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RANDOM COUPLED CAPUTO–HADAMARD FRACTIONAL DIFFERENTIAL
SYSTEMS WITH FOUR-POINT BOUNDARY CONDITIONS IN

GENERALIZED BANACH SPACES

SAID ABBAS, NASSIR AL ARIFI, MOUFFAK BENCHOHRA AND GASTON N’GUÉRÉKATA∗

ABSTRACT. This paper deals with some existence and uniqueness of random solutions
for a coupled system of Caputo–Hadamard fractional differential equations with four-point
boundary conditions and random effects in generalized Banach spaces. Some applications
are made of generalizations of classical random fixed point theorems on generalized Ba-
nach spaces. An illustrative example is presented in the last section.

1. INTRODUCTION

Fractional differential equations have recently been applied in various areas of engineer-
ing, mathematics, physics and bio-engineering, and other applied sciences [23]. For some
fundamental results in the theory of fractional calculus and fractional differential equations
we refer the reader to the monographs of Abbas et al. [1, 3, 4], Samko et al. [21], Kilbas
et al. [17] and Zhou [27], and the references therein.

In [2], the authors studied a class of fractional differential equations.involving the Caputo–
Hadamard fractional derivative, and in [11], the authors established a four-point boundary
value problem for fractional integro-differential equations. In this article we discuss the ex-
istence and uniqueness of solutions for the following coupled system of Caputo–Hadamard
fractional differential equations{

(HcDα1
1 u)(t, w) = f1(t, u(t, w), v(t, w), w)

(HcDα2
1 v)(t, w) = f2(t, u(t, w), v(t, w), w)

; t ∈ I := [1, T ], w ∈ Ω, (1.1)

with the four-point boundary conditions
a1u(1, w)− b1u′(1, w) = d1u(ξ1, w)

a2u(T,w) + b2u
′(T,w) = d2u(ξ2, w)

a3v(1, w)− b3v′(1, w) = d3v(ξ3, w)

a4v(T,w) + b4v
′(T,w) = d4v(ξ4, w)

; w ∈ Ω, (1.2)
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where T > 1, ai, bi, di ∈ R, ξi ∈ (1, T ); i = 1, 2, 3, 4, (Ω,A) is a measurable space,
f1, f2 : I ×Rm×Rm×Ω→ Rm; are given functions, Rm; m ∈ N∗ is the Euclidian Ba-
nach space with a suitable norm ‖·‖, HcDαi

1 is the Caputo–Hadamard fractional derivative
of order αi ∈ (1, 2], ; i = 1, 2.

2. PRELIMINARIES

Let C be the Banach space of all continuous functions v from I into Rm with the
supremum (uniform) norm

‖v‖∞ := sup
t∈I
‖v(t)‖.

By L∞(Ω,R+) we denote the Banach space of measurable functions from Ω into R+

which are essentially bounded.
As usual, AC(I) denotes the space of absolutely continuous functions from I into Rm,
and L1(I) denotes the space of Lebesgue-integrable functions v : I → Rm with the norm

‖v‖1 =

∫
I

‖v(t)‖dt.

For any n ∈ N∗, we denote by ACn(I) the space defined by

ACn(I) := {w : I → E :
dn

dtn
w(·) ∈ AC(I)}.

Let
δ = t

d

dt
, q > 0, n = [q] + 1,

where [q] is the integer part of q. Define the space

ACnδ := {u : I → E : δn−1[u(·)] ∈ AC(I)}.
Also, by C := C × C we denote the Banach space with the norm

‖(u, v)‖C = ‖u‖∞ + ‖v‖∞.

Let βRm be the σ-algebra of Borel subsets of Rm. A mapping v : Ω→ Rm is said to be
measurable if for any B ∈ βRm , one has

v−1(B) = {w ∈ Ω : v(w) ∈ B} ⊂ A.

To define integrals of sample paths of random process, it is necessary to define a jointly
measurable map.

Definition 2.1. A mapping T : Ω × Rm → Rm is called jointly measurable if for any
B ∈ βRm , one has

T−1(B) = {(w, v) ∈ Ω× Rm : T (w, v) ∈ B} ⊂ A× βRm ,
where A× βRm is the direct product of the σ-algebras A and βRm those defined in Ω and
Rm respectively.

Definition 2.2. A function T : Ω × Rm → Rm is called jointly measurable if T (·, u) is
measurable for all u ∈ Rm and T (w, ·) is continuous for all w ∈ Ω.

Let T : Ω × Rm → Rm be a mapping. Then T is called a random operator if T (w, u)
is measurable in w for all u ∈ Rm and it expressed as T (w)u = T (w, u). In this case
we also say that T (w) is a random operator on Rm. A random operator T (w) on E is
called continuous (resp. compact, totally bounded and completely continuous) if T (w, u)
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is continuous (resp. compact, totally bounded and completely continuous) in u for all
w ∈ Ω. The details of completely continuous random operators in Banach spaces and their
properties appear in Itoh [14].

Definition 2.3. [8] Let P(Y ) be the family of all nonempty subsets of Y and C be a
mapping from Ω into P(Y ). A mapping T : {(w, y) : w ∈ Ω, y ∈ C(w)} → Y is
called random operator with stochastic domain C if C is measurable (i.e., for all closed
A ⊂ Y, {w ∈ Ω, C(w) ∩ A 6= ∅} is measurable) and for all open D ⊂ Y and all
y ∈ Y, {w ∈ Ω : y ∈ C(w), T (w, y) ∈ D} is measurable. T will be called continuous
if every T (w) is continuous. For a random operator T, a mapping y : Ω → Y is called
random (stochastic) fixed point of T if for P−almost all w ∈ Ω, y(w) ∈ C(w) and
T (w)y(w) = y(w) and for all open D ⊂ Y, {w ∈ Ω : y(w) ∈ D} is measurable.

