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THE FORM OF THE SOLUTIONS OF FOURTH ORDER RATIONAL
SYSTEMS OF DIFFERENCE EQUATIONS

E. M. ELASYED AND MAI T. ALHARTHI*

ABSTRACT. In this paper, we get the form of the solutions of the following difference
equation systems of order four

. ZnWn—2 w Wn2Zn—2
nyl = ——, ntl =T
Wn—2 + Wn—3 :tzn72 + Zn—3
where the initial conditions z_3, z_2, z_1, 20, w—_3, w_2, w_1, wo are arbitrary non-

zero real numbers.

1. INTRODUCTION

Our aim in this paper to get the solutions of the system of following rational difference

equations
Znil = ZpWnp—2 7 Wni1 = Wn Zn—2 ’
Wp—2 + Wp—3 iZn72 + Zn—3

where the initial conditions z_3 z_o z_1, 20, W—3, W_2, wW_1, Wy are arbitrary non-
zero real numbers. Recently, there has been a great interest in studying nonlinear difference
equations and systems. One reason for this is the need for methods that may be used to
investigate equations that arise in mathematical models reflecting real life situations in
population biology, economics, probability theory, genetics, psychology, and sociology.
Furthermore, most nonlinear differential equations can be approximated into difference
relations or systems. We highlight the following studies among the numerous that already
exist.

Theoretical and numerical solutions to the systems of rational difference equations were
obtained by Almatrafi and Elsayed [2].

Wn—12n—3 w - Zn—1Wn—3

wnfl(]- +wn712n73)7 nH anl(]- +Zn71wn73).

Clark et al. [4] has examined the global stability characteristics and asymptotic behavior
of solutions of the system

Zn4+1 =

Z’ﬂ wTL

Zp+l = Wpal] = ——.
nt Ty dz,

a+ cw,’
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162 E. M. ELASYED AND MAI T. ALHARTHI

Cinar [5] has found the positive solution of the following systems of difference equa-
tions 1

Zn4+1 = w 3

n

W,
Wppl = ——.

i Zp—1Wn—-1
In [26] Kurbanli presented the behavior of solutions of the difference equation system

. Zn—1 w Wn—1
ntl = ——————— ntl = —————.
R — ZnWn—1 — 1

Touafek and Elsayed [33] studied the periodic nature and investigated specific solutions
of the difference equation system presented below.

2 o Zn—3 o Wn—3
1= 1= e
Ttz swa YT Elfwn_32n 1

Yalcinkaya [36] investigated the sufficient condition for the global asymptotic stability
of the following system of difference equations

Wp2n—1 + a

z. 1= w 1=
n—+ Wy + 201 ) n+

ZnWn—1 +a
Zn + Wn—1

Elsayed [15] discussed the periodic nature and found the solution of the difference equa-
tion

o Zp—3Wn—2
Zn+1 =

Zp—2Wn—3

Wp4+1 = .
wn(il + Z?L—lwn—QZn—B) ’ " Z?L(:l:l + wn—lzn—an—Zi)
For more researches about the difference equations systems see refs. [[1]- [40]. Now,
we will obtain the form of the solutions of some systems of difference equations.

2. ON THE SYSTEM: 2, = —2"n=2

WnZn—2
W, = ——
Wn—2+Wn_3’ n+l1

Zn—2+2Zn—3
In this section, we study the solutions of the following system of difference equations

ZnWn—2 Wn, Zn—2
Zn4+1 = y  Wp41 = 5 (21)
Wp—2 + Wn,—3 Zn—2 + Zn—3

where the initial conditions z_3 z_2 2z_1, 20, W—3, W—_2 W_1, Wy are arbitrary non-
zero real numbers.

Theorem 1. Suppose that {z,, w,}S2 _4 are solutions of the system . Then for n =
0,1,2,... , we have the following formula

Z6n—3= 1

T [(2i + 1)h + E][(2i 4+ 1)g + R][(2i + 1) f + g][2ic + d][2ib + ¢][2ia + b] 7
1=0

a” hn gn f’n C7L+1 bn
ZGn72:n71

'1:[0 [(2i + 1)h 4 K][(2i + 1)g + h[(2i + 1) f + g][2(i + 1)c + d][2ib + ¢][2ia + b] 7

a® h™ gn fn cm bn+1
Zen—1=,_7

(20 + 1)h + KI[(20 + 1)g + A[(2i + 1)f + gl[20 + De+ d)[26 + )b+ cl[2ia+ b]
=0
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)

an-‘rl hn gn fn " bn

n_nﬁl[(zi + DA+ E]|[(20 + g+ h)[(20 + 1) f + g][2(¢ + e+ d][2(i + 1)+ ¢][2(i + 1)a + 1]

=0
an+1 hn+1 gn fn e b
Z6n+1=— o ,
(h+k) TT[(2t +3)h+K][(2i + 1)g + A)[(2i + 1) f + g][2(¢: + D)+ d][2(i + 1)b+ ¢][2(i + 1)a + b]
=0
_ 1
T kg h)
y _ an+1 thrl gnJrl fn " bn ’
[T [(2i + 3)h + E][(2 + 3)g + h][(2i + 1) f + g][2(i + 1)c + d][2(i + 1)b + ¢][2(i + 1)a + b]

i=0

Wen—3 = e
T [(2i + 1)e + d)[(2 + 1)b+ c][(2i + 1)a + b][2ih + k][2ig + B][2if + g]

=0
fn e obn qn hn+1 gn
3

Wen—2 = n_1
TT [(2i + 1)e + dl[(2i + 1)b + ][(2i + 1)a + b][2( + 1)k + K|[2ig + R][2if + g]

i

=0
fn " bn a® hn gn+1

wﬁn—lzn_l
IT[(2i + 1)e+d][(2i + 1)b+ ][(2i + 1)a + b][2(i + 1)h + k][2(i + 1)g + A][2if + ¢]

