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r-FUZZY Rs-COMPACTNESS AND r-FUZZY Rs-CONNECTEDNESS IN THE
SENSE OF SOSTAK’S

E. ELAVARASAN

ABSTRACT. The purpose of this paper is to introduce the concepts of fuzzy regular semi
compactness, fuzzy regular semi connectedness, fuzzy regular semi strongly connected-
ness and fuzzy regular semi-C5-connectedness. Some interesting properties of these no-
tions are studied. In this connection, interrelations are discussed. Examples are provided
wherever necessary.

1. INTRODUCTION

Sostak [11], introduced the concept of fuzzy topological spaces as an extension of
Chang’s fuzzy topological spaces [2]]. It has been developed in many direction [4}, [7, 9].
Mashhour et. al., [8], A. M. Zahran [[13] and E. E. Kerre et. al., [|6] introduced the notion of
fuzzy regular semi open and regular semi closed sets and investigate the relationship among
fuzzy regular semi continuity and fuzzy regular semi irresolute mappings. Recently, Vadi-
vel and Elavarasan [12] introduce and study the concept of fuzzy regular semi open sets
and fuzzy regular semi continuous functions in fuzzy topological spaces in the sense of
Sostak’s. In this paper, we introduce the concepts of r-fuzzy regular semi compactness,
r-fuzzy regular semi connectedness, r-fuzzy regular semi strongly connectedness and 7-
fuzzy regular semi-C5-connectedness in the sense of Sostak’s. Some interesting properties
of these notions are studied. In this connection, interrelations are discussed. Examples are
provided wherever necessary.

2. PRELIMINARIES

Throughout this paper, let X be a non-empty set, I = [0,1], Iy = (0,1]. A fuzzy
set A of X is a mapping A : X — I, and IX be the family of all fuzzy sets on X. The
complement of a fuzzy set \ is denoted by T— \. For A € IX, \(z) = A forall z € X. For

t ify==x

. Let Pt(X)
0 ify+#x.

each z € X and t € Iy, a fuzzy point z; is defined by x:(y) =
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be the family of all fuzzy points in X. All other notations and definitions are standard in
the fuzzy set theory.

Definition 2.1. [[T1] A function 7 : IX — T is called a fuzzy topology on X if it satisfies
the following conditions:

(M) 7(0) =r(1) =1,

) 7(Vyeg i) = Niey 7(pi), forany {p; 1 i € J} < I¥.

(3) T(p1 A pa) > 7(u1) A 7(uz), forall py, po € IX.

The pair (X, 7) is called a fuzzy topological space (for short, fts). A fuzzy set A is

called an r-fuzzy open (for short, r-fo) if 7(\) > r and a fuzzy set X is called an r-fuzzy
closed (for short, r-fc) if 7(1 — ) > r.
Theorem 2.1. [3]| Let (X, 7) be a fts. Then for each A € IX and r € Iy, we define an
operator Cy : IX x Iy — I as follows: C.(\, 7) = N{p € I* : X< p, (T—p) > r}.
For \, u € I and r, s € Iy, the operator C, satisfies the following statements:

(C1) C; (6’ T) = 6,

(C2) X< Cr(A, 1)

(C3) Cr(\, 1)V Colpt, 7) = Co(AV i, 7),
(C4) C.(\, r) <C-(N, s)ifr <s,

(C5) Cr(Cr(A, 1), 1) = C(A, 7).

Theorem 2.2. [3] Let (X, 7) be a fts. Then for each X € IX and r € Iy, we define an
operator I, : IX x I — I'* as follows: I;(\, ) = \/{p € I : u <\, (1) > r}. For
A\, p € IX andr,s € I, the operator I, satisfies the following statements:

(1) I (1,r) =1,

(12) I;(A, r) < A

(I3) L:(A\, M) AL (n, ) =L (A A, 1),
() L:(A\, r) < L.(\ s)ifs<r,

(I5) I, (I.r()\ r) ) L(\ 7).

Definition 2.2. [10] Let (X, 7) be a fts, \ € I and r € I. Then a fuzzy set ) is called
(1) r-fuzzy regular open (for short, r-fro) if A = I.(C- (A, 7), 7).
(2) r-fuzzy regular closed (for short, r-frc) if A\ = C. (I (A, 7), 7).

Definition 2.3. [12]] Let (X, 7) be aftsand A\ € IX, r € I,. Then

(1) A is called r-fuzzy regular semi open (for short, r-frso) if there exists r-fro set
pelIXand pu <)< Cr(p,r).

(2) A is called r-fuzzy regular semi closed (for short, r-frsc) if there exists r-frc set
pe IXand I (p,7) <\ < p.

(3) The r-fuzzy regular semi interior of A, denoted by RSI.(A,r), is defined by
RSL(\,7) = \/{p € I’ | u <\, pisr-frso }.

(4) The r- fuzzy regular semi closure of )\, denoted by RSC.(\,r) is defined by
RSC,(\,r) = N{p € I* | p> X\, pisr-frsc }.

We denote the set of all r-frso sets and r-frsc sets by FRSO(X) and FRSC(X).