Definition 2.4. A function f : I × Rm × Ω → Rm is called random Carathéodory if the
following conditions are satisfied:

(i) The map (t, w)→ f(x, y, u, w) is jointly measurable for all u ∈ Rm, and
(ii) The map u→ f(t, u, w) is continuous for all t ∈ I and w ∈ Ω.

Let x, , y ∈ Rm with x = (x1, x2, . . . , xm), y = (y1, y2, . . . , ym).
By x ≤ y we mean xi ≤ yi; i = 1, . . . ,m.Also |x| = (|x1|, |x2|, . . . , |xm|),max(x, y) =
(max(x1, y1),max(x2, y2), . . . ,max(xm, ym)), and Rm+ = {x ∈ Rm : xi ∈ R+, i =
1, . . . ,m}. If c ∈ R, then x ≤ c means xi ≤ c; i = 1, . . . ,m.

Definition 2.5. Let X be a nonempty set. By a vector-valued metric on X we mean a map
d : X ×X → Rm with the following properties:

(i) d(x, y) ≥ 0 for all x, y ∈ X, and if d(x, y) = 0, then x = y;
(ii) d(x, y) = d(y, x) for all x, y ∈ X;

(iii) d(x, z) ≤ d(x, y) + d(y, z) for all x, y, z ∈ X.

We call the pair (X, d) a generalized metric space with d(x, y) :=


d1(x, y)
d2(x, y)
·
·
·

dm(x, y)

 .

Notice that d is a generalized metric space on X if and only if di; i = 1, . . . ,m are met-
rics on X. Similarly, we can define a generalized normed space (X, ‖ · ‖) with ‖x− y‖ :=
‖x− y‖1
‖x− y‖2
·
·
·

‖x− y‖m

 .

For r = (r1, . . . , rm) ∈ Rm and x0 ∈ X, we will denote by

Br(x0) := {x ∈ X : d(x0, x) < r} = {x ∈ X : di(x0, x) < ri; i = 1, . . . ,m}
the open ball centered in x0 with radius r and

Br(x0) := {x ∈ X : d(x0, x) ≤ r} = {x ∈ X : di(x0, x) ≤ ri; i = 1, . . . ,m}
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the closed ball centered in x0 with radius r.

We mention that for generalized metric spaces, the notations of open, closed, compact,
convex sets, convergence, and Cauchy sequence are similar to those in usual metric spaces.

Definition 2.6. [5, 25] A square matrix M of real numbers is said to be convergent to zero
if and only if its spectral radius ρ(M) is strictly less than 1. In other words, this means
that all the eigenvalues of M are in the open unit disc i.e. |λ| < 1; for every λ ∈ C with
det(M − λI) = 0; where I denotes the unit matrix of Mm×m(R).

Example 2.7. The matrix A ∈M2×2(R) defined by

A =

(
a b
c d

)
,

converges to zero in the following cases:
(1) b = c = 0, a, d > 0 and max{a, d} < 1.
(2) c = 0, a, d > 0, a+ d < 1 and −1 < b < 0.
(3) a+ b = c+ d = 0, a > 1, c > 0 and |a− c| < 1.

Let us recall some definitions and properties of Hadamard fractional integration and
differentiation. We refer to [17] for a more detailed analysis.

Definition 2.8. [17] (Hadamard fractional integral) The Hadamard fractional integral of
order q > 0 for a function u ∈ L1(I), is defined as

(HIq1u)(x) =
1

Γ(q)

∫ x

1

(
ln
x

s

)q−1 u(s)

s
ds,

provided the integral exists.

Example 2.9. Let 0 < q < 1. Then

HIq1 ln t =
1

Γ(2 + q)
(ln t)1+q, for a.e. t ∈ [1, e].

Definition 2.10. [17] (Hadamard fractional derivative) The Hadamard fractional derivative
of order q > 0 applied to the function u ∈ ACnδ (I) is defined as

(HDq
1u)(x) = δn(HIn−q1 u)(x).

In particular, if q ∈ (0, 1], then

(HDq
1u)(x) = δ(HI1−q

1 u)(x).

Example 2.11. Let 0 < q < 1. Then

HDq
1 ln t =

1

Γ(2− q)
(ln t)1−q, for a.e. t ∈ [1, e].

It has been proved (see e.g. Kilbas [[16], Theorem 4.8]) that in the space L1(I), the
Hadamard fractional derivative is the left-inverse operator to the Hadamard fractional inte-
gral, i.e.

(HDq
1)(HIq1w)(x) = w(x).

From Theorem 2.3 of [17], we have

(HIq1 )(HDq
1w)(x) = w(x)− (HI1−q

1 w)(1)

Γ(q)
(lnx)q−1.
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Analogous to the Hadamard fractional calculus, the Caputo–Hadamard fractional deriv-
ative is defined in the following way:

Definition 2.12. (Caputo–Hadamard fractional derivative) The Caputo–Hadamard frac-
tional derivative of order q > 0 applied to the function u ∈ ACnδ is defined as

(HCDq
1u)(x) = (HIn−q1 δnu)(x).

In particular, if q ∈ (0, 1], then

(HCDq
1u)(x) = (HI1−q

1 δu)(x).

