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EXISTENCE RESULTS FOR FUZZY DIFFERENTIAL EQUATION WITH
1)-HILFER FRACTIONAL DERIVATIVE

K. KANAGARAIJAN, R. VIVEK, D. VIVEK AND E. M. ELSAYED*

ABSTRACT. This manuscript concerns the fuzzy differential equation involving v-Hilfer
type fractional derivative with nonlocal condition. By using successive approximation, we
obtain the existence, uniqueness results of solution for ¢-Hilfer fuzzy differential equa-
tion. Further, nonlocal conditions are extended to the existence results. Furthermore, an
application is shown to demonstrate the theoretical conclusions utility.

1. INTRODUCTION
Consider the v-Hilfer fuzzy fractional differential equation of the kind
DPYa(t) = f(t,x(t), forall t€ [a,b],
I;:”wx(a) =z =, Cix(t:), v=a+pB(l-a),
wherex € R,0 < a < 1,8 €[0,1], f : [a,b] x E — E is a fuzzy function. Moreover,
I ;;V’w, Dg‘f ¥ are the 1-Hilfer fractional integral and derivative, which will be given in
the next section. ¢;(i = 1,2,...,m) satifies a < t; < to < ... < band C; is a real
number, o € R. Here nonlocal conditions are more effective than the initial conditions
1, ;;Vx(()) = x( in terms of physical problems. z is said to be a solution of .

The fundamental concept of theory of differential equation is a rich and beautiful field
of pure and applied mathematics which deals with many disciplines including engineering,
physics, economics, biology. There are many branches of theory of differential equation
is fuzzy fractional differential equations that in recent year. The theoretical development
of fractional differential equation is the Riemann-Liouville’s or Caputo sense have been
excellently given in [1 2 3| 4} 5/ 6], it has gathered significant not only in mathematical
research but also in other applied sciences. In this way of fractional derivative concept
that we should considered depends on the experimental data that best fits in the theoretical
model. Hilfer has suggest a new generalized form of the fractional derivative, the so-called

Hilfer fractional derivative(HFD) that merge the wide number of definition of fractional
differential operators. For many definition on HFD and interesting applications, one can
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refer to [[7, 18, 21]. Inspired by the definitions of the HFD and the concepts of fractional
derivative of a function with respect to the another ¢ kernal function suggest a new idea of
fractional derivative,the so-called ¢)-HFD.

Recently, the topics of existence and uniqueness for the solution to the linear and non-
linear fuzzy differential equations with 1)-HFD has been further investigated and discuss
by many researches in various aspects. In [9] the existence and uniqueness of Riemann-
Liouville fuzzy fractional differential equation has been demonstrate by Arshad and the
concept of fuzzy type Riemann-Liouville differentiabilty based on Hukuhara differen-
tiability in [15] by using the Hausdroff measure of noncompactness. Furthermore, the
existence and uniqueness for fuzzy fractional differential equation with ¢-Hilfer under
Liouville-Caputo generalized Hukuhara differentiability has been investigated in [10], and
further see [[11} 12, 13, {14, [19, 22]. In [16], the existence results for extremal solutions
of interval fractional function integro-differential equation by using the monotone iteration
approaches associated with the method of upper and lower solution was investigated.

This paper is organized as follows: In Section 2, we give some preliminary facts that
we need in what follows. In section 3, we present our main results on the existence results
of solution by using successive approximation method. An illustrative example is given to
show the practical usefulness of the analytical results. Conclusion is given in section 4.

2. PRELIMINARIES

Now in this section we give some definitions and lemmas useful in our subsequent dis-
cussion. We denote by E the sapce of all fuzzy numbers on R. For ¢ € R, p € [1, 0],
Let X?(a,b) denote the space of all complex-valued Lebesgue measurable functions f on
a finite interval [a, b] for which

1 fllxe < o0

with the norm

1/p
1 llxe = (f:|f<t>|pd;) < oo,

Definition 2.1. [20] A fuzzy number is a fuzzy set z : R — [0, 1] which satisfies the
following conditions:
(7) x is normal, that is, there exists to € R such that z(¢g) = 1;
(#i) x is fuzzy convex in R, that is, for A € [0, 1],
(M1 + (1= A)tz) > min{z(t1),z(t2)}, foranyty,t; € R;
(#41) x is a upper semicontinuous on R;
(iv) [2]° =cl{z € R| x(2) > 0} is compact.