Theorem 2.3. [12]] Let (X, 7) be a smooth topological space. For A € IX, r € I, the
following statements are equivalent:

(1) Xisr-frso.

(2) 1— \is r-frso.
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(3) L-(A\,7r) = L(Cr(\,7), 7).
(4) C—,—()\7’l°) - CT(IT(Aa T’),T).

Definition 2.4. [12] Let (X, 7) and (Y, n) be fts’s. Let f : (X, 7) = (Y, n) be a
mapping. Then f is said to be:

(1) fuzzy regular semi irresolute (resp. fuzzy regular semi continuous) iff f=1(u) is
r-frso for each r-frso set u € IV (resp. pu € IV, n(p) > r).

(2) fuzzy regular semi irresolute open (resp. fuzzy regular semi open) iff f(\) is
r-frso in Y for each r-frso set A € IX (resp. A € IX, 7(\) > 7).

(3) fuzzy regular semi irresolute closed (resp. fuzzy regular semi closed) iff f()\) is

r-frsc in Y for each r-frsc set A € IX (resp. A € IX, 7(1 — \) > 7).

Definition 2.5. [[I]] Let (X, 7) and (Y, o) be a fts’s. Let f : (X, 7) — (Y, o) bea
function. Then f is called

(1) weakly continuous if for each p € IV, where o(u) > r, r € Io, f~(u) <

L(f 1 (Co(p, 7)), 7).
(2) weakly open if foreach p € IX, where 7(u) >, r € Iy, f(1) < I, (f(Cr(p1,7)), 7).

Definition 2.6. [5] A fts (X, 7) is called an r-fuzzy compact ( r-fuzzy nearly compact and
r-fuzzy almost compact) if and only if for every family {\;|i € J}in {\: A E X, 7(\) >
r} such that \/, . ; \; = 1, there exists a finite subset .Jy of .J such that \/ =1 (resp.

leJo ~(Cr(Ni,7),r) =1and \/ZEJ0 (Mg, 1) = 1.
Theorem 2.4. Let (X, 7) and (Y,0) be two fts and [ : (X, 1) — (Y, 0) is fuzzy weakly

open and fuzzy weakly continuous, then f~1()\) is an r-fro (resp. r-frc) set for every r-fro
rxel¥Y,rel.

1€Jo

Proof Let \ be an r-fro set in Y, we have () > r.
7(f7H(A) = r. Hence f~'(\) = I, (f~ () r) < I

weakly open, f(I,(C,(f~'(\),r), 1)) < I(f(C.

weakly continuous, Ia(f(CT(f_l()\),r),r) < L(ff Y Cy (N 7). 1) < I, (Cy(\,7),7)) =
A. Hence I (C-(f~1(\),7),r) < f~L1(N). Thus fY(N) is r-fro. “An r-frc case will be sim-
ilar. U

Since f is fuzzy weakly continuous,
(C ( LX), r),7). Since f is fuzzy
(f~1(\),r),r)). Since f is fuzzy
I

3. r-Fuzzy Rs-COMPACTNESS

The most important of all covering properties is compactness. In this section, we intro-
duce the concept of fuzzy Rs-compactness and study some of its basic properties.

Definition 3.1. A fts (X, 7) is called

(1) r-fuzzy Rs compact if for every r-fuzzy regular semiopen cover {)\; : ¢ € J} of
X, there exists a finite subset Jy of J such that \/i o A =1.

(2) r-fuzzy weakly Rs compact if for every r-fuzzy regular semiopen cover {); : i €
J} of X, there exists a finite subset Jy of J such that \/; ; I (A7) = 1.

(3) r-fuzzy almost Rs compact if for every r-fuzzy regular semlopen cover {\; : i €

J} of X, there exists a finite subset Jp of J such that \/, ; C-(X\i,r) = 1.
Remark. (1) Every r-fuzzy weakly Rs compact is r-fuzzy Rs compact.
(2) Every r-fuzzy Rs compact is r-fuzzy almost Rs compact.

From Theorem [2.3] we have the following theorem:
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Theorem 3.1. A fts (X, ) is r-fuzzy Rs-compact if and only if for each family {\;|i € J}
of r-frso sets of X such that \;. ; \i = 0, there exists a finite subset Jy of J such that
Nicg, i = 0.

Theorem 3.2. A fis (X, 7) is r-fuzzy weakly Rs-compact if and only if for each family
{\ili € J} ofrfrso sets of X such that \;c ; \i = 0, there exists a finite subset Jy of J
such that )\, ; Cr(\i,7) = 0.

Proof. Suppose that (X, 7) is r-fuzzy weakly Res-compact. Let {\;|i € J} be a family of
r-frso sets of X such that A\, ; \; = 0. Then by Theorem {1 = \i|i € J} is a family
of r-frso sets of X such that \/,. ;T —X\; =1 — A,c;A\s = 1. Since (X7 7) is r-fuzzy
weakly fs compact, there exists a finite subset Jo of J such that \/; ; I (T — A;,r) = 1.
Hence /\ng (i, ) =1— (\/ZEJ0 L.(1—X\;,r)=0. O

Converse follows by reversing the previous arguments.