Now, we prove the following lemma.

Lemma 2.1. Let h ∈ C(I), and α ∈ (1, 2]. Then the unique solution of problem
(HcDα

1 u)(t) = h(t); t ∈ I,
a1u(1)− b1u′(1) = d1u(ξ1),

a2u(T ) + b2u
′(T ) = d2u(ξ2),

is given by

u(t) =

∫ T

1

G(t, s)h(s)ds,
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where the Green function G is given by: G(t, s) =

1
sΓ(α) (ln ts )α−1 + d1(lnξ1)α−2(lnt)α−1

s∆ [ a2
Γ(α) (lnTs )α−1 + b2

Γ(α−1) (lnTs )α−2 − d2
Γ(α) (ln ξ2s )α−1]

−d1(lnt)α−1

s∆Γ(α) (ln ξ1s )α−1[a2(lnT )α−2 + b2
T (α− 2)(lnT )α−3 − d2(lnξ2)α−2]

+d1(lnt)α−2

s∆Γ(α) (ln ξ1s )α−1[a2(lnT )α−1 + b2
T (α− 1)(lnT )α−2 − d2(lnξ2)α−1]

−d1(lnξ1)α−1(lnt)α−2

s∆ [ a2
Γ(α) (lnTs )α−1 + b2

Γ(α−1) (lnTs )α−2 − d2
Γ(α) (ln ξ2s )α−1]; s ≤ ξ1, s ≤ t

d1(lnξ1)α−2(lnt)α−1

s∆ [ a2
Γ(α) (lnTs )α−1 + b2

Γ(α−1) (lnTs )α−2 − d2
Γ(α) (ln ξ2s )α−1]

−d1(lnt)α−1

s∆Γ(α) (ln ξ1s )α−1[a2(lnT )α−2 + b2
T (α− 2)(lnT )α−3 − d2(lnξ2)α−2]

+d1(lnt)α−2

s∆Γ(α) (ln ξ1s )α−1[a2(lnT )α−1 + b2
T (α− 1)(lnT )α−2 − d2(lnξ2)α−1]

−d1(lnξ1)α−1(lnt)α−2

s∆ [ a2
Γ(α) (lnTs )α−1 + b2

Γ(α−1) (lnTs )α−2 − d2
Γ(α) (ln ξ2s )α−1]; s ≤ ξ1, t ≤ s

1
sΓ(α) (ln ts )α−1

+d1(lnξ1)α−2(lnt)α−1

s∆ [ a2
Γ(α) (lnTs )α−1 + b2

Γ(α−1) (lnTs )α−2 − d2
Γ(α) (ln ξ2s )α−1]

−d1(lnξ1)α−1(lnt)α−2

s∆ [ a2
Γ(α) (lnTs )α−1 + b2

Γ(α−1) (lnTs )α−2 − d2
Γ(α) (ln ξ2s )α−1]; ξ1 ≤ s ≤ ξ2, s ≤ t

d1(lnξ1)α−2(lnt)α−1

s∆ [ a2
Γ(α) (lnTs )α−1 + b2

Γ(α−1) (lnTs )α−2 − d2
Γ(α) (ln ξ2s )α−1]

−d1(lnξ1)α−1(lnt)α−2

s∆ [ a2
Γ(α) (lnTs )α−1 + b2

Γ(α−1) (lnTs )α−2 − d2
Γ(α) (ln ξ2s )α−1]; ξ1 ≤ s ≤ ξ2, t ≤ s

1
sΓ(α) (ln ts )α−1

+d1(lnξ1)α−2(lnt)α−1

s∆ [ a2
Γ(α) (lnTs )α−1 + b2

Γ(α−1) (lnTs )α−2]

−d1(lnξ1)α−1(lnt)α−2

s∆ [ a2
Γ(α) (lnTs )α−1 + b2

Γ(α−1) (lnTs )α−2]; ξ2 ≤ s, s ≤ t

d1(lnξ1)α−2(lnt)α−1

s∆ [ a2
Γ(α) (lnTs )α−1 + b2

Γ(α−1) (lnTs )α−2]

−d1(lnξ1)α−1(lnt)α−2

s∆ [ a2
Γ(α) (lnTs )α−1 + b2

Γ(α−1) (lnTs )α−2]; ξ2 ≤ s, t ≤ s

with
∆ = d1(lnξ1)α−1[a2(lnT )α−2 + b2

T (α− 2)(lnT )α−3 − d2(lnξ2)α−2]

− d1(lnξ1)α−2[a2(lnT )α−1 + b2
T (α− 1)(lnT )α−2 − d2(lnξ2)α−1] 6= 0.

Proof. Solving the linear equation

(HcDα
1 u)(t) = h(t),

we get
u(t) =H Iα1 h(t) + c1(lnt)α−1 + c2(lnt)α−2. (2.1)

On the other hand, by the relation Dβ
1 I

α
1 u(t) = Iα−β1 u(t), we get

u′(t) = 1
Γ(α−1)

∫ t
1
(ln ts )α−2h(s)dss

+ α−1
t c1(lnt)α−2 + α−2

t c2(lnt)α−3.
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From the boundary conditions, we have

[d1(lnξ1)α−1]c1 + [d1(lnξ1)α−2]c2 = aH1 I
α
1 h(1)− bH1 Iα−1

1 h(1)− dH1 Iα1 h(ξ1)

[a2(lnT )α−1 + b2
T (α− 1)(lnT )α−2 − d2(lnξ2)α−1]c1

+[a2(lnT )α−2 + b2
T (α− 2)(lnT )α−3 − d2(lnξ2)α−2]c2

= dH2 I
α
1 h(ξ2)− aH2 Iα1 h(T )− bH2 Iα−1

1 h(T ).