=0
)

fn+1 c b g™ R gn

T [(2i + e+ d)[(2i + 1)b + ¢][(2i + Va + b][2(i + 1)h + E][2(i + 1)g + h][2(i + 1) f + g]

w6n:n71
=0
fn+1 CnJrl bn am hn gn
Wen+1 = n_1 )
(c+d) TT (2 +3)e+d][(2i + 1)b+ ¢][(2¢ + 1)a + b][2(i + 1)h + K][2(i + 1)g + h][2(i + 1) f + ¢]
=0
_ 1
ont2 = rd)(b+ o)
fn-i—l cn+1 bn+1 a® h" gn

X
nﬁl[(Qi +3)c+d][(2i + 3)b+ (][(2¢ + 1)a + b][2(i + 1)h + k][2(i + 1)g + R][2(i + 1) f + ¢]

=0

where z_3=d,z_ 0o =c,z2_1=b,zog=a,w_3 =k, w_o =h,w_1 =g, wy = f.

Proof. By using mathematical induction. The result holds for n = 0. Suppose that the

result holds for n — 1
d anfl hnfl gnfl fnfl Cnfl bnfl

Z6n—9— n_2
1 [(2i + 1)h + E][(2i 4+ 1)g + R][(2i + 1) f + g][2ic + d][2ib + ¢][2ia + b]

=0
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an—l hn—l gn—l fn—l ch bn—l
)

Zﬁn78:n7
H2[(2i + 1)+ E)[(2i + 1)g + h][(2i + 1) f + g][2(i + 1)¢ + d][2ib + ¢][2ia + b]

=0
an—l hn—l gn—l fn—l cn—l pn
b

o _"ﬁz[@i +Dh+E][(20 + 1)g + h][(2i + 1) f + g][2(i + 1)c + d][2(i + 1)b + ][2ia + b]

=0
a” hnfl gnfl fnfl Cnfl bnfl
)

o _n]:[Q[(% + 1)h+EJ[(2i + 1)g + h][(20 + 1) f + g][2(i + 1)c + d][2(i + 1)b + ¢][2(i + 1)a + b]

i=0
a® hm" gnfl fnfl Cnfl bnfl
k)

Z6n—5 = n_2
(h+k) TT (20 +3)h+K][(2¢ + g + h][(2¢ + 1) f + g][2(¢ + Ve + d][2(i + 1)b + ¢][2(¢ + 1)a + b]
=0

a® h™ gn fnfl Cnfl bnfl
)

Z6n—4=— "2
(h+k)(g +h) T1[(2 +3)h + K2 +3)g + Bl[(2i +1)f + ]

2(i + 1)c + d][2(i + 1)b + ¢][2(i + 1)a + b]
k fnfl Cnfl bnfl anfl hnfl gnfl

Wen—9 = 5
TT 126 + Ve + d)[(20 + 1)b+ c|[(2i + La + b][2h + k|[2ig + h][2if + g

=0
fn—l Cn—l bn—l an—l R gn—l
)

Wen—8 = e
T 120 + Ve + dl[(2i + 1)b + cl[(2i + V) + b[2(i + 1)h + k[2ig + Bl[2if + g]

=0
fn—l cn—l bn—l an—l hn—l gn
)

w6n77:n7
Hz[(2i + De+d][(2i + )b+ (][(2¢ + 1)a + b][2(i + 1)k + k][2(i + 1)g + h][2if + g]

)

=0
fn cn—l bn—l an—l hn—l gn—l

w6n76:n72
1124+ De+d[(2i + 1)b+ ¢][(2i + 1)a + b][2(¢ + DR+ E][2(i + 1)g + h][2( + 1) f + g]

=0
fn " bn—l an—l hn—l gn—l
)

T (c+d) n]:[Q[(Qi +3)e+d[(2i+1)b+ ][(2i + D)a+b][2(i + 1)h + K][2(¢ + 1)g + h][2(¢ + 1) f + ¢g]

i=0
fn " anfl hnfl gnfl

Wen—4= n—2
(c+d)(b+c) [I[(2i +3)c+d][(2¢ + 3)b+ ][(2i + 1)a + b][2(: + 1)h + K]
i=0
[2(i4+1)g+ A2+ 1)f + g
From system (2.I) we can prove as follow but firstly, to prove zg,—3 we found the

following relation
J Wen—7

Wen—6 = IR
& Wen—7 = [(2n — 2>ff+ g]wﬁn—ﬁ.

Therefore
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Z6n—4W6n—6
Wen—6 + Wen—7
26n—4Wen—6

Wen_6 + [(2"—2)f;‘9]w6n—6
_ f26n74
(2n—1)f+g
_ f . a® hn gn fnfl Cnfl bnfl
Cn=DI%9 kg +n) ’ﬁj[(zi +8)h+ K][(20 + 3)g + hl[(2i + 1)f + g]
[2(i + 1)c + d][2(i + 1)b + ¢][2(i + 1)a + b]
_ f . d c ban hn gn fn—l cn—l bn—l
Cr=DIH9 kg4 1) TLI+ 3)h+ K0+ 3)g + B0+ 1) + g)d
1=0
20 + 1)e + dJe[2(i + 1)b + Jb[2(i + 1)a + b]
T 120 + A + K)[(2i + 1)g + B][(2i + 1)f + g][2ic + d)[2ib+ c][2ia + 8]
1=0

to prove wg, 3 we found the following relation

5 AZ6n—7
on—6 (2n —2)a+ b’
o — 2 _
& Zep7 = [(2n = 2)a + blzen 6
a
Therefore
w _ Wen—426n—6
on=3 Z6n—6 + Z6n—7
_ Wen—426n—6
Zem—6 + [(2n72)ajb]z6n,6
o AWen—4
 (2n—-Da+b
B a fn e opn an—l hn—l gn—l
T (2n—1a+b n=2 _
(2n —1)a (c+d)(b+c) T] [(2i +3)c+d][(2i + 3)b + ¢][(2i + 1)a + b]
i=0
2+ 1)h + k][2(0 + 1)g + R][2(i + 1) f + ¢]
B a k h g fn e opn anfl hnfl gnfl
" (2n-1l)a+b n2 , ,
(2n —1)a (c+d)(b+c) T] [(2i +3)c + d)[(2i + 3)b + ¢][(2i + 1)a + bk
1=0
20 + 1)h + k]h[2(: + 1)g + h]g[2(i + 1) f + ¢]
- n—1 .
IT1[(2¢ +1)c+d][(2i + 1)b+ €][(2i + 1)a + b][2ih + k][2ig + h][2if + ¢]
=0