Denote by C([a, b], E) the set of all continuous fuzzy function and by AC([a, b], E) the
set of all absolutely continuous fuzzy functions on the intervals [a, b] with values in F. Let
v € (0,1),by C, [a, b] we denote the space of continuous functions defined by C., [a, b] =
{f:(a,b] = E: (¢(t) —9(a))=7 f(t) € Cla,b]}. Let L([a, b], E) be the set of all fuzzy
functions z : [a,b] — E such that the functions ¢ — Dy |z (t), 0] belongs to L![a, b].

If  is a fuzzy numbers on R, we define [z]” = {z € R | 2(z) > r} the r-level of z,
with 7 € (0, 1]. From condition (i) and (iv), it follows that the r-level set of z € E, [x]"

, is a nonempty compact interval for any r € [0, 1]. We denote by [z(r), Z(r)] the r-level
of a fuzzy number z. For 1, x5 € F, and A € R, the sum x; + z2 and the product \ - 21
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are defined by [x1 + x2]" = [z1]" + [z2]”, [\ - x1]" = A[z1]", forall » € [0,1], where

[£1]" 4 [z2]” means the usual addition of two intervals of R and A[z1]" means the usual

scalar product between A and an real interval. For x € E, we define the diameter of the

r-level set of x as diam[u]” = u(r) — u(r).

Definition 2.2. [19] Let 1, x5 € FE. If there exists 3 € F such that z; = x5 + x3, then

x3 is called the Hukuhara difference of z; and 22 and it is denoted by 21 © z5. We note

that 1 © x9 # x1 + (—)x2

Definition 2.3. [19] The distance Dg[x1, z2] between two fuzzy numbers is defined as
Dolx1, 2] = sup,¢p 1 H([z1]", [x2]"), forall z1,25 € E,

where H ([x1]", [22]") = max{|u,(r) — u; ()|, |@1(r) — @i (r)|} is a Hausdorff distance

between [z1]" and [x2]".

Triangular fuzzy numbers are defined as a fuzzy set in E that is specifed by an ordered
triple z = (a, b, ¢) € R3 with ¢ € [a, b] such that [z]" = [z(r), Z(r)] are the end points of -
level sets for all € [0, 1], where z(r) = a+ (b—a)r and Z(r) = ¢ — (¢ —b)r. In general,
the parametric form of a fuzzy number x is a pair [z]” = [z(r), Z(r)] of function z(r),
Z(r), r € [0, 1], which satisfy the following conditions: w(r) is a monotonically increasing
left-continuous function, T(r) is a monotonically decreasing left-continuous function, and
u(r) < a(r), 7 € [0,1].

Definition 2.4. [17] The generalized Hukuhara difference of two fuzzy numbers z,y € E
(gH-difference for short) is defined as follows:
TOHY=w & T=y+w, o y=z+(—1l)w.

A function z : [a,b] — F is called d-increasing (d — decreasing) on [a, b] if for every
r € [0, 1] the function ¢ — diam[z(¢)]" is nondecreasing (nonincreasing) on [a, b]. If x
is a d-increasing or d- decreasing on [a, b], then we say that x is d-monotone on [a, b].

Definition 2.5. [7,[8] The left-sided ¢)-fractional integral of order o > 0, z € XP?(a, b) for
o <a<t< ooisdeﬁnedby

(182)( / B () () — () a(r)dr. @.1)

Definition 2.6. [7,18] The w-fractlonal derivative associated with the generalized fractional
integrals (2) are defined, for 0 < a < t < 0o, n = [a] + 1, by

(ze)0) = (G 4) o)

:I‘(nl—a)< dt) / W (P () — () () e, (22)

Let x € L([a, b], E), then the -Hilfer fractional integral of order « of the fuzzy func-
tion z is defined as follows:

Tap(t) = (I8Ya ) /¢ — (1) a(r)dr,t > a.

Since [z(t)]" = [z(r,t),Z(r,t)] and 0 < a < 1, we can considered the fuzzy -
fractional integral of the fuzzy function x based on lower and upper functions, that is,

[(Ioa) ()" = (L2 z) (r,0), (L 7) (r 1)), t=a,
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where

(1257 2) (1) = iy o (P (@(E) — 0(r)* e, 7)(r)

and

(I %) () = w5y Ju @' (D((8) = (7))~ &(r, 7)(7)dr.