Thus we get

c1 = d1(lnξ1)α−2

∆ (a2

∫ T
1

(lnTs )α−1 h(s)
sΓ(α)ds

+ b2
∫ T

1
(lnTs )α−2 h(s)

sΓ(α−1)ds− d2

∫ ξ2
1

(ln ξ2s )α−1 h(s)
sΓ(α)ds

− d1
∆Γ(α) (a2(lnT )α−2 + b2

T (α− 2)(lnT )α−3

− d2(lnξ2)α−2)
∫ ξ1

1
(ln ξ1s )α−1 h(s)

s ds,

and
c2 = d1

∆Γ(α) (a2(lnT )α−1 + b2
T (α− 1)(lnT )α−2

− d2(lnξ2)α−1)
∫ ξ1

1
(ln ξ1s )α−1 h(s)

s ds

− d1(lnξ1)α−1

∆ (a2

∫ T
1

(lnTs )α−1 h(s)
sΓ(α)ds

+ b2
∫ T

1
(lnTs )α−2 h(s)

sΓ(α−1)ds− d2

∫ ξ2
1

(ln ξ2s )α−1 h(s)
sΓ(α)ds.

Substituting the values of c1 and c2 in (2.1), we get

u(t) = 1
Γ(α)

∫ t
1
(ln ts )α−1 h(s)

s ds

+ d1(lnξ1)α−2(lnt)α−1

∆ [a2

∫ T
1

(lnTs )α−1 h(s)
sΓ(α)ds

+ b2
∫ T

1
(lnTs )α−2 h(s)

sΓ(α−1)ds− d2

∫ ξ2
1

(ln ξ2s )α−1 h(s)
sΓ(α)ds]

− d1(lnt)α−1

∆Γ(α) [a2(lnT )α−2 + b2
T (α− 2)(lnT )α−3

− d2(lnξ2)α−2]
∫ ξ1

1
(ln ξ1s )α−1 h(s)

s ds

+ d1(lnt)α−2

∆Γ(α) [a2(lnT )α−1 + b2
T (α− 1)(lnT )α−2

− d2(lnξ2)α−1]
∫ ξ1

1
(ln ξ1s )α−1 h(s)

s ds

− d1(lnξ1)α−1(lnt)α−2

∆ [a2

∫ T
1

(lnTs )α−1 h(s)
sΓ(α)ds

+ b2
∫ T

1
(lnTs )α−2 h(s)

sΓ(α−1)ds− d2

∫ ξ2
1

(ln ξ2s )α−1 h(s)
sΓ(α)ds]

=
∫ T

1
G(t, s)h(s)ds.

.

Remark. Notice that the function G(·, ·) is not continuous over [1, T ] × [1, T ], however
the function t 7→

∫ t
1
G(t, s)ds is continuous on [1, T ].

In the sequel we will make use of the following random fixed point theorems:

Theorem 2.2. [12, 20] Let (Ω,F) be a measurable space, X be a real separable gen-
eralized Banach space and F : Ω × X → X be a continuous random operator, and let
M(w) ∈ Mn×n(R+) be a random variable matric such that for every w ∈ Ω, the matrix
M(w) converges to 0 and

d(F (w, x1), F (w, x2)) ≤M(w)d(x1, x2); for each x1, x2 ∈ X and w ∈ Ω,
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then there exists a random variable x : Ω→ X which is the unique random fixed point of
F.

Theorem 2.3. [12, 20] Let (Ω,F) be a measurable space, X be a real separable gener-
alized Banach space and F : Ω ×X → X be a completely continuous random operator,
Then, either

(i) the random equation F (w, x) = x has a random solution, i.e., there is a measur-
able function x : Ω→ X such that F (w, x(w)) = x(w) for all w ∈ Ω, or

(ii) the set M = {x : Ω→ X is measurable : λ(w)F (w, x) = x} is unbounded for
some measurable function λ : Ω→ X with 0 < λ(w) < 1 on Ω.

3. MAIN RESULTS

In this section, we are concerned with the existence and uniqueness results of the cou-
pled system (1.1)-(1.2).

Definition 3.1. By a random solution of the problem (1.1)-(1.2) we mean a coupled mea-
surable functions (u, v) ∈ C(I) × C(I) satisfying the boundary conditions (1.2), and the
equations (1.1) on I.

The following hypotheses will be used in the sequel.

(H1) The functions fi; i = 1, 2 are Carathéodory.
(H2) There exist continuous functions pi, qi : I → L∞(Ω,R+); i = 1, 2 such that

‖fi(t, u1, v1)− fi(t, u2, v2)‖ ≤ pi(t, w)‖u1 − u2‖+ qi(t, w)‖v1 − v2‖;
for a.e. t ∈ I, and each ui, vi ∈ Rm, i = 1, 2.

(H3) There exist continuous functions hi, ki, li : I → L∞(Ω,R+); i = 1, 2 such that

‖fi(t, u, v)‖ ≤ hi(t, w)+ki(t, w)‖u‖+li(t, w)‖v‖; for a.e. t ∈ I, and each u, v ∈ Rm.

