =1.0,0.8,0.5.
Then, A can be represented by either
0.7,0.6,0.6, ,0.8,0.5,0.4, ,0.9,0.7,0.6, ,1.0,0.8,0.5
A = {< a >7 < b >7 < c >5 < d

)}
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a b c d

A =
{<0.7, 0.6, 06" <0.8, 0.5, 01 <0.9, 0.7, 06 <1.o, 0.8, o5t

or
A:{<ao.7,0.6,0.6> <b048,0.5,0.4> <CO.9,0.7,0.6> <d1.0,0.8,0.5>}.

3.3. Operations between fuzzy multisets. This subsecion deals with some operations
between fuzzy multisets with their verifications.

3.3.1. Union and intersection.
Definition 3.10. Let A, B € FMS(X). Then, the intersection and union of A and B,
denoted by AN B and A U B, are defined by the rules that for any object x € X,

1) CMAQB(Jj) = CMA<.’L‘) A\ CMB(QT),

(il)) CMaup(x) = CMa(z) vV CMp(x),

where A and V denote minimum and maximum operations.
3.3.2. Sum and difference.

Definition 3.11. Let A, B € FMS(X). Then, the sum of A and B denoted as A & B, is
defined by the addition operation in X x [0, 1] for crisp multiset. That is,

CMagp(x) = CMy(x) + CMp(x)Ve € X.
The meaning of the addition operation here is not as in the case of crisp multiset, it is by
merging the membership degrees in a decreasing order. For example, if
0.7,0.5, ,1,0.5, ,0.5,0.4

A:
(222, (22, (5225)
and 0.8,0.6, ,0.9,0.3, ,1,0.7
B (980 9,0. 0.
(2222, (20, (=)
for X = {z,y, z}. Then,
0.8,0.7,0.6,0.5, ,1,0.9,0.5,0.3, ,1,0.7,0.5,0.4
A B = (2o lnnm) (o 2ty (LoDt

Definition 3.12. Let A, B € FMS(X). Then, the difference of B from A is a multiset
Ao BsuchthatVaz € X,

CMacp(xz) = CMa(z) — CMp(z) V0.
3.3.3. Complementation.

Definition 3.13. Let A € FMS(X). Then, the complement of A is a fuzzy multiset A’
suchthatVx € X,
CMA/(:C) =1- CMA(ac)

It follows from Definition [3.1]that, C M4 (z) for z € X is given as

CMar(z) = {py (2), p (), s i (2)
where ik, (), 1%, (2), ..., u% () € [0, 1] such that

pa () < ply(x) < oo < plh ().

Example 3.14. Let X = {z,y, z}. Suppose A and B are fuzzy multisets over X such that

0.7,0.6,0.6, ,0.8,0.5,0.4, ,0.9,0.7,0.6
A= (R0, (PR ()
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and
1.0,0.8,0.5, 0.8,0.6,0.6 1.0,0.5,0.4
B = {< >7 >7 < >}

x Y z

We verity the aforesaid operations with this example in a tabular form below.

TABLE 2. Demonstration of the operations on fuzzy multisets

Operations | Verifications

A’ { 0.3,0.4,0.4 7<O.2.0.5.0.6>7 (0.1,0.3,0.4>}

B’ {<000205>,<0.2,0.4.0.0>7<000506>}

ANB {<0.7,Oa.c6,0.5>7<080504>7<090504>}

AUB {<1.O,0:3,0.6>7<080606>7 100706>}

A@B {<O.O,O£O,O.1>,<OOOOOO>7<000202>}

Bo A {<().3,(22,O.0>7 <0.0.0.1.0. >7 < .170;070.0>}

Ao B { 1.0,0.8,0.7;0.6,0.6,0.5> <0 8,0.8, 0.62;0.6,0.5,0.4% <1.0,049,0.7;0.6,0.5,0.4>}

We reveiw some properties of fuzzy multisets with respect to their operations and de-
duce some new results.