1€Jo

Theorem 3.3. Let (X, 7) be a fts. Then the following are equivalent:
(1) (X,7) is r-fuzzy weakly Rs-compact.
(2) For each family {\;|i € J} of r-frso sets of X such that \;. ; \i = 0, there exists
a finite subset Jo of J such that N\, ; C-(X\i,7) = 0.
(3) For each r-fuzzy regular closed cover {\;|i € J} of X, there exists a finite subset
Jo of J such that\/;_ ; I.(\i,7) =1.

Proof. (1)=-(2): Trivial.

(2)=(1): Let {\;]i € J} be a family of r-frso sets of X such that A, ; A; = 0. Since
A; is an r-frso set for each i € J, C-(\;,r) = Cr(I(N\i,7),r) for each i € J. Since
{I;(X\i,7)]i € J} is a family of r-fro sets of X such that A\, ; I-()\;, ) = 0, by (2) there
exists a finite subset Jy of J such that A, ; Cr(Ni,r) = N;cj Cr(Ir(Nis7),r) = 0.
Thus (X, 7) is r-fuzzy weakly Rs-compact.

(2)<(3): Itis obvious. ([l

Theorem 3.4. Let (X, 7) and (Y, 0) be two fts’s and let f : (X, 7) — (Y, 0) be surjective,
fuzzy weakly open and fuzzy weakly continuous function. If (X, 1) is r-fuzzy weakly Rs-
compact, then so is (Y, o).

i€Jo

Proof. Let {n;|¢ € J} be an r-fuzzy regular closed cover over Y. By Theorem [2.4]
{f*(n:)|i € J} is an r-fuzzy regular closed cover of X. Since X is 7- fuzzy weakly Rs-
compact by Theoremn 3.2} there exists a finite subset .Jy of J such that \/; , I-(f~"(n:),7)
1. From the surjectivity and fuzzy weakly openness of f, we have
I= (Ve (L (f(0i,7))))
= Vies, fU(f 7 ;7))
< Vies, Lo (F(Co (I (71 (m),7),7)),7)
= Vies, Lo (F(fHm)),7)
- VzeJO I, (7717 )

Hence \/,_ ; I,(n;,r) =1, and thus (Y, o) is r-fuzzy weakly s compact. O

i€Jo
Theorem 3.5. A fis (X, 7T) is r-fuzzy almost Rs compact if and only if for each family
{Xili € J} of r-frso sets of X such that \,c; \i = 0, there exists a finite subset Jy of J
such that \; ; I-(Ai,r) = 0.

Proof. Let (X, 7) be r-fuzzy almost Rs-compact and let {\;|i € J} be a family of r-
frso sets of X such that A, ; A\; = 0. Then {T — \;[i € J} is a family of r-frso sets
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of X such that \/,. ;T — X =1 — (A\;c;\i) = 1. Since (X, 7) is r-fuzzy almost Rs-
compact, there exists a finite subset Jy of .J such that \/; ; C-(I — A;,r) = 1. Hence

Nicg, Ir(Niyr) = 1- Vies Cr(1T—X,r)=0.
The converse can be proved similarly. (]

Theorem 3.6. Let (X, 7) be a fts. Then the following statements are equivalent:

(1) (X,7) is r-fuzzy almost Rs-compact.

(2) For each family {\;|i € J} of r-fro sets of X such that )\, ; \; = 0, there exists
a finite subset Jo of J such that \; ; \i = 0.

(3) For each r-fuzzy regular closed cover {\;|i € J} of X, there exists a finite subset

Jo of J such that \/iejo A= 1.

Proof. Straightforward. (]

Definition 3.2. A fts (X, 7) is called an r-fuzzy S-closed if and only if for every an -
fuzzy semiopen cover {\;[i € J} of X, there exists a finite subset Jo of J such that

Vies, Cr(Niy7) = 1.

Theorem 3.7. A fts (X, 7) is r-fuzzy almost Rs-compact if and only if (X, T) is r-fuzzy
S-closed.

Proof. Let (X, 7) be r-fuzzy S-closed. Since every r-frso set is r-fuzzy semiopen, (X, 7)
is r-fuzzy almost Rs-compact.

Conversely, suppose that (X, 7) is r-fuzzy almost Rs-compact and let {\;|i € J} be
an 7-fuzzy semiopen cover of X. Then there exists p; € I with 7(y;) > r, such that
wi < N < Cr(ug,7), for each ¢ € J. We can easily show that C(u;,r) is an r-frc
foreach i € J. Since pu; < \; < C-(\;, 1), foreachi € J, Cr(ui,r) < Cr(N\i,r) <
C-(Cr(pi,r),r) for each i € J. Thus C,(N\;,r) = Cr(ui,r) for each ¢ € J. Thus
{C; (N, r)|i € J} is an r-fuzzy regular closed cover of X. Since (X, 7) is r-fuzzy almost
Jts-compact, there exists a finite subset Jo of .J such that \/;_ o Cr(\i,r) = 1. Hence
(X, 7) is r-fuzzy S-closed. O

Theorem 3.8. A fis (X, 1) is an r-fuzzy weakly Rs-compact if and only if for every an
r-fuzzy semiopen cover {\;|i € J} of X, there exists a finite subset Jy of J such that

Vies, Ir(Cr(Xiyr),m) = L.
Proof. Similar to Theorem[3.7] O

Theorem 3.9. Let (X, 7) and (Y, 0) be two fis’s and let f : (X, 7) — (Y, 0) be a surjec-
tive, fuzzy weakly open and fuzzy weakly continuous function. If (X, T) is r-fuzzy almost
Rs-compact, then so is (Y, o).