First, we prove an existence and uniqueness result for the coupled system (1.1)- (1.2) by
using Banach’s random fixed point theorem type in generalized Banach spaces. As a con-
sequence of Lemma 2.1, we define the operators N1, N2 : C × Ω→ C(I) by

(N1(u, v))(t, w) =

∫ T

1

G1(t, s)f1(s, u(s, w), w)ds, (3.1)

and

(N2(u, v))(t, w) =

∫ T

1

G2(t, s)f2(s, u(s, w), w)ds, (3.2)
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where G1(t, s) =

1
sΓ(α1) (ln ts )α1−1 + d1(lnξ1)α1−2(lnt)α1−1

s∆1
[ a2
Γ(α1) (lnTs )α1−1 + b2

Γ(α1−1) (lnTs )α1−2 − d2
Γ(α1) (ln ξ2s )α1−1]

−d1(lnt)α1−1

s∆1Γ(α1) (ln ξ1s )α1−1[a2(lnT )α1−2 + b2
T (α1 − 2)(lnT )α1−3 − d2(lnξ2)α1−2]

+d1(lnt)α1−2

s∆1Γ(α1) (ln ξ1s )α1−1[a2(lnT )α1−1 + b2
T (α1 − 1)(lnT )α1−2 − d2(lnξ2)α1−1]

−d1(lnξ1)α1−1(lnt)α1−2

s∆1
[ a2
Γ(α1) (lnTs )α1−1 + b2

Γ(α1−1) (lnTs )α1−2 − d2
Γ(α1) (ln ξ2s )α1−1]; s ≤ ξ1, s ≤ t

d1(lnξ1)α1−2(lnt)α1−1

s∆1
[ a2
Γ(α1) (lnTs )α1−1 + b2

Γ(α1−1) (lnTs )α1−2 − d2
Γ(α1) (ln ξ2s )α1−1]

−d1(lnt)α1−1

s∆1Γ(α1) (ln ξ1s )α1−1[a2(lnT )α1−2 + b2
T (α1 − 2)(lnT )α1−3 − d2(lnξ2)α1−2]

+d1(lnt)α1−2

s∆1Γ(α1) (ln ξ1s )α1−1[a2(lnT )α1−1 + b2
T (α1 − 1)(lnT )α1−2 − d2(lnξ2)α1−1]

−d1(lnξ1)α1−1(lnt)α1−2

s∆1
[ a2
Γ(α1) (lnTs )α1−1 + b2

Γ(α1−1) (lnTs )α1−2 − d2
Γ(α1) (ln ξ2s )α1−1]; s ≤ ξ1, t ≤ s

1
sΓ(α1) (ln ts )α1−1

+d1(lnξ1)α1−2(lnt)α1−1

s∆1
[ a2
Γ(α1) (lnTs )α1−1 + b2

Γ(α1−1) (lnTs )α1−2 − d2
Γ(α1) (ln ξ2s )α1−1]

−d1(lnξ1)α1−1(lnt)α1−2

s∆1
[ a2
Γ(α1) (lnTs )α1−1 + b2

Γ(α1−1) (lnTs )α1−2 − d2
Γ(α1) (ln ξ2s )α1−1]; ξ1 ≤ s ≤ ξ2, s ≤ t

d1(lnξ1)α1−2(lnt)α1−1

s∆1
[ a2
Γ(α1) (lnTs )α1−1 + b2

Γ(α1−1) (lnTs )α1−2 − d2
Γ(α1) (ln ξ2s )α1−1]

−d1(lnξ1)α1−1(lnt)α1−2

s∆1
[ a2
Γ(α1) (lnTs )α1−1 + b2

Γ(α1−1) (lnTs )α1−2 − d2
Γ(α1) (ln ξ2s )α1−1]; ξ1 ≤ s ≤ ξ2, t ≤ s

1
sΓ(α1) (ln ts )α1−1

+d1(lnξ1)α1−2(lnt)α1−1

s∆1
[ a2
Γ(α1) (lnTs )α1−1 + b2

Γ(α1−1) (lnTs )α1−2]

−d1(lnξ1)α1−1(lnt)α1−2

s∆1
[ a2
Γ(α1) (lnTs )α1−1 + b2

Γ(α1−1) (lnTs )α1−2]; ξ2 ≤ s, s ≤ t

d1(lnξ1)α1−2(lnt)α1−1

s∆1
[ a2
Γ(α1) (lnTs )α1−1 + b2

Γ(α1−1) (lnTs )α1−2]

−d1(lnξ1)α1−1(lnt)α1−2

s∆1
[ a2
Γ(α1) (lnTs )α1−1 + b2

Γ(α1−1) (lnTs )α1−2]; ξ2 ≤ s, t ≤ s

with
∆1 = d1(lnξ1)α1−1[a2(lnT )α1−2 + b2

T (α1 − 2)(lnT )α1−3 − d2(lnξ2)α1−2]

− d1(lnξ1)α1−2[a2(lnT )α1−1 + b2
T (α1 − 1)(lnT )α1−2 − d2(lnξ2)α1−1] 6= 0.
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and G2(t, s) =

1
sΓ(α2) (ln ts )α2−1 + d3(lnξ3)α2−2(lnt)α2−1

s∆2
[ a4
Γ(α2) (lnTs )α2−1 + b4

Γ(α2−1) (lnTs )α2−2 − d4
Γ(α2) (ln ξ4s )α2−1]

−d3(lnt)α2−1

s∆2Γ(α2) (ln ξ3s )α2−1[a4(lnT )α2−2 + b4
T (α2 − 2)(lnT )α2−3 − d4(lnξ4)α2−2]