In addition, it follows that the opeartor x4 (¢) is linear and bounded from C([a, b}, E)
to C([a, b], E). Indeed, we have

e < leloggss [ o w0 - vtrtar = 0w - v,

where ||z = sup;¢q,5 Dol2(t), 0.

Definition 2.7. [7, 8] Let order o and type 5 satisfyn — 1 < « < nand 0 < g < 1,
with n € N. The fuzzy v-Hilfer generalized Hukuhara fractional derivative(or -Hilfer
gH-fractional derivative) (left-sided/right-sided), with respect to ¢, with a function ¢t €
Ci_+pla, b, is defined by

o.p, B(1-a), 1 d -B)(1-a),
(D)0 =) (5 ) 08P
(120 po (=AU )

if the gH-derivative xl(l_a), ,(t) exists for t € [a, b], where

ra-m(t) = (1) 0 = g [ 0 OO - ) s

Lemma 2.1. [7,8] Let 1, (‘;‘Jr‘/’ according to Eqs. Then

EEP W)~ 9(@)P 7 (1) = 5D (1) - (@) T a2 0,85 0.

(a+B)

Lemma 2.2. [1L8] Leta > 0,0 < v < L Ifx € Cy yla,b] and 1, %Yz € CL [a,b],
then

a a (I;7a7¢x)(a) a—1
(L3 D) (1) = () — S () — w(a)
I'()
Lemma 2.3. [1LB] Let = € L'(a,b). If D2~V & exists on L' (a, b), then

DEPU ey — [FUT pBU=e) Vo allt € (a, b,
Lemma 2.4. [20] If € AC([a,b], E) is a d-monotone fuzzy function, where [x(t)]" =
[z(r,t),T(r,t)] for 0 <r <1,a <t <b thenfor0 < a < 1, we have that
(i) [(Df;f’wx)(t)]r = [Dg‘f’wg(r, t),DZ‘f’wf(r, t)] fort € [a,b), if x is d-increasing
(44) [(Df;f’wx)(t)]r = [Dgf’wf(r, t),Dz‘f’wg(r, t)] fort € [a,b), if z is d-decreasing
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Proof. Letx € AC([a,b], E) be ad-monotone fuzzy function, then [x(¢)]" = [z(r, t), T(r, t)].
If 2 is d-monotone then either x is d-increasing or d-decreasing, for any r € [0, 1]

To prove(i):

Assume that x is d-increasing,

[ (0] = [z (1), GT(r,0)],

by definition of fuzzy v-Hilfer gH-fractional derivative
a,f, T 1-a), , 1-8)(1—«), 1-a), s 1-8)(1—a),—
[(Daf wx)(t)} :[(IfJ(r )wfijwl(Jr BI( )w§>(7‘,t),(15§r )wfizwlt;r B( )wx)(rvt)]

a

_r(pa-ae (L d l)wI(lfﬁ)(lfa),w
- [( a+ 1/}/ (t) a a+ g) (7", t)v

(170~ aW(wl()d) (49 a=)by (1 4]
=D x(r,t), DIV E(r,1)].

To prove(ii):
Assume that z is d-decreasing,

& (0)] = [F7(r,1), Ga(r,0)],

by definition of fuzzy v-Hilfer gH-fractional derivative
oK T 11—« s 1 11—« 1—a), 1,1 1— 1—-a),
[(Dé’f wx)(t)} :[(IfJ(r )wfﬂffw B)(1—a) i~ )( 7t)7(15i )wfw ¢I§+ B)( )wg)(r,t)]

ol 1 A" A m ey
()

I:B(lfa)sw 1 d l,wl(lfﬁ)(lfo‘)ww
(I3 T dt at z)(r,t)]

=[De V7 (1), D (1)
This completes the proof. (]

Lemma 2.5. [fx € AC([a,b], E) is a d-monotone fuzzy function t € (a,b] and o € (0, 1),
we set z(t) := gj:/’ and z(1—q) () is d-increasing on (a, b] then

(12 D2 ) (0) = a(t) & ZELZ (y0) - w(a))

and
(DXL IS Y 2) (8) = x(t).