Similarly we can prove other relations and the proof is completed. O
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ZnWn—2 WnZn—2

3. ON THE SYSTEM: 2,1 = e Wnyl =

Zn—2"%Zn-3

We study in this section the solutions of the system of two difference equations

P ZnWn—2 w WnZn—2
n+1 = 5 n+1 = 5

Wn—2 + Wn—3 Zn—2 — Zn—3
where the initial conditions z_3 z_2 2_1, 20, W—3, W—_2 W_1, Wy are arbitrary non-

zero real numbers.

3.1

Theorem 2. Assume that {z,, w152 _4 is a solution to system and let z_3 = d,
Zo=¢Cz_1=bzg=a,w_3 =k, w_o =h,w_1 =gandwy = f withw_y # Tw_s,
w_1 # Fw_ o, wy # tw_1, 2.9 # *t2_3, 2.1 # £z 9 and zy # +z_1. Then, for
n=20,1,..., we have

aQn hQn 9211 f2n ch pn
h+ k)" (g +h)"(f +9)"*(2c = d)*(2b — )" (2a — b)"(h = k)"*(g — h)"(f — g)"d"~1’

2’12n—3=(

a2n h2n g2n f2n Cn+1 pn
B k) (g + W) (f + )" (2e — d)r(2b— o) (2a — b (h — k)" (g — )" (f — g)nd™

ZlQn—QZ(

a2n h2n g2n f2n ch bn+1
h+ k)" (g + h)"(f + 9)"(2c = d)*(2b = )" (2a — b)"(h — k)"*(g — h)"(f — g)"d™’

212n—1= (

a2n+1 h2n g2n f2n Cn bn
h+ k)™ (g +h)"(f + 9)"(2c = d)*(2b — )" (2a — b)"(h — k)"(g — h)" (f — g)"d™’

Z12n= (

a2n+1 h2n+1 g2n f2n e b
h+ k)"t (g +h)"(f + g)"(2c — d)™(2b — ¢)"(2a — b)"(h — k)"(g — h)"(f — g)"d™’

Z12n4+1= (

a2n+1 h2n+l 92n+1 f2n " bn
ST R (g + ) + 9)" (20 — d)(2b — ¢)" (20 — b)"(h — k)" (g — h)"(f — g)nd”

a2n+1 h2n+1 92n+1 f2n+1 AL
S TR (g + ) + g) (2 — ) (26 — o) (2a — b)"(h — k)" (g — h)"(f — g)"d”

a2n+1 h2n+1 2n+1 f2n+1 CnJrl bn

_ g
T R R (g + ) (f + 9)" T (20 — d) (b — o) (2a — by (B — k) (g — )" (f — g)rdn

a2n+1 h2n+1 g2n+1 f2n+1 CnJrl bn+1
ST (R (g )T ) (2e — A (@b — 0 (2a = b (= k) (g — B)(T — )"
a2n+2 h2n+1 g2n+1 f2n+1 Cn+1 bn+1

T e Ry (g (T g (2e — d) b — 0 (2a— b (= k) (g — )" (F — g)"d
a2n+2 h2n+2 g2n+1 f2n+1 CnJrl bn+l

ST e Ry (g (T g) T (2e — d) b — ) (2a = b (= k(g — B (] — g)rdn
a2n+2 h2n+2 g2n+2 f271,+1 c71,+1 bn-l—l
(h+ k)" (g + R)" T (f + )" (2 — d)" T (20 — )" T (2a — b)" T (b — k)"
(g—h)"H(f —g)ndr

212n+8 =
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w - f2n CQn b2n a2n w - f2n c2n an a2n h
12n—3= (c — d)?"(b— c)2"(a — b)2nf2n—1" 12n—-2= (c — d)2"(b— c)2"(a — b)2nk2n’

f2n CQn b2n a2n g f2n+1 CQn b2n a2n
1= T (b — o)2n(a — bynkze” T (c— d)2n(b — ¢)2n(a — b)2nk2n

f2n+1 02n+1 b2n a2n f2n+1 62n+1 b2n+1 a2n
P = et (h — o)2n(a — b)2nk2n T (= @)t (b — ¢)2ntl(q — b)2nk2n

f2n+1 c2n+1 b2n+1 a2n+1 _f2n+1 C2n+1 b2n+1 a2n+1 h
W12n+3= (c — d)2+1(b — ¢)2nF1(g — b)2nt1g2n’ Wiz2n+4= (c — d)2r+1(b — ¢)2nt1(g — p)2ntif2n+1’

FRHL G20l pntl 20l g _fRnE2 G20l pnl 20+l
WS yent L (p — o)2ntl(g — p)2ntijentl’ VIBHOT T pondig — o)2ntl(q  p)2ntif2ndl

f2n+2 62n+2 b2n+1 a2n+1 7f2n+2 C2n+2 b2n+2 a2n+1
Wizn+7= (c — d)2nt2(b — ¢)2ntl (g — b)2ntlf2nt1’ Wizn+8= (c — d)2nF2(b — )21 +2(q — b)2nt1f2n+1”