+d3(lnt)α2−2

s∆2Γ(α2) (ln ξ3s )α2−1[a4(lnT )α2−1 + b4
T (α2 − 1)(lnT )α2−2 − d4(lnξ4)α2−1]

−d3(lnξ3)α2−1(lnt)α2−2

s∆2
[ a4
Γ(α2) (lnTs )α2−1 + b4

Γ(α2−1) (lnTs )α2−2 − d4
Γ(α2) (ln ξ4s )α2−1]; s ≤ ξ3, s ≤ t

d3(lnξ3)α2−2(lnt)α2−1

s∆2
[ a4
Γ(α2) (lnTs )α2−1 + b4

Γ(α2−1) (lnTs )α2−2 − d4
Γ(α2) (ln ξ4s )α2−1]

−d3(lnt)α2−1

s∆2Γ(α2) (ln ξ3s )α2−1[a4(lnT )α2−2 + b4
T (α2 − 2)(lnT )α2−3 − d4(lnξ4)α2−2]

+d3(lnt)α2−2

s∆2Γ(α2) (ln ξ3s )α2−1[a4(lnT )α2−1 + b4
T (α2 − 1)(lnT )α2−2 − d4(lnξ4)α2−1]

−d3(lnξ3)α2−1(lnt)α2−2

s∆2
[ a4
Γ(α2) (lnTs )α2−1 + b4

Γ(α2−1) (lnTs )α2−2 − d4
Γ(α2) (ln ξ4s )α2−1]; s ≤ ξ3, t ≤ s

1
sΓ(α2) (ln ts )α2−1

+d3(lnξ3)α2−2(lnt)α2−1

s∆2
[ a4
Γ(α2) (lnTs )α2−1 + b4

Γ(α2−1) (lnTs )α2−2 − d4
Γ(α2) (ln ξ4s )α2−1]

−d3(lnξ3)α2−1(lnt)α2−2

s∆2
[ a4
Γ(α2) (lnTs )α2−1 + b4

Γ(α2−1) (lnTs )α2−2 − d4
Γ(α2) (ln ξ4s )α2−1]; ξ3 ≤ s ≤ ξ4, s ≤ t

d3(lnξ3)α2−2(lnt)α2−1

s∆2
[ a4
Γ(α2) (lnTs )α2−1 + b4

Γ(α2−1) (lnTs )α2−2 − d4
Γ(α2) (ln ξ4s )α2−1]

−d3(lnξ3)α2−1(lnt)α2−2

s∆2
[ a4
Γ(α2) (lnTs )α2−1 + b4

Γ(α2−1) (lnTs )α2−2 − d4
Γ(α2) (ln ξ4s )α2−1]; ξ3 ≤ s ≤ ξ4, t ≤ s

1
sΓ(α2) (ln ts )α2−1

+d3(lnξ3)α2−2(lnt)α2−1

s∆2
[ a4
Γ(α2) (lnTs )α2−1 + b4

Γ(α2−1) (lnTs )α2−2]

−d3(lnξ3)α2−1(lnt)α2−2

s∆2
[ a4
Γ(α2) (lnTs )α2−1 + b4

Γ(α2−1) (lnTs )α2−2]; ξ4 ≤ s, s ≤ t

d3(lnξ3)α2−2(lnt)α2−1

s∆2
[ a4
Γ(α2) (lnTs )α2−1 + b4

Γ(α2−1) (lnTs )α2−2]

−d3(lnξ3)α2−1(lnt)α2−2

s∆2
[ a4
Γ(α2) (lnTs )α2−1 + b4

Γ(α2−1) (lnTs )α2−2]; ξ4 ≤ s, t ≤ s

with
∆2 = d3(lnξ3)α2−1[a4(lnT )α2−2 + b4

T (α2 − 2)(lnT )α2−3 − d4(lnξ4)α2−2]

− d3(lnξ3)α2−2[a4(lnT )α2−1 + b4
T (α2 − 1)(lnT )α2−2 − d4(lnξ4)α2−1] 6= 0.

Set

G∗i = sup
t∈[1,T ]

∫ t

1

|Gi(t, s)|ds; i = 1, 2.

Theorem 3.1. Assume that the hypotheses (H1) and (H2) hold. If for every w ∈ Ω, the
matrix

M(w) :=

(
G∗1‖p1(·, w)‖∞ G∗1‖q1(·, w)‖∞
G∗2‖p2(·, w)‖∞ G∗2‖q2(·, w)‖∞

)
converges to 0, then the coupled system (1.1)-(1.2) has a unique random solution.

Proof. Consider the operator N : C × Ω→ C defined by

(N(u, v))(t, w) = ((N1(u, v))(t, w), (N2(u, v))(t, w)). (3.3)
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Clearly, the fixed points of the operator N are random solutions of the coupled system
(1.1)-(1.2). Let us show that N is a random operator on C. Since fi; i = 1, 2 are
Carathéodory functions, then w → fi(t, u, v, w) are measurable maps in view of Proposi-
tion 4.1.2 we conclude that the maps

w → (N1(u, v))(t, w) and w → (N2(u, v))(t, w),

are measurable. As a result, N is a random operator on C × Ω into C. We show that N
satisfies all conditions of Theorem 2.2.
For any w ∈ Ω and each (u1, v1), (u2, v2) ∈ C and t ∈ I, we have

‖(N1(u1, v1))(t, w)− (N1(u2, v2))(t, w)‖

≤
∫ T

1

|G1(t, s)|‖f1(s, u1(s, w), v1(s, w), w)− f1(s, u2(s, w), v2(s, w), w)‖ds

≤
∫ T

1

|G1(t, s)|(p1(s, w)‖u1(s, w)− u2(s, w)‖+ q1(s, w)‖v1(s, w)− v2(s, w)‖)ds

≤ G∗1(‖p1(·, w)‖∞‖u1(·, w)− u2(·, w)‖∞ + ‖q1(·, w)‖∞‖v1(·, w)− v2(·, w)‖∞).