Proof. Let x € AC(a,b], E) be a d-monotone fuzzy function then by using ¢-HFD, we
have,

(D) (1) = (£ ) (ﬁt) ) (L) o).
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By applying [, ;ljrw on the both sides, we get

1 d 1—8)(1—a) 1
/(t dt) (I(§+ ) ) )x(t)

[Py (1-)1-a).s
- (5 dt) e )=
— (1) 1 dY a- )
_( ’Y ( dt)( Y

(I’Y ¢D’Y ’l/J)x(t)’

(122D )ate) = 1)

A

where Dzﬁ’m( t) = (w 1(t) $)11+'y Ya(t),

o o I(l v) o
and we get (1Y DY x) (t) = x(t) © “Fa2(@(t) —¥(a))*!
o o I((llf'v),w _
(I D) (1) = 2(t) © “ar—a(a) () — p(a)]* L.
Applying initial condition, we get

Iérw’wx(a) =29 = Z Cix(t;). (2.3)

That is, (Igj:ngf wx) (t) =z(t) Sym %W(ﬂ —Y(a)],
if z(t) is d-increasing on [a, b] or z(t) is d- decreasing on [a,b] and z(1_q) (%) is d-
increasing on (a, b).

In similar, (Igﬁ’Df;f’wx) (t) = z(t) + (_DWW@) = ()
Next we have, to prove that Dgf YISV a(t) = 2(b).

Letz € L'(a,b),
DI a(t) = LYV DI a(r)
— Iﬁil—a)»lelJ:ﬁ(l_a)ywx(t)

_ Ifilfa)»wa(:*a)ywx(t)

L ) v = (),
T30 = )

On the other hand, since z € AC([a,b], E),there exists a constant K such that K =
SUPye(q,b) Dol (t),0]. Then

DIV a(t) = 2(t) ©

DalIz (0.0 = s [ ¥ 0000 - vy et
) 1 a—1
t;zpb]Do[ )0 < —m [ @60 v et
Dol£3+(1).0] < s / YT () — () dr
DolIg (1), 0] < s (0l0) — ¥(a)°,

- F(a +1)
and I, gﬁ’x(t) = 0 at t = a. This completes the proof. O
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Lemma 2.6. Let x : [a,b] — RT be a continuous function on the interval [a,b] and
satisfy Dg;ﬁ’wx(t) < g(t,x(t)), t < a, where g € C([a,b] x RT,R*"). Assume that
m(t) = m(t,a,&) is the maximal solution of the initial value problem

DIPYet) = g(t,€), (I77Y€)(a) =& >0, te€ [a,b]. 2.4)
Then, if x(a) < &y, we have x(t) < m(t), t¢€ [a,b].

Lemma 2.7. Consider the initial value problem as follows:

D =g(t.x(1), (Lay"x)(a) =x0 =0, forall te[a,b] 2.5)
Let n) > 0 be a given constant and B(xo,n) = {x € R : |x — Xxo| < n}. Assume that the
real-valued function g : [a,b] x [0,n] — R* satisfies the following conditions:

(i) g € C([a,b] x [0,7],RT), g(£,0) = 0, 0 < g(t,x) < M,, forall (t,x) €
[a, 0] x [0, n);

(#7) g(t, x) is nondecreasing in x for every t € [a,b]. Then problem (6) has at least
one solution defined on [a, b] and x(t) € B(xo,n).

Proof. The problem (23] is equivalent to the following fractional integral equation:

X(B) = Xo + 13 S ¥ (5) () — ()72 g (s, x(5))ds.

X(8) = 0+ w5 Sy ¥ () (0 (1) = b(s))> L g (s, x(5))ds.

Choose t* > a such that t* < (W) Y4 , and put b* = min{t*,b}. Let us de-
9

fine a sequence {x}5, of successive approximation of problem (2.5 on [a,b] as follows:

Mg [e% n+1 _ 1 ! 4 a—1 n
X(t) = m(w(t)—w(a)) ;XY = er/a ¥ (s)((t) — ()" g(s, x"(s))ds

Then, for n=0, we have

¢
O =gy [ V00 =06 (s )
1 M a
X 1) < gy (400) — vla)
XLt <X°(t) <, t€lab).
Hence ¢(t, n) is nondecreasing in x for every ¢ € ([a, b*]) and proceeding recursively, we
find that,

0 < x" () < x"(t) < ... <xX°t)<n, n=0,2,3,..,
it follows that, the sequence {x" 2o 1s uniformly bounded for all n > 0. Moreover.,