Proposition 3.1. Let A € FMS(X). Then, the following properties hold:

(i) AnD =10,
(ii) AU = A,
(iii) A D= A,
(iv) Ao = A,
v) D A=0.
Proof. Straightforward. O

Proposition 3.2. Let A € FMS(X). Then, the following properties hold:
(i) AnNA=A,
(ii) AUA = A,
(iii) A®A# A,
(iv) ACA#£AAS A=0).

Proof. Straightforward. O

Proposition 3.3. Let A, B € FMS(X). Then, the following properties hold:

(i) ANB=BnNA,
(i) AUB=BUA,
(i) A B=B® A
(ivy AoB+Ba® A

Proof. Straightforward. (]

Proposition 3.4. Let A, B,C € FMS(X). Then, the following properties hold:
(i) AnN(BNnC)=(AnB)NC,
(ii) AU(BUC)=(AUB)UC,
(iii) A (BoC)=(AeB)aC,
(iv) Ao (BeC)#(AaB)oC.
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Proof. (i) Let x € X. Then, we have
CManney(r) = CMa(x
= CMA(CC
= [CMy(x) NCMp(x
= CManp(x) NCMc(x
= CMnpync(z).
Hence, the result. The proofs of (ii)—(iv) follow from (i). [l

AN CMe(x)
)

Proposition 3.5. Let A, B,C € FMS(X). Then, the following properties hold:
(i) AU(BNC)=(AUuB)N(AUCQC),
(i) AN(BUC)=(ANB)U(ANCQC),

(iii) A (BUC)=(AdB)U(A® (),
(iv) Ao (BNC)=(AaB)Nn(Aa C),
(v) Ao (BUC)=(AeB)U(Aa0),
(i) As(BNC)=(AeB)n(As ).
Proof. (i) Let x € X. Then, we have
CMayney(x) = CMa(x)V CMpnc()

= CMa(z) V[CMp(z) ANCMc(x)]

= [CMu(xz)VCMp(x)]A[CMy(x) VvV CMc(z)]
= COMaug(z) NCMauc(z)

= OMaup)ncauc) ().

Hence, the result. The proofs of (ii)—(vi) are similar to (i). U

Proposition 3.6. Let A, B € FMS(X) suchthat BC A. Then A© B= A& (AN B).

Proof. For xz € X, we have

CMaganpy(z) = [CMa(x) — CManp(x)] VO
= (CMu(z) = [CMa(z) N\CMp(z)]) VO
= [CMy(x) —CMp(x)]VO
= CMugp(x).
This completes the proof. (]

Proposition 3.7. Let A, B,C € FMS(X). Then, the following properties hold:
(i) AN(A® B) = A,
(i) AU(A® B) =A@ B,
(i) A B=(AUB)® (AN B).
Proof. For all x € X, we have
@
CManaep) () = CMa(x) NCMagp(z)
= CMa(z) N[CMa(z) + CMp(z)]
= CMA(CL')
Hence, AN (A& B) = A.
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(i1)
CMauaep) () = CMa(z)V CMagp(x)

= CMu(z)VI[CMa(z) + CMp(z)]
= CMu(z) + CMp(x).

Hence, AU(A® B) =A@ B.

(iif)

CMagp(z) = CMa(z)+CMp(x)
= [CMa(z)VCMp(x)]+ [CMa(z) NCMp(x)]
CMaup(x) + CManp(z).
Hence, A® B=(AUB)® (AN B). O

Proposition 3.8. Ler A, B € FMS(X). Then (A') = A.