Proof. Let {n;|i € J} be anr-fuzzy regular closed cover of Y. By Theorem[2.4] {f~1(;)|i €
J} is an r-fuzzy regular closed cover of X. Since (X, 7) is r-fuzzy almost Rs-compact,
by Theorem , there exists a finite subset .Jo of .J such that \/,_ ; f ~1(n;) = 1. From
the surjectivity of f we have

1= f(\/iEJo f_l(ni)) = \/iEJo f(f_l(n’b)) = \/iEJo i

Hence \/;; mi = 1. Thus (Y, o) is r-fuzzy almost Rs-compact. O

Definition 3.3. A fts (X, 7) is called r-fuzzy extremally disconnected if 7(C- (A, 7)) > r
for every A € I* with 7(\) > 7.
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Theorem 3.10. Let (X, 7) and (Y, 0) be two fts, and let f : (X,7) — (Y, 0) be a sur-
Jective, fuzzy weakly open and fuzzy weakly continuous function. If (X, T) is r-fuzzy ex-
tremally disconnected, then so is (Y, o).

Proof. Let A € IY with o(\) > r. Then A\ = I,(\,7). Hence C.(\,r) is r-frc set. By

Theorem[2.4] f~1(Cy(\, 7)) is r-fic, ie., f7H(Co(N, 7)) = Cr (I (FH(Cy (N, 7)), 1), 7).
Since (X, 7) is r-fuzzy extremally disconnected and 7(I,(f~*(Cy(A,7)),7)) > r and
7(Co(L-(f~(Cy(N,7)),7),7)) > r. From the surjectivity and fuzzy weakly openness of

Co ()\,T‘) _f(f 1(00()‘7 ) )

= f(Cr (I (fH(Co (N, 1)), 1), 7))
< L (f(Cr(I (f~HCo (N, 7)), 1), 7)), 7)
=1, (f( (f 1(00( ) )),T)),T’)
=1, (f(f I(CU( y )))a )
=I,(Co(A1),7).
Hence C,(A\,7) = I,(Cy(\,r),r) and so 0(Cy(A, 7)) > r. Thus (Y, o) is r-fuzzy
extremally disconnected. U

Theorem 3.11. Let a fts (X, T) be r-fuzzy extremally disconnected. If X € IX is r-frso,
then I.(A\,r) = A = Cr(\, 7).

Proof. Let A be an r-frso set. Then there exists an r-fro p such that pp < A
Since X is r-fuzzy extremally disconnected, p = C,(u,r). And we get i

since p is an r-fro set. Thus we have the following, 1 = I (p,7r) < L:(A,7r) < A <
Cr(A\r) < Cr(u,r) = p. Hence I (A, 1) = A = C-(\, 7). O

From the above theorem, we get the following:

Theorem 3.12. Let a fis (X, T) be r-fuzzy extremally disconnected. Then the following
are equivalent:
(1) (X,7) is r-fuzzy weakly Rs-compact.
(2) (X,7) is r-fuzzy Rs-compact.
(3) (X, 7) is r-fuzzy almost Rs-compact.
Theorem 3.13. For an r-fuzzy extremally disconnected fts (X, ), the following are true:
(1) r-fuzzy compactness implies r-fuzzy weakly $s-compactness.

(2) r-fuzzy nearly compactness implies r-fuzzy Rs-compactness.
(3) r-fuzzy almost compactness implies r-fuzzy almost Rs-compactness.

Proof. (2) Let (X, 7) be an r-fuzzy extremally disconnected and r-fuzzy nearly compact
space, let {\;|¢ € J} be an r-fuzzy regular semiopen cover of X. Then there exists an r-fro
set u; such that u; < \; < C(u;,r) foreach ¢ € J. Since (X, 7) is r-fuzzy extremally
disconnected and p; = I (Cr(p;, 7)) foreach i € J, A; = I.(\;, r) for each i € J. Thus
we get \; = I.(C-(\;,7),r) for each i € J from Theorem[2.3] Hence (X, 1) is r-fuzzy
Rs-compact since X is r-fuzzy nearly compact.

(1) and (3) are similar to (2). ([l

Corollary 3.14. If a fis (X, T) is r-fuzzy extremally disconnected, then the following are
equivalent:

(1) r-fuzzy nearly compactness.
(2) r-fuzzy almost compactness.
(3) r-fuzzy S-closeness.