DZ‘;B Yx(t) = g(t, x™(t)) < M, we get the equicontinuity of the sequence {x"}. Indeed,
fora < t; <ty < b* and by using Mean-Value Theorem, we have

2My 2M, ¥
M(ta) — x" (¢t < —— (tg — 1) < ———(tg — 11)%7™ Y t1,t9] C b*].
X" (t2) X<1)|*F(a+1)(2 1) _F(a+1)(2 )T, T € [t1,t2] C [a,b7]
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1/«

Thus, if [ta — ;]| < &, we have |[x™(t2) — x"(t1)| < €, where § = (2151511’(1 + a)7%)
Hence by using Arzela-Ascoli Theorem and the monotonicity of the sequence {x"}. There-
fore lim,, o, X" (t) = x(¢) is uniformly on [a, b*]. Thus, x € C([a, b*],[0,7]) and x () is
a solution of the problem (2.3).

This completes the proof. (]

3. MAIN RESUILTS

In this section, we discuss the existence and uniqueness of solution of problem (T.T) to
initial value problem by using successive approximation method under generalized lips-
chitz condition of the right-hand side.

Lemma3.1. Lety =a+ 3(1 —a), where 0 < a < 1,0< <1 let f: (a,b]x E = E
be a fuzzy function such that t — f(t, x) belongs to C., ([a,b], E) for any x € E. Then
a d-monotone fuzzy function x € C([a,b], E) is a solution of problem if and only if x
satisfies the integral equation

2(t) 6m 2= ST () _a)

L'(v)
_ L ¢ ’ - _ ’ a—1 (T - a
- F(a)/a V(1) ((t) — () f(, 2(r))dr, t € [a,b] (3.1)

and the fuzzy function t — I;;%wf(t, x) is d-increasing on (a, b).

Proof. First, we have to prove the necessary condition.
Let z € C([a, b], E') be a d-monotone solution of problem (1.1), and
let z(t) == z(t)S4m (I;;“wx(a)), t € [a, b]. Because x is d-monotone on [a, b], it follows
that t — z(¢) is d-increasing on [a, b]. From (1.1)) and Lemma 2.12 we have that
« « 71 sz t; 1—
(122 D3 a) (1) = o(0) 2y ZSLE (00— vi@))' T te ol G2
Since f(t,z) € Cy ([a,b], E) for any z € E, and from (1.1)), it follows that

(I8 DY) (t) = 109 f(t, (L))

1 ' ! a—1
= F(Oé)/a Y (1) () —(r)* " f(s,z())dr, for te [(1(,3b]3.)

In addition, since z(t) is d-increasing on (a, b], it follows that t — f, (¢, x) is also
d-increasing on (a, b]. Consequently, combining (3.2)) and (3.3) proves the necessity con-
dition.

Next, we prove that the sufficiency. Let z € C({a, b], E) be a d-monotone fuzzy function
x satisfies the integral equation and such that ¢ — f (¢, «) is d-increasing on (a, b].
Because of the continuity of the fuzzy function f, the fuzzy function t — fo (¢, x) is
continuous on (a, b] and fo 4 (a, z(a)) = lim; 4+ fa(t, ) = 0. Then

2imy Ciz(ti)

2(t) = S () — v(@) T+ P S )(@),

Ialt) = fj Cia(ts) + Ly "Vt 2()(8),
=1

and
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I72(0) = S| Cix(ty).

In addition, since ¢t — f, (¢, 2) is d-increasing on (a, b], by applying Dg‘f on both
sides, we obtain that

Dgcf,w[ () Ogm M(W(t) — w(a)])vl]

I'(v)
= o [ [ o - 6 (e
=D ’51/’1(“/’]”(15 a(t)).
Thus,
Da-ﬂww [ OéﬂbDOéﬁﬂll (t)] _ Da’ﬁ’wIa’wf(t, z(t))
DL DAY () = DEPVINY £(t, (1))
alla(t) = £t ().
This completes the proof. ]

Theorem 3.2. Let f € C([a,b] x B(zo, h), E) and assume that the following conditions
hold:

(i) There exists a positive constant My such that Do[f(t, 2),0] < My, for all (t,z) €

[a, b] x B(zo, h);
(i3) Foreveryt € [a,b] and every z, w € B(zg, h),
Do[f(t, Z)v f(tvw)] < g(ta DO[Za WD’

where g(t,-) € C([a,b] x [0,1], RT) satisfies the condition in Lemma 2.14 provided that
the problem (2.5) has only the solution x(t) = 0 on [a,b]. Then, the following successive
approximations given by x°(t) = xzo and forn = 1,2, ...,

() Sy W(W (@)™
1 ! ! a—1 n—1
T / W ()W) — B(r)2 L f (7,2 (7)) dr (3.4)

converge uniformly to a unique solution of problem on some intervals [a, T for some
T € (a, b] provided that the function t — I;ﬁwf(t, x™(t)) is d-increasing on [a, T).