Then,

‖(N1(u1, v1))(·, w)− (N1(u2, v2))(·, w)‖∞
≤ G∗1(‖p1(·, w)‖∞‖u1(·, w)− u2(·, w)‖∞ + ‖q1(·, w)‖∞‖v1(·, w)− v2(·, w)‖∞)..

Also, for any w ∈ Ω and each (u1, v1), (u2, v2) ∈ C and t ∈ I, we get

‖(N2(u1, v1))(·, w)− (N2(u2, v2))(·, w)‖∞
≤ G∗2(‖p2(·, w)‖∞‖u1(·, w)− u2(·, w)‖∞ + ‖q2(·, w)‖∞‖v1(·, w)− v2(·, w)‖∞).

Thus,

d((N(u1, v1))(·, w), (N(u2, v2))(·, w)) ≤M(w)d((u1(·, w), v1(·, w)), (u2(·, w), v2(·, w))),

where

d((u1(·, w), v1(·, w)), (u2(·, w), v2(·, w))) =

(
‖u1(·, w)− u2(·, w)‖∞
‖v1(·, w)− v2(·, w)‖∞

)
.

Since for every w ∈ Ω, the matrix M(w) converges to zero, then Theorem 2.2 implies that
coupled system (1.1)- (1.2) has a unique random solution.

Set
A(w) := (G∗1‖h1(·, w)‖∞ +G∗2‖h2(·, w)‖∞),

and

C(w) := max{G∗1‖k1(·, w)‖∞ +G∗2‖k2(·, w)‖∞, G∗1‖l1(·, w)‖∞ +G∗2‖l2(·, w)‖∞}.
Now, we prove an existence result for the coupled system (1.1)- (1.2) by using Leray–
Schauder random fixed point theorem type in generalized Banach space.

Theorem 3.2. Assume that the hypotheses (H1) and (H3) hold. If C(w) < 1, then the
coupled system (1.1)-(1.2) has at least a random solution.

Proof. Let N : C × Ω → C be the operator defined in (3.3). We show that N satisfies
all conditions of Theorem 2.3. The proof will be given in several steps.

Step 1. N(·, ·, w) is continuous.
Let (un, vn)n be a sequence such that (un, vn) → (u, v) ∈ C as n → ∞. For any w ∈ Ω
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and each t ∈ I, we have

‖(N1(un, vn))(t, w)− (N1(u, v))(t, w)‖

≤
∫ T

1

|G1(t, s)|‖f1(s, un(s, w), vn(s, w), w)− f1(s, u(s, w), v(s, w), w)‖ds

≤ G∗1‖f1(·, un(·, w), vn(·, w), w)− f1(·, u(·, w), v(·, w), w)‖∞.
Since f1 is Carathéodory, we have

‖(N1(un, vn))(·, w)− (N1(u, v))(·, w)‖∞ → 0 as n→∞.
On the other hand, for any w ∈ Ω and each t ∈ I, we obtain

‖(N2(un, vn))(t, w)− (N2(u, v))(t, w)‖

≤
∫ T

1

|G2(t, s)|‖f2(·, un(·, w), vn(·, w), w)− f2(·, u(·, w), v(·, w), w)‖∞

≤ G∗2‖f2(·, un(·, w), vn(·, w), w)− f2(·, u(·, w), v(·, w), w)‖∞.
Also the fact that f2 is Carathéodory, we get

‖(N2(un, vn))(·, w)− (N2(u, v))(·, w)‖∞ → 0 as n→∞.
Hence N(·, ·, w) is continuous.

Step 2. N(·, ·, w) maps bounded sets into bounded sets in C.
Let R > 0 and set

BR := {(µ, ν) ∈ C : ‖µ‖∞ ≤ R, ‖ν‖∞ ≤ R}.
For any w ∈ Ω and each (u, v) ∈ BR and t ∈ I, we have

‖(N1(u, v))(t, w)‖ ≤
∫ T

1

|G1(t, s)|‖f1(s, u(s, w), v(s, w), w)‖ds

≤
∫ T

1

|G1(t, s)|(h1(s, w) + k1(w)‖u(s, w‖+ l1(s, w)‖v(s, w‖)ds

≤
∫ T

1

|G1(t, s)|(‖h1(·, w)‖∞ +R‖k1(·, w)‖∞ +R‖l1(·, w)‖∞)ds

≤ G∗1(‖h1(·, w)‖∞ +R‖k1(·, w)‖∞ +R‖l1(·, w)‖∞)

:= `1(w).

Thus,
‖(N1(u, v))(·, w)‖∞ ≤ `1(w).

Also, for any w ∈ Ω and each (u, v) ∈ BR and t ∈ I, we get

‖(N2(u, v))(·, w)‖∞ ≤ G∗2(‖h2(·, w)‖∞ +R‖k2(·, w)‖∞ +R‖l2(·, w)‖∞)

:= `2(w).

Hence,
‖(N(u, v))(·, w)‖C ≤ (`1(w), `2(w)) := `(w).