Proof. We get the results from Theorems [3.7] [3.12]and [3.13] O
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4. r-FuzzY Rs-CONNECTEDNESS

Definition 4.1. Let (X, 7) beaftsand \, p € IX, r € Iy. A r-fuzzy Rs-separation on T
is a pair of non null proper r-frso sets A and p such that A\A p=0and AV p = 1.

Definition 4.2. A fts (X, 7) is said to be r-fuzzy Rs-connected if and only if there is no
r-fuzzy Rs-separation of 1. Otherwise, (X, 7) is said to be r-fuzzy Rs-disconnected space.
Example 4.3. Let X = {a,b,c}, \, 1,8 € I, r € I are defined as \(a) = 0.2, \(b) =
0.3, \(¢) = 0.4; u(a) = 0.6, u(b) = 0.3, u(c) = 0.4; §(a) = 0.7,6(b) = 0.4,6(c) = 0.5.
We define fuzzy topology 7 : IX — I as follows:

if A € {0,1},

% it A=A\,

0 otherwise.

For r = %, pand § are r-frso sets in (X, 7), p # 0,8 # 0, uV 3 # Tand p A # 0.
Hence (X, 7) is r-fuzzy Rs-connected.

—_

T(A) =

Proposition 4.1. A fis (X, 7) is a r-fuzzy Rs-connected if and only if there exists no non-
null r-frso sets X\, p € IX,r € Iy such that \ =1 — pu.

Proof. Necessity: Let A and p be two r-frso sets in (X, 7) such that A # 0, T — u # 0 and
A =1 — p. Therefore T — p is a 7-frsc set. Since A # 0, p # 1. This implies that 4 is a
proper fuzzy set which is both r-frso and r-frsc in (X, 7). Hence (X, 7) is not a r-fuzzy
Rs-connected space. But this is a contradiction to our hypothesis. Thus there exists no
non-null 7-frso sets A and  in (X, 7) such that A = 1 — p.

Sufficiency: Let A be both 7-frso and r-frsc in (X, 7) such that A # 0, A # 1. Let
1 — A= . Then pis ar-frso set and 1 — p # 1. This implies that y = 1 — A # 0, which
is a contradiction to our hypothesis. Hence (X, 7) is a r-fuzzy $s-connected space. (]

Proposition 4.2. A fis (X, 7) is a r-fuzzy Rs-connected space if and only if there exists no
non-null r-frso sets \, u € IX withr € Iy such that A\ =1 — pu, p = 1 — RSC,(\) and
A=1—RSC.(n).

Proof. Necessity: Assume that there exists a fuzzy sets A and . such that A # 0, 1—p # 0,
A=1—p,u=1-RSC,(\)and A\ = 1-RSC,(p). Since I-RSC,()\) and 1-RSC (1)
are r-frso sets in (X, 7), A and p are r-frso sets in (X, 7). This implies (X, 7) is not a 7-
fuzzy Rs-connected space, which is a contradiction. Thus there exists no non-null r-frso
sets Aand pin (X, 7) suchthat \ =1 — p, u=1— RSC,(\) and A =1 — RSC,(p).
Sufficiency: Let A be both 7-frso and r-frsc in (X, 7) such that A\ # 0, A # 1. Now by
taking 1 — A\ = 1, we obtain a contradiction to our hypothesis. Hence (X, 7) is a r-fuzzy
Rs-connected space. |

Definition 4.4. A fts (X, 7) is said to be r-fuzzy C5-disconnected if there exists fuzzy set
A € IX,r € Iy, which is both 7-fo and r-fc set such that A # 0 and A # 1. If (X, 7) is not
r-fuzzy Cs-disconnected then it is said to be r-fuzzy Cs-connected.

Proposition 4.3. Let (X, 7) and (Y,0) be two fts’s. Let f : (X,7) — (Y, 0) is a fuzzy
regular semi continuous and surjective function. If (X, ) is r-fuzzy Rs-connected, then
(Y, 0) is a r-fuzzy Cs-connected.

Proof. Let (X, 1) is r-fuzzy Rs-connected. Suppose (Y, o) is not a r-fuzzy Cs-connected
space, then there exists a proper fuzzy set A € I, r € I which is both 7-fo and 7-fc set.
Since f is a fuzzy regular semi continuous function, f~!()\) is both r-frso and r-frsc in
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(X, 7). But this is a contradiction to hypothesis. Hence (Y, o) is a r-fuzzy C5s-connected
space. (]

Definition 4.5. A fuzzy setin a fts (X, 7) is said to be r-frsco set, which is both r-frso and
r-frsc set.

Definition 4.6. A fts (X, 7) is said to be r-fuzzy $s-Cs-disconnected if there exists 7-
frsco set A € IX, r € Iy such that A # 0 and A # 1. If (X, 7) is not r-fuzzy Rs-Cs-
disconnected then it is said to be r-fuzzy Rs-Cs-connected.

Proposition 4.4. A fts (X, ) is r-fuzzy Rs-Cy connected, then it is r-fuzzy Rs-connected.