1/

Proof. Choose t* > a such that t* < W , where M = maz{M,, My}, and

setting T' = min{t*,b}. Let S = {z : w(a) = x¢ and w(t) € B(xq, h), forall ¢ € [a,T]},
clearly S is a set of continuous fuzzy functions x.

Next, we consider the sequence of continuous fuzzy function {z™}52, given by:
20(t) = xg forall t € [a,T], and forn = 1,2, ...

>iny Cia(ti)
I'()

- s [V OO ) e e T 6
) /., Y (1) (T 72" (1))dr  [a,T). 3.

Step 1: First of all, we prove that 2" (t) € C([a,T], B(zo,h)). For n > 1 and for any
t1,te € [a,T] with t; < to, we have

a"(t) Sgn (v(t) — ¥(a))”
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>y Ciz(ts)
I'()

O () (t) = (1) = ((t2) — (7))* | Do[f (7, 2" (), O)dr

w7 | ¥ ) - s Duls ). 0

The second integral on right-hand side of the last inequality has the value ﬁ (P(ta) —

¥ (t1))?. For the first integral, it has the value ﬁ [(Y(t1) —(a)*— (Y(t2) —1(a))?].
Hence, we get

D(t) — (@) " (t2) Ogrr ($(t) — ()™

+

Doa™(1).a"(12)] € s (lta) = U{t2)" + (6(02) = 0(0))" = ((t2) = (@)"]
< Fo (i) — vl

and it follows that the last expression converges to 0 as t; — ¢, which proves that 2" is a
continuous function on [a, T for all n > 0. In addition, it follows that 2™ (¢) € B(zo, h)
forall ¢ € [a, T if and only if

ey Cia(ts) — b))t ora a
W(W) P(a))” " €B(0,h), forall t€a,T).

Indeed, if we suppose that 2"~ 1(t) € S, forall ¢t € [a,T] and for n > 2, then from

M —la 13
oy (W0 =v(@)" 0

1 b a— n—1
< 5w / B (1) (b(t) — (r))* Dol (r, 2" (7)), Bldr

z"(t) Sgn

Dy {x”(t) OgH

< mW(ﬂ —P(a)]* < h,

it follows that 2™ (¢t) € S, forall t € [a,T]. Hence by mathematical induction, 2™ (¢) € S
forall ¢t € [a, T] and for n > 1. Next, we have to prove that the sequence 2™ (¢) converges
uniformly to a continuous function = € C([a, T|, B(zg, h)).

By assumption (ii) and mathematical induction, we have for ¢ € [a, T

D, {W(t) Sui th) —0@) 0 g ZEEC (0l0) - vi)’

<t [ ¥ OO v gtr v )
<" )7 n=0,1,2,. (3.6)

where 9" (t) is defined as follows:
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Do D" a1 (), Dy e (8)] < Dolf (8, 2" (1)), ( )]
< g(t, Dol2" (1), 2"~ (1))
< gt X"~ (1))

Letm > nand t € [a,T], then we can obtain
D Dol (£), 2™ (0] < Do DG e (8), Dy a™ ()]
< Dol DL (1), D ¥ a1 (1)

+ Do[ DYV (1), DV am T (1))
+ Dy [Da B m-‘rl(t) 2:15 wxm(t)]

< g(t.x" (1) + g(t X" TH(E)) + g(t, Dolz", 2™ (¢)])
< 29(t, X" (1) + g(t, Do[z", 2™ (1)]).
From (ii), because we have that the solution x(¢) = 0 is a unique solution of problem (2.5

DELUN(E) = gt x(8), I x(a) = xo =0 forallt € [a,b].