Proof. Given that A, B € FMS(X). Then, for all z € X, it follows that
CMu(z) =1—-CMa(z).
Certainly,
CMay(xz) =1—[1=CMy(z)] = CMa(x).
Thus (4") = A. O

Proposition 3.9. Ler A, B € FMS(X). Then
(i) (AnB)Y =A"UPB.
(ii) (AUB) = A'NnB.
Proof.
(i) Giventhat A, B € FMS(X). Forall z € X, we have
CM(AQB)/(.’L') = 1 —OMAQB(LI?)
= 1—[CMa(z) NCMg(z)]
= [1-=CMu(x)] V[l —-—CMp(x)]
= CM(A/UB’)(x)'
Hence, (AN B) = A’ UB'.
(i1) Straightforward from (i). [l

Proposition 3.10. Let A, B € FMS(X). Then AN(AUB) =AU (AN B).

Proof. For all x € X, we get
CManaupy(z) = CMa(x) NCMayp(z)
= CMa(z) N [CMa(z) VvV CMp(z)]
= [CMa(x) N\CMa(z)]V[CMa(z) NCMpg(z))
= CMu(x)VCManp(x)
CMAU(AmB)(x)
= AN(AUB)C AU(ANDB).
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Again,
CMuuanpy(x) = CMa(x)V CManp(z)
= CMa(z)V [CMy(z) NCMp(z)]
= [CMa(z)V CMy(z)] AN|[CMy(z)V CMp(z))
= CMa(x) N\CMyyup(z)
= CManaup) ()
= AU(ANB) C AN (AU B). These complete the result. O

Theorem 3.11. Suppose A and B are fuzzy submultisets of C € FMS(X) such that
A=DB"and B= A'. Then

(i) (A/UB)N(AUB') = (A'NB)U(ANB).
(i) (A'NB)U(ANB')= (A UB)N(AUB).

Proof. The proof is comparable to Theorem [2.10} O

Theorem 3.12. Let Ay, Ay, A3 € FMS(X). Then
‘Al U Ay UA3| = ‘All + |A2| + ‘A3| — |A1 ﬂA2| — ‘AQ ﬂA3| — |A1 ﬂA3| + |A1 NAsN A3‘

Proof. Firstly, we show that
|A1 U As| = |Ai| + |As| — |41 N Ay
Thus,
|[A1 U As| + A1 NAs] = YoexCOMa,ua,(@) +ZeexCMa,na,(x) Ve e X
YoexCMy, () VOMa,(2) + BeexCMa, () ACMy,(x)
EIEX[CMAl (x) \Y CMAZ(.’E) + C.ZWA1 (CC) A CMAZ(LC)]
= Y.ex[CMay,(x) + CMa,(z)]
= YaexCMa, (z) + TpexCMa, ()
= |Ai] + Al

HCHCC, |A1 U AQ‘ = |A1| + |A2| — ‘Al n A2|
Now,

|A]UAy U As| = |Ay| 4 |42 U As| — |A; N (Ay U A3)|
= |Ai|+|4s| + |45
— |AsnAs| — (AN As) U (A N As)|
= |Ai| + | As| + |As| — [A2 N As]
—  (|AL N Ag| 4+ |A; N As] — |(A1 N Ag) N (A N As)))
= |Ay| + |Ag| + |As| — |42 N As
— A N Ay — |A N A3| + |A; N (Ay N A)|
= |Ay| + |Ao| + |As| — |A; N Ay
— Ay N As| —|A; N As| + |A N Ay N As.
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Theorem 3.13. Let Ay, Ay, A3, Ay € FMS(X). Then
[A; UAs UAsU Ayl = |Aq]+ |Aa] + |As] + |Ag] — |A1L N Ag| — |41 N Aj|
— JA1 N Ay — |As N As| — |Aa N Ay| — |A3 N Ayl
+ AT NA3N Ay + |As N Az N Ayl
+ JA1NAxsN (A3 U Ayl

Proof. The result is analogous to Theorem [2.11} O

4. CONCLUSIONS

We have vividly covered an abridge account on the theories of multisets and fuzzy
multisets, which conspicuously juxtaposed the concepts. By describing the operations
between multisets and fuzzy multiset, we established some relevant results. This paper
shall serves as a readily needed material for computer scientists and experts in control, to
mention but a few.
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