Proof. Suppose that there exists non-null r-frso sets A and y such that A V o = T and A A
p = 0 (r-fuzzy Rs-disconnected), then A = AVy and A = AAp. In other words, A = 1—p.
Hence X is a r-frsco set which implies that (X, 7) is r-fuzzy Rs-Cs-disconnected. (]

Remark. The converse of the above Proposition need not be true as shown by the following
example.

Example 4.7. Let X = {a,b,c}, A\, A2, A3, A1, A5, 11,0 € I are defined as A (a)
0.4, )\1([)) = 0.5,)\1(0) = 0.6; )\2((1) = 047>\2(b) = 0.57>\2(C) = 0.4; )\3(@)
0.5, )\3(()) = 0.5,)\3(0) = 0.5; )\4(&) = 05,)\4(b) = 0.57)\4(0) = 0.6; )\5(&)
0.4, A5(b) = 0.5, A5(c) = 0.5; p(a) = 0.5, u(b) = 0.5, u(c) = 0.4; §(a) = 0.6,5(b) =
0.5,0(c) = 0.6. We define fuzzy topology 7 : IX — I as follows:

1 if A e {0,1},

$oifA =y,

% if A= Mg,
7(\) = % if A= Ag,

% if A= Ay,

3 ifA= s,

0 otherwise.

Forr = %, The fuzzy sets p and § are 7-frso sets over 1 (since there exist 7-fro set A1 such
that \; < p < C; (A1) = 1— )4 and there exist r-fro set A4 such that Ay < 6§ < Cr(\y) =
T—Xg). Also, u A6 =p #0,uV3d=35#1, hence (X, 7) is r-fuzzy Rs-connected. But
(X, 1) is r-fuzzy Rs-Cs-disconnected, since A3 is both r-frso set and r-frsc set.

Proposition 4.5. Let (X, 7) and (Y,0) be fts’s. Let f : (X, 1) — (Y, 0) be a fuzzy regular
semi irresolute and surjective function. If (X, ) is r-fuzzy Rs-connected, then (Y, o) is
r-fuzzy Rs-connected.

Proof. Assume that (Y, o) is not r-fuzzy Rs-connected. Thus there exists non-null r-frso
sets \,u € IV, r € Iy suchthat \\V u = Tand A A = 0. Since f is fuzzy regular semi
irresolute function, v = f~1()\), n = f~1(u) are r-frso sets in (X, 7). From A # 0, we
getv = f7Y(\) # 0. Af f71(\) # 0, then A = f(f~1(\)) = f(0) = 0, which is a
contradiction.) Similarly we obtain p = 0. Now, AV =1 f~*(A\) v f~1(n) = f~1(1),
vV =T, AAp=0f"N)Af1(u) = f~1(0) v A =0. This implies that v V7 = 1
and v An = 0. Thus (X, ) is r-fuzzy Rs-connected, which is a contradiction to our
hypothesis. Hence (Y, o) is r-fuzzy Rs-connected. O

Proposition 4.6. A fts (X, 1) is r-fuzzy Rs-Cs-connected if and only if there exists no
non-null r-frso sets A,y € IX | r € Iy such that A\ =1 — pu.



r-FUZZY Rs-COMPACTNESS AND 7-FUZZY Rs-CONNECTEDNESS IN THE SENSE OF SOSTAK’S 281

Proof. Suppose that A and y are r-frso sets in X such that A # 0, p # 0, A = 1 — p.
Since A =1 — p, 1 — pis ar-frso set and y is a r-frsc set. And A # 0 implies p # 1. But
this is a contradiction to the fact that (X, 7) is r-fuzzy Rs-Cs-connected.

Conversely, let A be both r-frso and r-frsc in X such that A # 0, A # 1. Now take
i = 1 — X In this case y is a r-frso set and A\ # 1. Which implies that y = 1 — X\ = 0,
which is a contradiction. U

Proposition 4.7. A fis (X, 1) is r-fuzzy Rs-Cs-connected if and only if there exists no
non-null fuzzy sets A\, u € IX, r € Iy such that T — X\ = p, p = 1 — RSC,(N),
A=1—RSC.(p).

Proof. Assume that there exists a fuzzy sets A and ysuch that A # 0, u # 0,1 — X = p,
pw=1—RSC,(\)and A\ =1 — RSC;(u). Since 1 — RSC;(\) and 1 — RSC,(u) are
r-frso sets over X, A and p are r-frso sets in X, which is a contradiction.

Conversely, let A be both 7-frso and r-frsc in X such that A # 0, A # 1. Taking
1t =1 — )\, we obtain a contradiction. (I

Definition 4.8. A fts (X, 7) is said to be r-fuzzy Rs-strongly connected if there exists no
non-null 7-frsc sets X\, u € IX, r € Iy such that A 4+ p < 1.

In otherwords, a fts (X, 7) is said to be r-fuzzy Rs-strongly connected if there exists no
non-null r-frsc sets A, p € IX, r € Iy such that A\ A pu = 1.