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds
for n — 1. That is,

a2n72 h2n72 2n—2 f2n72 Cnfl bnfl

g
(h+ k)" g+ h)"Hf+g)" ' (2c—d)" 1 (2b—c)" ' (2a—b)" "t (h— k)1~
(g=h)"=H(f —g)"~Hd" 2
a2n—2 h2n—2 g
(h+ &) g+ )" (f +9)" (2 —d)" (20— )" (2a— 0)" " (h— k)"
(g=h)"H(f —g)tant
a2n—2 h2n—2 g
(h+ k)" g+ )" (f +9)" (2 —d)" (20— )" (2a— 0)" L(h— k)"
(g=h)"H(f —g)"tant
a2n71 h2n72 g2n72 f2n72 cnfl b'n.fl
(h+ k)" Hg+h)"Hf+g)" ' (2c—d)" 1 (2b—c)" ' (2a —b)" " (h— k)"t~
(9= (f —g)"~tan!
a2n71 h2n71 g2n72 f2n72 Cnfl pn—1
(h+E)™ (g +n)" " (f+ 9" (2c—d)" (2= o)" (20 = b)" (A — k)"
(g=h)"=H(f —g)"~td" !
a2n71 h2n71 g2n71 f2n72 Cnfl bnfl
(h+ k)" (g+h)"(f+9)" 2c—d)" (20— )" 1 (2a — b)" " (h— k)"t~
(g—h"H(f —g)"tart
a2n—1 h2n—1 an—l f2n—1 cn—l bn—l

TR (g (T ) e — T2 — o) T Ra — 0 (b= Ry (g — A (- gt

212n—15=—

2n—2 f2n—2 " bn—l

Z12n—14=

2n—2 f2n—2 Cn—l pn

212n—13=

212n—12=

Z12n—11=—

Z12n—-10=—

2n—1 hQn—l 2n—1 f2n—1 ch bn—l

— a g
Tl R (g + W+ ) Ge— d)r @b — o) Ga— by (h— k) (g — By (f = gy
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2n—1 h2n—1 2n—1 f2n—1 e pn

_ a g
T e Ry (g ) (T ) (2e = 42— o) (2a — by 1 (h = k)i g — )T = gt
a2n h2n71 g2n71 f2n71 c” bn
Z12n—6 = )
T (k) (g + B (f + )" (2¢ — d)"(2b — )" (2a — b)"(h — k)" (g — )" (f — g tdn T
B B a2n h2n g2n—1 f2n—1 " Hn
T (e kg + ) (f + )" (2e = d) (2 — ) (20— B (h — k)™ (g — )" I(f — g) T Tdn T
B B aQn h2n 9211 f2n—1 Cn bn
T (k) (g + h)(f + 9)" (2 — d)"(2b — o)™ (2a = b)" (h— k)™ (g — h)*(f — )" tdn T
f2n7262n72b2n72a2n72
W12n—15 = (c— d)2n—2(b— ¢)2n—2(q — b)2n—2k2n—3’
f2n—262n—2b2n—2a2n—2h
W12n—14 = (c — d)2n=2(b — ¢)2n—2(a — b)2n—2j2n—2"
Wion 1 f2n72 62n72 b2n72 a2n72 g
n (C _ d)2n—2(b _ C)2n—2(a _ b)2n—2k2n—2 ’
f2n—1 021'7,—2 b2n—2 a2n—2
Wizn-12= (c — d)?=2(b — ¢)2n—2(q — b)2n—2j2n—2"

a
Wiz2n-11= (c — d)2n=1(b — ¢)2n—2(q — b)2n—2k2n—2"
f2n71 C2n71 b2n71 a2n72
Wi2n—10= (c — d)Q”—l(b _ 0)2”_1((1 _ b)2n—2k2n—27

an—l ch—l b2n—1 a2n—1

W12n—9= (c — d)2=1(b— ¢)2n—1(a — b)2n—12n—2’
7f2n71 C2n71 b2n71 a2n71 h
W12n—-8= (c _ d)2n—1(b _ C)Zn—l(a _ b)Qn—len—l ’
o — f2n—1 ch—l b2n—1 a2n—1 g
12n— (c _ d)2n—1(b _ C)Qn—l(a _ b)2n—1k2n—1 ’

_f2n C2n71 b2n71 a2n71

W12n—6= (¢ —d)2=1(b— ¢)2n—1(a — b)2n—1k2n—1’
f2n CQn b2n71 a2n71
W1i2n—5= (c—d)2(b—c)2n1(q — b)2n—1f2n—1’
_f2n c2n b2n a2n—1
Wizn—4= (c—d)2n(b— c)2n(a — b)2n—1j2n—1"
From system (3.1)) we can prove as follow
212n—4W12n—6

f2n—1 CQn—l b2n—2 2n—2

Z12n-3 —

W12n—6 T Wi2n—7

( a2n h2n g2n f2nfl ™ pm )
R e i e Gl AU
— C a
X ( (C_d)anl(b_C)2n71(a_b)2n71k2n71 )

(o e tmr=r) + (e =
_g2m p2n g2 p2n-l e
(ht+k)"(g+h)" (f+9)™ (2c—d)" (2b—c)" (2a—b)" (h—k)" (g—h)" (f—g)"~'d" "
—f+yg
a2n h2n g2n f2n " Hn
(= R (g + )" (J + 9)7 (2 — )" (26— o) (2a — ) (h — B)(g — )" (J — g T




Z12n—2

Wi2n—3

Wi12n-2
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212n—-3W12n—5

Wi2n—5 + Wi2n—6
2!1, h2n 2n f2n n bn,

(O e (o e (o7 (2= B (=R (=R (=g 7=

2n ﬂbnl

X((Cfd)Qn(b C) n— 1((1 b)2ﬂ 1k:2n—1)