That is, g(-, x"*(.)) : [a,T] — [0, M,] uniformly converges to 0, for every ¢ > 0, there
exists a natural numbers ng such that

DY Dolam(t), 2™ (1)) < g(t, Dola™(t), 2™ (£)]) + €, for m > n > ny.

Now, we consider Dy[z"™(a), 2™ (a)] = 0 < ¢, it follows that, we have for ¢ € [a,T],
Dy[z"(t), 2™ (t)] < Ae(t), m >n > nyg, 3.7)

where A(t) is the maximal solution to the following problem
DIPYA() = gt Ae(t) + e (177 Acla) = e.

It follows that, {x.(-,w)} converges uniformly to the maximal solution () = 0 of prob-
lem (2.5) on [a,T] as € — 0.
From (3.7)), we can find ng € N large enough such that, for n, m > ny,

o Do |2"(t) ©gm ) ([w(t) —(a)])"
m Z:ll Clw(ti) y—1
om0 oon ZHE o - v@) | <o 68

Since (E, Dy) is a complete metric space and (3.8)) holds, it follows that {«"(¢)} converges
uniformly to = € C'([a, b], B(xo, h)). Hence, we obtain

Z:llcll'(ti) _ a y—1 — lim LCn Z:ilcll'(tz)
2= 20 (1p(0) - w())™) = tim (7 0) 0y 2

= v [ ¥ OO - 6t forair € 1]

Due to Lemma 3.1 the function x(t) is a solution to (L.1)) on [a, T'.
Step 2: To show that the solution z is uniqueness, assume that y : [a,T] — E is another
solution of problem (1.1)) on [a,T]. Denote k(t) = Dg[x(t),y(t)]. Then k(a) = 0 and

2(t) Ogn () - w<a>1)”‘1)
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for every t € [a,T] we have
D VE(t) < Dolf (8, (1)), f(ty(t))]
DLV k(E) < g(t, Do(a(t), y(t))
DEPVR(E) < g(t, k(1))

It follows that, we obtain k(t) < m(t), if k(a) < & Vt € [a, T], where m is a maximal
solution of the problem

Clearly, m(t) = 0. Therefore x(t) = y(t), forallt € [a,T]. Hence x is a solution of
uniqueness.
This completes the proof. (]

Corollary 3.3. Let f € C([a,b], E). Assume that there exists positive constants L, My
such that, for every z,w € E,
Do[f(t,2), f(t,w)] < LDo[z,w],  Do[f(t,2),0] < Mj.

Then the following successive approximations given by x°(t) = xo and forn =1,2,3, ...

Doimy Ciz(ts)
L'(v)

converge uniformly to a unique solution of problem on some intervals [a, T for some
T € (a, b] provided that the function t — I;ﬁwf(t, x(t™)) is d-increasing on [a, T).

2"() Sy (0 = 0@) ™" = o5 [ ¥ D00 = 0 0 ()

Example 3.1. Lety = o+ 5(1 —a), where 0 < a < 1,0 < 8 < 1,and A € R. We
consider the linear fuzzy fractional differential equation under 1)-HFD and assume that the
following conditions hold:

{ B (1) = Aa(t) + p(t), t € (a,b] (3.9)

I;Imwx(a) =x0=Y 0, Cix(t;), v=a+pB(1-a).

Then z satiefies the integral equations

Z?il Ciw(t;)
L'(v)

—Lt/T —Taill'TTit/T — () Ip(r)dr
—os [ V@00 v+ s [ w0 - 0 0

=ML a(t) + I8 p(t),

2(t) Ogn (e(t) — P(a)”

where p € C([a, b], E') and we also assume that the right-hand side of the above integral
equation of diameter is increasing . We see that f(¢,2) = Az + p satisfies the assumption
of Corollary 3.3. To find the explicit solution of (3.9), we apply the method of successive
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approximations. Setting u"(¢) = ug and
n 1"; Ciz(t; I
2"(t) ©gm =G (1) — ¥(a))

Forn =1 and A\ > 0, if we assume that x is d-increasing, then it follows that

>oicy Ciz(ts)
L'(v)

On the other hand, if we assume that A < 0 and x is d—decreasmg, then it follows that

(v(t) - ZC M FI8Yp(t), tela,b).

xl(t) OgH at1)

y—1 1 _ “ - ( (
Ko 00 —v@) g e (0) =3 Cirte)

For n = 2, we also see that

Doimy Ciz(ts)
L'(v)