Proposition 4.8. A fits (X, 7) is r-fuzzy Rs-strongly connected if and only if there exists
no non-null r-frso sets \, i € Ix withr € Iy suchthat A\ # 1, p # 1and X + p > 1.

Proof. Necessity: Let A and p are r-frso sets in (X, 7) such that A\ # 1, u # 1 and
A+ pu>1 Ifwetakev =1 — XAandnp = 1 — p, then v and 1 become r-frsc sets in
X and v # 0,  # 0 and v + 1 < 1. Which is a contradiction. Hence (X, 7) is r-fuzzy
Rs-strongly connected.

Sufficiency: Let A and z be non-null r-frsc sets in (X, 7) such that A + p < 1. If
v=1—Xandn =1-— y, then v and ) become r-frso sets in (X, 7) and v # 1, # 1 and
v +n > 1. Which is a contradiction. Thus there exists no non-null r-frso sets A and y in
(X,7)suchthat \ # 1, u # Tand A + p > 1. O

Proposition 4.9. Ler (X,7) and (Y,0) be fts’s. Let f : (X,7) — (Y,0) be a fuzzy
regular semi irresolute and surjective function. If (X, T) is r-fuzzy Rs-strongly connected,
then (Y, o) is r-fuzzy Rs-strongly connected.

Proof. Suppose that (Y, o) is not r-fuzzy Rs-strongly connected. Then there exists non-
null 7-frsc sets v; and vy in (Y, o) such that v; # 0, vy # 0, 11 + v2 < 0. Since f
is fuzzy regular semi irresolute function, f~1(v1), f~1(v2) are r-frsc sets in (X, 7) and
FTH)Af T 2) =0, f 71 (1) #£0, fH(v2) #0. AF f~1 (1) = 0, then f(f 1 (1)) =
v1 which implies f(0) = v1. So 0 = vy a contradiction.) Hence (X, 7) is r-fuzzy %s-
strongly connected, a contradiction to our hypothesis. Thus (Y, o) is r-fuzzy Rs-strongly
connected. U

Remark. r-fuzzy Rs-strongly connected does not imply r-fuzzy Rs-Cs-connected.

Example 4.9. In Example (X, 7) is r-fuzzy Rs-strongly connected, since there is no
r-frsc sets A\, A2, A1 + Ao < 1. But (X, 7) is r-fuzzy Rs-C5-disconnected.

Remark. r-fuzzy Rs-Cs-connected does not imply r-fuzzy Rs-strongly connected.
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Example 4.10. In Example (X, 7) is r-fuzzy Rs-Cs-strongly connected, since there
is no fuzzy set A is both r-frso and r-frsc set. But (X, 7) is not r-fuzzy Rs-strongly
connected, since there is the r-frsc sets A and p, A + p < 1.

Definition 4.11. Let (X, 7) be fts, A\, u € IX, r € Iy. The non-null fuzzy sets A and y
are said to be

(1) r-fuzzy Rs-weakly separated if RSC,(A\) <1 — pand RSC, () <1 — A

(2) r-fuzzy Rs-g-separated if RSC-(A) Apu=0=AARSC,(u).

Definition 4.12. A fts (X, 7) is said to be r-fuzzy Rs-Cyy-disconnected if there exists
r-fuzzy Rs-weakly separated non-null fuzzy sets A and p in X such that AV p = 1.

Example 4.13. Let X = {a,b,c}, A\, u € IX,r € I are defined as A\(a) = 0, \(b) =

1,A(c) = 0; p(a) = 1,u(b) = 0,u(c) = 1. We define fuzzy topology 7 : IX — I as
follows:

1 ifx e {0,1},

L ogfa=2\
=943 0T

5 iFA=p,

0 otherwise.

Forr = %, the fuzzy sets A and p are r-frso sets in (X, 7), RSC-(\) < 1—pu, RSC,(u) <
1 — A. Hence A and p are r-fuzzy Rs-weakly separated and A V p = 1. Hence (X, 7) is
r-fuzzy Rs-Cyy-disconnected.

Definition 4.14. A fts (X, 7) is said to be r-fuzzy Rs-Cg-disconnected if there exists
r-fuzzy Rs-q-separated non-null fuzzy sets X and p in X such that A V p = 1.

Example 4.15. In Example [4.13] the fuzzy sets A and p are r-frso sets, RSC;(\) =

T—puAp=0and RSC, () =1—AAX=0. Hence X and y are r-fuzzy Rs-g-separated

and AV p = 1. Thus (X, 7) is r-fuzzy Rs-C(-disconnected.

Remark. A fis (X, 1) is said to be r-fuzzy Rs-Cyy -connected if and only if (X, 1) is r-

fuzzy Rs-Cg-connected.

Definition 4.16. Let (X,7)beaftsand Y < X. Let AY is defined as follows \Y (z) =
1 ifzeY
0 ifzgy

fuzzy subspace topology and (Y, 7y ) is called fuzzy subspace of (X, 7).