((c_d)Zn(b_c)2n—l(a_b)Qn—lk2n (c=d)2"—T(b—c)>"1(a—b)2n—1k2n—1

2n o2n p2n—1 g2n—1 ) ( f2n c2n—1 p2n—1 g2n—1 )
a2n h2n g 2n n+1 pn

(h+k)™(g+h)" (f+g)™ (2c—d)™ (20— C) (2a b) '(h—k)"(g—h)"(f—g)"d"~'(c—d)

cfd -1
a2n h2n g2n f?n cn+1 bn

(h+ k)™ (g+h)"(f +9)"(2c— d)"(2b = ¢)*(2a — b)* (h — k)"(g — h)*(f — g)"d"’

W12n—4212n—6
Z12n—6 — Z12n—7
7f2'n. o2n p2n g2n—1

((c—d)27L b—c)2" (a—b)2n—1k2n— 1)

a2n h n—lg2n71 f2n 1 e opn

(TR e T @ dy (=0 "= by BT g=h =T 1a"=T )
2n h2n 1g2n 1f2n 1 e opn

Ak (¥ (FFa) (2e— d)n S DT
22 P

— (hFR) (g+R) (F+g) ™ (2e— d) (2b—c)" (2a b)" Hh=k)m=Hg—h)" = (f—g)m~tdrt
__£2n C2n b2n a2n
(c—=d)2™ (b—c)2" (a—b)2"—1k2n—1(2a—b)
Qaa—b -1
f2n ch an a2n
(C _ d)2n(b _ C)Qn(a _ b)ananl ’

W12n—-3212n—5

Z12n—5 — 212n—6
T

(C d)Zﬂgb 2271 a— b2'nk2n 1)
2nh 27; 1 e pm
X (T G e e a7 (- G = T =g )
2n h2n g2n 1 f2n 1 c" b

AR (R (T o)™ (2o d>"<2b I RN D

2n—1

— (R (gth) " (F+g)™ (2e—d)™ (2b )" (2a—=b)" (h—k)"~H(g—h)" 1 (f—g)n~tdr !
2n (20 p2n 20 p
(c=d)2" (b—c)2" (a—b)2" k2" 1 (h—k)

R
h—k 1

f2n 0271 b2n a2n h
(C _ d)2"(b _ 6)2"(a _ b)2nk-2n :

Similarly we can prove other relations and the proof is completed. ]

4. ON THE SYSTEM: 2,1 =

ZnWn—2 Ww 1= WnZn—2
Wn—2+Wn -3’ n+ —Zpn—2+2Zn—3

In this section, we deal with the solutions of the system of the difference equations

_ ZnWn—2 o Wn, Zn—2 4.1
Znp1= ————————, Wp41 = ——————, 4.1)
Wp—2 + Wn—3 —Zp-2 + Zn—3
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where the initial conditions z_3 z_o 2_1, 20, W—_3, W_2, w_1, Wy are arbitrary non-

zero real numbers.

Theorem 3. Suppose that {z,,w,}52 _5 are solutions of system . Then for n =

0,1,2, ...,
Z6n—3 — ) Z6n—2 = )
T (R g+ W) (g T (e k) (g + W) (f o+ g)nd
B _ b anhngnfn B _ an+1hngnfn
T R g+ R (fgdrT T (k) g+ (S g
anJrlthrlgnfn an+1hn+lgn+1fn
T A R R T g T e R (g (g
T Lot d) (—b+ o) (—a+ b)rknl 2T (Lot d)r(—b+ o) (—a + b)nkn
" B g fncnbnan " _ fn+lcnbnan
T e r A (—b+ o) (—a+ bk T (et d) (—b+ o) (—a + b)" k™
fn+lcn+1bnan fn+lcn+1 bn+1an
Wen+1 = (—C+ d)n-{-l(_b + c)n(_a + b)nkn’ Wen+2 = (—C+ d)n-l—l(_b+ c)n-i—l(_a + b)nkn’

where z_3 = d, 2.9 = ¢, 2.1 = b, 20 = a, w_3 = k, w_9 = h, w_1 = g and
wo = fwithw_g # tw_3, w_1 # tw_o, wg # tw_1,2_9 # +2_3,2_1 # £z_5 and

20 75 :|:Z_1.

Proof. By using mathematical induction. The result holds for n = 0. Suppose that the

result holds for n — 1

an—lhn—lgn—lfn—l

n—1lpn—1_n—1n—1
ca® th" g f

T B R g T g T Ry (g (g

b an—lhn—lgn—lf'n—l

Z6n—7 = (h T k)"*l(g ¥ h)nfl(f 4 g)nfldnfl’

anhngnflfnfl

anhn—lgn—lfn—l

T e R g R g

fn—lcn—lbn—lan—l

h+k)"=tg +h)=(f + g)tdnt

anhngnfnfl

Wen—9 = (

g fn—lcn—lbn—lan—l

—c+d)" Y (=b+ )" H(—a+ b)n Lk Won—8 = (

Wen—7 = (

fncnbnflanfl

e+ d) (bt o) H(—at btk T

w6n—5 = (

From system (&.I)) we can prove as follow

h+ k) (g4 h)"(f +g)ntdn—t’

h fn—lcn—lbn—lan—l
—c+ d)n—l(_b + C)n—l(_a + b)n—lk.n—l’

fncn—lbn—lan—l

—c+ d)nfl(ib + C)nfl(ia + b)nflknfl ’

fncnbnanf 1

—c+ d)n(_b + c)n—l(_a + b)n—lkn—l ’

—c+d)"(=b+ c¢)"(—a + b)n—1gn—1"
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26n—4Wen—6