Step 3. N(·, ·, w) maps bounded sets into equicontinuous sets in C.
Let BR be the ball defined in Step 2. For each t1, t2 ∈ I with t1 ≤ t2 and any (u, v) ∈ BR
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and w ∈ Ω, we have

‖(N1(u, v))(t1, w)− (N1(u, v))(t2, w)‖

≤
∫ T

1

|G1(t1, s)−G1(t2, s)|‖f1(s, u(s, w), v(s, w), w)‖ds

≤
∫ T

1

|G1(t1, s)−G1(t2, s)|(h1(s, w) + k1(s, w)‖u(·, w)‖∞ + l1(s, w)‖v(·, w)‖∞)ds

≤ (‖h1(·, w)‖∞ +R‖k1(·, w)‖∞ +R‖l1(·, w)‖∞)

∫ T

1

|G1(t1, s)−G1(t2, s)|ds

→ 0 as t1 → t2.

Also, we get

‖(N2(u, v))(t1, w)− (N2(u, v))(t2, w)‖

≤ (‖h2(·, w)‖∞ +R‖k2(·, w)‖∞ +R‖l2(·, w)‖∞)

∫ T

1

|G2(t1, s)−G2(t2, s)|ds

→ 0 as t1 → t2.

As a consequence of Steps 1 to 3, with the Arzela–Ascoli theorem, we conclude that
N(·, ·, w) maps BR into a precompact set in C.

Step 4. The set E(w) consisting of (u(·, w), v(·, w)) ∈ C such that (u(·, w), v(·, w)) =
λ(w)(N((u, v))(·, w) for some measurable function λ : Ω→ (0, 1) is bounded in C.
Let (u(·, w), v(·, w)) ∈ C such that (u(·, w), v(·, w)) = λ(w)(N((u, v))(·, w). Then
u(·, w) = λ(w)(N1((u, v))(·, w) and v(·, w) = λ(w)(N2((u, v))(·, w). Thus, for any
w ∈ Ω and each t ∈ I, we have

‖u(t, w)‖ ≤
∫ T

1

|G1(t, s)|‖f1(s, u(s, w), v(s, w), w)‖ds

≤
∫ T

1

|G1(t, s)|(h1(s, w) + k1(s, w)‖u(s, w‖+ l1(s, w)‖v(s, w‖)ds

≤ G∗1(‖h1(·, w)‖∞ + ‖k1(·, w)‖∞‖u(·, w‖∞ + ‖l1(·, w)‖∞‖v(·, w‖∞).

So, we get

‖u(·, w)‖∞ ≤ G∗1(‖h1(·, w)‖∞ + ‖k1(·, w)‖∞‖u(·, w‖∞ + ‖l1(·, w)‖∞‖v(·, w‖∞).

Also, we get

‖v(·, w)‖∞ ≤ G∗2(‖h2(·, w)‖∞ + ‖k2(·, w)‖∞‖u(·, w‖∞ + ‖l2(·, w)‖∞‖v(·, w‖)∞.
We obtain

‖u(·, w)‖∞ + ‖v(·, w)‖∞ ≤ A(w) + C(w)(‖u(·, w)‖∞ + ‖v(·, w)‖∞).

It follows that

‖u(·, w)‖∞ + ‖v(·, w)‖∞ ≤ A(w)

1− C(w)

:= L(w).

Hence we get
‖(u(·, w), v(·, w))‖C ≤ L(w).

This shows that the set E(w) is bounded.
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As a consequence of steps 1 to 4 together with Theorem 2.3, we can conclude that N
has at least one random fixed point inBR which is a random solution of the coupled system
(1.1)- (1.2).

4. AN EXAMPLE

Let Ω = (−∞, 0) be equipped with the usual σ-algebra consisting of Lebesgue mea-
surable subsets of (−∞, 0). Consider the following random coupled system of Caputo–
Hadamard fractional differential equations{

(HcD
3
2
1 u)(t, w) = f(t, u(t, w), v(t, w), w);

(HcD
3
2
1 v)(t, w) = g(t, u(t, w), v(t, w), w);

;w ∈ Ω, t ∈ [1, e], (4.1)

with the four-point boundary conditions
u(1, w)− u′(1, w) = u(2, w),

2u(T,w) + u′(T,w) = 2u( 3
2 , w),

3v(1, w)− v′(1, w) = 3v( 5
4 , w),

v(T,w) + 2v′(T,w) = v(2, w),

; w ∈ Ω, (4.2)

where

f(t, u, v, w) =
ct

−1
4 w2u(t) sin t

64(1 + w2 +
√
t)(1 + |u|+ |v|)

; t ∈ [1, e],

g(t, u, v, w) =
cw2v(t) cos t

64(1 + w2 + |u|+ |v|)
; w ∈ Ω, t ∈ [1, e],

and c < 1
max{G∗

1 ,G
∗
2}
. The hypothesis (H2) is satisfied with

p2(t, w) = q1(t, w) = 0, p1(t, w) =
cw2 sin t

64(1 + w2)
, q2(t, w) =

cw2 cos t

64(1 + w2)
.

Also, if for every w ∈ Ω, the matrix

cw2

64(1 + w2)

(
G∗1 0
0 G∗2

)
,

converges to 0. Hence, Theorem 3.1 implies that the system (4.1)-(4.2) has a unique ran-
dom solution defined on [1, e].

5. CONCLUSION

In this paper, we provided some sufficient conditions ensuring the existence and unique-
ness of random solutions for a new class of boundary value problems of coupled Caputo–
Hadamard fractional differential systems with random effects in generalized Banach spaces.
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