.Let7y = {\Y Ap: 7(u) > 7}, then the fuzzy topology 7y on Y is called

Definition 4.17. A fuzzy subspace (Y, 7y) of fts (X, 7) is said to be r-fuzzy Rs-open
(resp. 7- fuzzy Rs-closed, 7-fuzzy Rs-connected) subspace if A\¥Y € FRSO(X) (resp.
\Y € FRSC(X), \Y is r-fuzzy Rs-connected).

Theorem 4.10. Let (Y, 7y ) be a r-fuzzy Rs-connected subspace of fts (X, ) such that
YY A € FRSO(X). If 1 has a r-fuzzy Rs-separations \ and ji, then either v¥ < X or
Y <

Proof. Let \, u be r-fuzzy Rs-separation on 1. By hypothesis, A A v¥ € FRSO(X),
puA~yY € FRSO(X) and [AA~Y]V [uA~yY] =~Y. Since ¥ is r-fuzzy Rs-connected.
Then either A Ay¥ =0 or u AyY = 0. Therefore, either ¥ < X ory¥ < p. O

Theorem 4.11. If (X, 15) is a r-fuzzy Rs-connected space and T is fuzzy coarser than 7,
then (X, 1) is also a r-fuzzy Rs-connected.
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Proof. Let \, u € IX, r € I, be r-fuzzy Rs-separation on (X, ;). Then A, i are r-frso
sets. Since 71 < 75. Then A, p in (X, 72) such that A, p is r-fuzzy Rs-separation on
(X, T2), which is a contradiction with the r-fuzzy Rs-connectedness of (X, 72). Hence,
(X, 1) is r-fuzzy Rs-connected. O

Remark. The converse of Theorem is not true in general, as shown in the following
example.

Example 4.18. Let X = {a seodye, f1 A, Aoy, A3, Ay € IX 1 € I are defined

as Ai(a) = L,A1(b) = 1, \(c LAi(d) = 0,Ai(e) = 0,A(f) = 0; Aa(a) =
0'2a )‘Q(b) = 03 )‘2( ) = 047)‘2(d) = 07)\2(6) = 0,)‘2(f) =0 )\3(&) = 07>‘3(b) =
O,)\d( ) = 0 )\ (d) = 1,)\3( ) 1,)\3(f) = 1; )\4(@) = 027>\4(b) = 0.3,)\4(0) =
0.4, \4(d) = 1, \(e) = 1, \(f) = 1. We define fuzzy topology 71,72 : I — I as
follows: _
1 ifx e {0,1},
% if A= Aq,
1 ifxe{0,1 Lot =\,
() = O1h oy {3 M=
0 otherwise. 5 ifA= A,
% if A= Ay,
0 otherwise.

Let 71 be the indiscrete fuzzy Rs-topology, then 7 is r-fuzzy Rs-connected, on the other
hand, Clearly, 7, defines a fuzzy topology on X such that ; < 79. For r = %, A1 and A3
are 7-frso sets in which form a r-fuzzy Rs-separation of (X, 75) where A; A A3 = 0 and
A1 V A3 = 1. Hence (X, 79) is r-fuzzy Rs-disconnected.

Theorem 4.12. A fuzzy subspace (Y, Ty) of a r-fuzzy Rs-disconnected space (X, ) is
r-fuzzy Rs-disconnected if v¥ A u € FRSO(X), Vu € FRSO(X).

Proof. Let (Y, 1y) be r-fuzzy Rs-connected. Since (X, 7) is r-fuzzy Rs-disconnected.
Then there exists r-fuzzy Rs-separation A\, x on (X,7). By hypothesis, A A v¥ €
FRSO(X), p AvY € FRSO(X) and (A A Y]V [u A ~Y] = ~Y, which is a con-
tradiction with the r-fuzzy Rs-connectedness of (Y, 7y). Therefore (Y, 7y) is r-fuzzy
Rs-disconnected. O

Remark. A r-fuzzy Rs-disconnectedness property is not hereditary property in general,
as in the following example.

Example 4.19. In Example 4.18} let Y = {a,b} < X. We consider the fuzzy set \Y of
Y defined as follows, AY (a) = 1, \Y (b) = 1. Then we define fuzzy subspace topology
7y : IY — T as follows:

1 ifAxe{0,1},

LA =AY AN,

Lot a=2Y A\
Ty(/\) = 3 . ’

% if A =AY A\,

L OAfA=AY AN,

0 otherwise.

Thus, the collection 7y = {\Y A : 7(u) > r} is a fuzzy subspace topology on Y in which
there is no r-fuzzy Rs-separation on (Y, 7y ). Therefore, (Y, 7y ) is r-fuzzy Rs-connected
at the time that (X, 7) is r-fuzzy fs-disconnected as shown in Example
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5. CONCLUSION

Sostak’s fuzzy topology has been recently of major interest among fuzzy topologies. In
this paper, we have introduced r-fuzzy regular semi compactness and gave basic definition
and theorems of the concept. Also, we introduce r-fuzzy regular semi connectedness, 7-
fuzzy regular semi strongly connectedness and r-fuzzy regular semi-Cs-connectedness.
Some interesting properties of these notions are studied.
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