Z6n—-3 — ———
Wen—6 + Wen—7
PR T i v fren—lpn—lgn-1
. (h k)" (g+h)" (f+g)" Ldn 1 (c+d)" I (=bte)" (—atb)"Tkn—1
- nen—1pn—1gn—1 gfn—lcn—lbn—lan—l
(—ctd)"1(=bto)" (—atb)Tkn—1 + (—c+d)" 1 (=bte)" (—atb) Tkn 1
A" gn "
_ TR (g a
f+g
anhngnfn
(h+ k)" (g +h)"(f + g)rdm—t
5 - 26n—3Wen—5
6n—-2 — -
Wen—5 + Wen—6
a™ hngnfn % fncnbnflanfl
_ R O N o) G 0 i G ) S
- fncnbn—lan—l fncnflbnflanfl
(—ctd)" (—btc)* I (—atb)y" Tkn—1 + (—cFd)" T (=btc)" (—atb)y" Tkn1
c anhngnfn
S () 7 i et
- c
Ceray 1
c anhngnfn
(h+k)"(g +h)"(f +g)"d™
o Wen—426n—6
Wen—-3 = —————————
—26n—6 T Z6n—7
nonpnn—1 anhn—1lgn—1n—1
7C+ n(_— +c n 7a+ n— n— + n— g+ n— +g n— n—
B " (—b BTk X (k)" —1(g+h)"—1 Tgn—T
- anhn—1lgn—1fn—1 ban—1hpn—1gn—1fn—1
S ¥ N (O R D V£ L
e a "t
7C+ n(__ +C n 7a+ n— n—
_ (=cAdn (=40 ( DL
(—a+10)
fncnbnan
(et d)(=b+ o) (—a+ bkt
- Wen—326n—5
Wen—2 = ——
—26n—5 T 26n—6
nenpngn « AR gt ol
. (—c+d)"(—b+c)"(—a+b)"k"*1 (h-‘rk)"(g—‘rh)"*l(f—‘rg)"fld'”'*l
- anhngn—lfn—l unhn—lgn—lfn—l

(h+k)"(g+h)"71(f+g)"71d”71 + (h+k.)n71(g+h)n71(f+g)n71dn—l
Fr e h
(—ct+d)"(=b+c)*(—a+b) k™~ 1(h+k)

R+l
fre™b™a™ h
(—c+d)"(=b+c)"(—a+ b)"kn
So, we can prove the other relations and the proof is completed. (]
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EnWn—2 W Zn—2

5. ON THE SYSTEM: 2,1 = S o Wnyl =

—2Zn—2"%n-3

We study in this section the solutions of the system of two difference equations
ZpWn—2 Wn,Zn—2
g = —P2 gy = 2 (5.1)
Wp—2 + Wp—3 —Zp—2 T Zn-3
where the initial conditions z_3 z_2 2_1, 29, W_3, W_2 w_1, wo are arbitrary non-
zero real numbers.

Theorem 4. Assume that {z,,w, }5> _5 is a solution to system and let z_3 = d,
zo=c¢z1=bzg=a,w_3=k,w_o=h,w_1=gandwy = fwithw_g # *+w_s,
w_1 # tw_o, wyg # FTw_1, 2.0 # *z_3, 2.1 #* *z o and zg # Ltz_1.Then, for
n=20,1,...,we have

B B a2n h2n g2n f2n B B Ca2n h2n an f2n

12n-3 = (h+ k)22 (g + h)2*(f 4 g)2nd?>n—1’ 12n-2 = (h + k)22 (g + h)2"(f + g)2nd>™’
ba2n h2n g2n f2n a2n+1 h2n an f2n

z n— = b z n — b

T (e (g W g T (e k) (g )P (f o+ g)d
a2n+1 h2n+1 an f2n a2n+1 h2n+1 9211—0—1 f2n

2l = TR (g - R (f + g)2nden PR T (g k)2nt(g 1 h)2ntL(f 4 g)2nden’

_ a2n+1 h2n+1 92n+1 f2n+1 7 —c a2n+1 h2n+1 92n+1 f2n+1
“12n+3 = (h+k)2n+1(g+h>2n+1<f+g)2n+1d2n’ “l2n+4 = (h+k)27L+1(g+h)2n+1<f+g)2n+1d2n+l’

ba2n+1 h2n+1 g2n+1 f2n+1 _ a2n+2 h2n+1 g2n+1 f2n+1
F12n+5 = 2nt1 o+l I+l 2ntl’  Fl2nt6 = nt1 ont1 2nt12n41’
(h+ k)2 t1(g + h)2nHL(f + g)2ntid (h+ k)2 H1(g + h)2" L (f + g)2ntid

a2n+2 h2n+2 2n+1 f2n+1 _ a2n+2 h2n+2 2n+2 f2n+1

_ 9 _ 9
Z12n+7 = (h+ k)27F2(g + h)2nt1(f + g)2ntig2nt1’ “12n+8 = (h+ k)27 +2(g + h)2nt2(f £ g)2ntigent1’

(71)nf2nc2nb2na2nhngn
et (bt ¢)"(a+ ) (2h + k)" (29 + W (2F + g)"(c — d)r(b— o) (a — by

Wi2n—-3 = (

(_1)nf2n02nb2na2nhn+lgn
c+ )y (b a0 2 B2y + B + ) (e — A (b — o) (a— bk

Wizn—2 = (

_ (_ 1)nf2n02nb2na2nhngn+1
L= D (b + o) (a + 0)" (2h + k) (29 + )" (2f + 9)"(c — d)*(b— ¢)*(a — bk

(_1)nf2n+1c2nb2na2nhngn
(c+d)"(b+c)*(a+b)"(2h +k)™(29 + h)™(2f + g)"(c — d)" (b — ¢)"(a — b)" k™’

Wi2n =

(_1)n+1f2n+162n+1b2na2nhngn
T A b+ o (ot b) 2k + B)*(2g + )2 + g) (e — ) (b — o) (a — b)"kn

(_1)nf2n+162n+1b2n+1a2nhngn
W22 = T L (b 1 o)t (a + b)n(2h + k)™ (29 + R)(2f + g) (e — d)n (b — )" (a — b)rkn
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(_1)n+1f2n+102n+1b2n+1a2n+1 hngn
PR b+ )T (a1 0) 2k + k)" (29 + D) (2f + )" (e — d)r(b— o) (a — bk