-1 Ap(t) = ¢(a)]™ | N[p(t) = ¢(a)]*
- Zcﬂ(ti){ Ta+tl) | TIRatl)

+ I p(t) + 125 p(1).

o*(t) Ogmr (v(t) -

Suppose A < 0 and z is d-decreasing such that

(1) (W(W) (@) g x2<t>)

e AW — ¥(a) | N(@() — ¥(a)>
=2 Cix(ti)( Ta+l) | T@a+1)

If we proceed inductively and let n — oo, we obtain the

) 199 p(t) + 122 ()

#(t) Sgn Z"?ﬁf“") (v(t) = (@)
- icﬂ@i) i Y WF(E;Q‘ fi‘)ﬂ)ja v/ t i A“w’(r%(( ()) )"
- g Cix(ti)ji:; : (wf(fja +1) /a /\W JOé(-: ;)iﬁ(r))j“”“‘”pde
) i C’“(mi : wr(fm ) / 20— (1)) — i) (e

We see that, A > 0 and z is d-increasing or A < 0 and x is d-decreasing, respectively. Then,
by applying definition of Mittag-Leffler function E, g(z) = Z;’;l 1“(]‘27:/3)’ a, >0,
if A > 0 and z is d-increasing then the solution of problem (3.9)) is given by
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2(t) On W(ww (@)™
= ZC:E A () = ¢(a)?)
/ ¥ (D0 = 9(0)" Baa(AW(E) = ¥(a))p(r)dr
On the other hand, if A < 0 and z is d-decreasing, then we obtain the solution of problem
(3-9) is given by
. Zz--;g;cw(w) vy
—Zcx AW(2) - ¥()?)
/ Y (r (1)) Ea,a (A (t) = ¢(a))p(r)dr

Remark. In problem (3.9), suppose that X > 0 and the solution of (3.9) is d-increasing.
We observe that the solution of problem (3.9) admit particular cases as follows: if 8 = 0,
then we obtain the solution of problem with the 1-HFD as follows:

x(t) Ogm E—fg)x (&) (¥(t) — ()
- ZC £(t:) Eat (AW (2) — (a))®)
/ e B(7))2 L B (A1) — 19(0)))p(r)dr.

If the value of 1(x) = x and taking 3 = 0, then we obtain the solution of the problem (.)
with the Caputo fractional derivative as follows:

M(t _ a)a—l

$(t) @gH I‘(a)

m

—ZC:U At —a)®)

+/ (t = 1) Eaa(A(t — a)*)p(T)dr.
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In addition, if the value of y(x) = log x and taking 8 = 0, then we obtain the following
solution of problem (3.9) with the Caputo-Hadamard fractional derivative:
2 iy Cia(ti) t

x(t) Ogn T((log g))a_l

Remark. Suppose that A < 0 and the solution of (3.9) is d-decreasing. We observe that
the solution of problem (3.9) admit the following cases: if 3 = 0 then the solution
with the 1-type Caputo fractional derivative as follows:

S Cix(ty) a-1
x(t) Sgn o) (v(t) = ¢(a))
=" Cin(ti) Baa (N@(t) — (7))

& (=1) [ ¢ (M) = $(1)* PaaA@(t) = H(r)*)p(r)dr.

If the value of ¥(x) = x and taking § = 0, then we obtain the following solution of
problem (3.9) with the Riemann-Liouville fractional derivative as follows:

>oimy Cix(ts) a-l
=Y Cia(t) Bas (Mt — )*)

o (—1)/ (t = 7)° " B w (At — 7)*)p(7)dr-

In addition, if the value of ¥(x) = logx and taking 8 = 0, then we obtain the following
solution of problem (3.9) with Riemann-Hadamard fractional derivative as follows,
Znil Cix(ti) t\\a—1
=2 " 7 ((1 —
()

z(t) Ogu
= Cia(t:)Ea1(A(log 2)a)
i=1

t

o (—1)/ %(log é)“’lEm(A(log a)”‘)p(T)dT.

4. CONCLUDING REMARKS

The existence and uniqueness of solutions for a fuzzy differential equations of 1-Hilfer
fractional derivative with nonlocal condition have obtained. Our investigation based on
the successive approximation. The acquired results in this paper are more general and
cover many of the parallel problems that contain special cases of function v, because
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our proposed system contains a global fractional derivative that integrates many classic
fractional derivatives.
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