(_1)nf2n+10277,+1b2n+1a2n+1 hn+lgn
T e (b + ¢ T (a1 b) T (2R + k)T (2 + )" (2 + g) (e — ) (b — o) (a — b)"kn

(71)n+1f2n+162n+1b2n+1a2n+1 hn+1gn+1
Wt = L (b + o (@ + b (2h £ ) (29 + )L + 9 e — A (b — O (a — bR
(_1)nf2n+282n+1b2n+1a2n+1 hn+1gn+1
e T AT+ o (a + 0) T 2k + B)(2g + )L + )T (e — d)n(b— o) (a — b)"hn
(_1)n+1f2n+262n+2b2n+1a2n+1 hn+1gn+1
T A I+ o (a + D) 2k + K)L(2g + )RS + g) (e — d) (b — ¢)"(a — bykn
(_1)nf2n+202n+2b2n+2a2n+1 hn+lgn+1

ST ) (b o T ()T 2+ BT (2g + )RS 4 g)
(c—d)"*" (b —c)" (a — b)"k"

Proof. For n = 0 the result holds. Now suppose that n ; 0 and that our assumption holds
forn - 1. That is,

2n—2 h2n—2 2n—2 f2n—2

— a g
S T (g k)P (g + h)PR(f o )P 2dEnd
ca2n—2 h2n—2 g2n—2 f2n—2

Z12n—-14 = (h+ k)2n—2(g+ h)Zn—Q(f+g)2n—2d2n—2’

- b a2n—2 h2n—2 g2n—2 f2n—2 ’
(= Ry (g = P2 (] + 92
- a2n71 h2n72 g2n72 f2n72 7
(b )P =2(g & )2 (] + g2

a2n—1 h2n—1 an—Q f2n—2

Z12n—-11 = (h+k)2”*1(g+h)2”*2(f+g)2"72d2”72’
q2n—1 p2n-1 g
212n—10 = (h—|— k)gn_1(9+ h)zn_1(f+g)2n—2d2n—27
I a 921'7,—1 f‘2n—1 7
(h+k)> =g+ h)> =t (f + g)*n—td>n 2
—c 21 p2n—1 92n—1 f2n—1

Z12n—8 = (h+ k)2=1(g + h)2n—1(f + g)2n—1d2n—1’
927171 f2n71

212n—7 = (h + k‘)Q”—l(g I h)2n—1(f T g)2n—1d2n—1’
g2n—1 f2n—1

212n—6 = (h+ k)2—1(g + h)2n71(f+g)2n71d2n71’
a2n h2n 927171 f2n71
ST (kP g + P gt
. . _ aQn h2n 9217, f2n—1
12n— (h—|— k)Q"(g—l- h)2n(f_|_g)2n—ld2n—1’

2n—1 f2n72

2n—1 hQn—l

b a2n71 h2n71

_ a2n h2n— 1
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(_1)n—1f2n—202n—2b2n—2a2n—2hn—lgn—l

S T e ) T o o (ak b) A R g+ ) R ) (e—d)
(b _ c)n—l(a _ b)n—lkn—2
Wion 14 — (_1)n—1f2n—2C2n—2b2n—2a2n—2hngn—l
" (c+d)" tb+e)" Ha+b)" T2h+ k)" 29 +h)" 1 2f +g)" He—a)»
(b _ C)n—l(a _ b)n—lkn—l
(71)n71f2n72C2n72b2n72a2n72hn719n
T T e ) T o o (a0 Rh R (g )2 ) (e — )
(b _ C)n—l(a _ b)n—lkn—l
Wion 1y — (_1)7171f2nflc2n72b2nf2a2n72hnflgnfl
(c+d)"H(b+e)" Ha+b)" 1 2h+ k)" (2 + )" H2f +9)" e —d)" Tt
(b _ C)nfl(a _ b)nflknfl
(_l)nf2n—102n—1b2n—2a2n—2hn—lgn—l
Wi2n—11 = ’
F T et (ot )" a+)" @A R (29 + )RS 4 g)" e — )
(b _ C)nfl(a _ b)nflknfl
(_1)n—lf2n—1CZn—lb2n—1a2n—2hn—1gn—1
Wi2n—-10 = )
T e d) b+ o)Ma+ ) 2R+ R) T (2g + RN+ g) e —d)r !
(b _ C)n—l(a _ b)n—lkn—l
Wio o — (_l)ann—162n—162n—1a2n—1hn—1gn—1
(c+d) b+c) (a+b)"2h+ k)" 129 +h)"12f +g)" He—a)» 1~
(b _ C)n_l(a _ b)n—lkn—l
_ (71)7171f2n7162n71b2n71a2n71hngn71
Wi2n—8 =

(c+d)"(b+c)"(a+b)"(2h+k)"(2g + )" (2f + g)" (e —d)" !’
(b—c)" Y a—b)r—tknt

B (_1)71f2n7102nflb2n71a2n71hngn

T e (bt o (a+ b (h+ B)*(2g + )" (2f + g)" (e — d)" (b — o) (a — by Tk
B (_1)n—1f2n62n—1b2n—1a2n—1hngn

=0 = A (b + o)™ (a + b)"(2h + k)" (2g + h)"(2f + g)"(c — d)" (b — )" L(a — by k1
B (71)nf2n02nb2nfla2nflhngn

= = D (b + o) (a+ 0)"(2h + k)" (29 + )" (2f + 9) (e — d)*(b— o) La— by kL
B (_1)n—1f2nc2nb2na2n—1hngn

=4 = A (b + o)™ (a + b)™(2h + k)™ (2g + h)™(2f + g)"(c — d)y" (b — ¢)"(a — by" k1

From system (5.1)) we have
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212n—4W12n—6

Z12n—-3 =
" W12n—6 + Wi2n—7
_ g2n p2n an f2n—1
(h+k)2n(g+hg2n(f+g)2n—1d2n—1
% (_1)n71f2nc 7L71b2n—1a2n71hngn
_ (cFd)" (b F) (a+b) " (hFk)" RgFh) " (2] +9)" (=)~ (b=c)" " (a=b)" T hr T
- 1)n 1f2'n 2n—1p2n—1,2n— 1hn n
(c+d)™ (b+c)™ (a+b)" (Qh(-irkg Sc?g-irh) (§f+g) (c d)" l(b PR CED R
+(c+d) " (b+c)™(a+b)" (2h+k)™ (2g+h)" (2f+g)" 1(c d)" T(b—c)»~(a—b)n—1kn—1
_ 2n h2n 2n p2n
. (h+k)2™ (g+h)2n(f-_i_g)zn—ldzn—l(2f+9)
- _f
(2f+9)
_ a2n h2n 9211 f2n
(h+k)2n(g+h)27z(f_|_g)2nd2n—l
Zion_g = 212n—-3W12n—5
" Wi2n—5 + W12n—6
2n h2n g2n f2n
T G T
_ (C+d)1L(b+c)7L(a+b)n(2h+k)n(2g+h)n(2f+g)n(c d)*(b—c)*(a—b)n—1kn—1
(- 1)7Lf2n 2np2n—1,2n— lhn n
(ctd)" (b+e) ™ (atb)™ 2thk')L ng%thgn zljgjng)l e 72 (b T T (a—b)m TR
B G e s e e e e e
2n p2n 20 f2n(
_ (h_;'_k)?'ntzg_;’_h)Zn(f'+g)2'rgd207271(C_d)
a2n h2n g2n anC
— (R g R ([ g
W12n—4212n—6
Wi2n—-3 =

—Z12n—6 — %12n—7
(-1~ 1f2n 2np2n (20— lhn n

(c+d)"(b+c)"(a+b) (2h+k)™ (2g+h) (2f+g g d"(b c)*(a—b)n—1gn—1
— a®" p?nl g2

(h+k)2n 1(g+h)2" l(f+g)2n 1g2n—1

a2n p2n—1 g2n—1 fan—1 _ ba2n—1 p2n—1 g2n—1 fan—1
(h+k)2" 1 (g+h)2n—1(f4g)2n 1d2n—1 (hFk)2 1 (g+h)2n—1(ftg)Zn—Tq2n—1
(—1)n—1f2n 2np2ng2n—lpn gn

T CRO i G e e Y R S D )l Gt o i D G

(a—b)
(_1)nf2nc2nb2na2nhngn

(c+d)"(b+c)"(a+b)"(2h + k)" (29 + h)"(2f + g)"(c — d)*(b— ¢)"(a = b)"k" !
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W12n—-3%12n—>5

Wizn—2 =
—R12n—5 — 212n—6
(=1)7 f2m 2 p2n g2 gn
(c+d)"(b+c)"(a+b)”(2h+k:)nT(LQgtLh);S%jiJrgz;i({:fd)”(bfc)"'(afb)”knfl
a
X (h k)2 (g+h) 21 (f+g)2n—1q2n—1
—a2n p2n g2n—1 fn—1 i q2n p2n—1 g2n—1 f2n—1
(h k)2 (g+h) 2" -1 (ftg)2n—Tq2n—1 (h k)21 (gt h)2n—1(ftg)2n—1g2n—1
(—1)"f2ne2np2ng2npngng
(c+d) (b+c)™ (a+b)™ (2h+k)" (2g+h)" (2f+g)" (c—=d)" (b—c)" (a=b)" k"~ 1 (h+k)

—h
m'f’l

(71)nf2n62nb2na2nhn+lgn

(c+d)"(b+c)(a+b)"(2h + k)™(2g + h)" (2f + g)"(c — d)"(b — ¢)"(a — b)"k"
So, we can prove the other relations and the proof is completed.
O

6. NUMERICAL EXAMPLES

In order to illustrate the results of the previous sections and to support our theoretical
discussions, we present several interesting numerical examples in this section.

Example 1. We take the initial conditions, for the system (@) as follows z_3 = 7.5,
Z2_o=—12,2_1=9,20 =6, w_3 =4.75, w_9 = 24, w_1 = 13 and wy = —2.See Fig.
1.

2(n).w(n)

FIGURE 1
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Example 2. We consider numerical example for the difference system (3.1) with the initial
conditions zZ_3 — 53, Z_9 = —.45 21 — 35, zZ0 = 11, w_3g = 8, Ww_9 = 26, w_1 = 14
and wg = 2. See Fig. 2.

FIGURE 2

Example 3. See Figure 3. We put the initial condition z_3 = 20, z_9 = —3 ,z_1 = 9,
29 =6, w_3 =4.75, w_g = 24, w_1 = 13 and wy = 18 on the difference system [{#1)

2(n),w(n)
o

FIGURE 3

Example 4. Fig. 4 shows the behavior of the solution of the difference system (5.1)) with
the initial conditions z_3 = 24, z_9 = —30,2_1 =11, 29 = =55, w_3 =7, w_9 = 13,
w_1 = 8.75 and wy = —14.
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2(n).w(n)

-400

FIGURE 4

CONCLUSION

This paper discussed the expression’s form of systems of rational Fourth order differ-
ence equations. In Section 2, we obtained the form of the solutions of system 2,1 =

—EnUn=2 4y, = —=2nfn=2 _ Also In section 3, we found the solution’s form of the
Wp—2+Wn 37 Zn—2+2n—3

_ ZnWn—2 _ WnZn—2 : .
system zpy1 = S rE— wny = . In section 4,5 , we got the solution
: : ZnWn—2 _ Wn Zn—2
of the following systems respectively, 2,41 Tt Wnt1 Py and
ZnWp—2 Wn2Zn—2

Zntl = gt Wny1 = —3 75— Finally, we gave a numerical example in each

case to illustrates the results.
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