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FUZZY STABILITY RESULTS OF ADDITIVE FUNCTIONAL EQUATION IN
DIFFERENT APPROCHES

K.TAMILVANAN, LAKSHMI NARAYAN MISHRA, VISHNU NARAYAN MISHRA* AND K.
LOGANATHAN

ABSTRACT. In this paper, we investigate some stability results of the following finite
dimensional additive functional equation

f (Z k:x) > f (—kxj + > kx) =(n—-1) {2(22' - 1)f(xi)}
j=1

i=1 i=15i#£j i=1
where n is the positive integer with N — {0, 1, 2} and k is the only odd positive integers,
in Fuzzy Normed space using direct and fixed point approaches.

1. INTRODUCTION

Hyers [7]] gave a positive answer to the question of Ulam for Banach spaces. In 1950,
T. Aoki [3]] was the second author to treat this problem for additive mappings. One of the
most famous functional equations is the additive functional equation

flz+y) = flo)+ fy) (L.1)
In 1821, it was first solved by A. L. Cauchy in the class of continuous real-valued function.
It is often called Cauchy additive functional equation in honor of A. L. Cauchy. The theory
of additive functional equations is frequently applied to the development of theories of
other functional equations. Moreover, the properties of additive functional equations are
tools in almost every field of natural and social sciences. Every solution of the additive
functional equation (I.1)) is called an additive function. The solution and stability of the
following additive functional equations

flx+ay)+af(z—y)=flz—ay)+af(z+y), a#-1,0,1 (1.2)

[z —y) + flz —2y) =3f(z) —3f(y) (1.3)
were studied by K. W. Jun and H. M. Kim [8] and D. O. Lee [[16]. Few functional equation
papers which were discussed additive and non-additive functional equations properties in
fuzzy normed spaces [see ( [} [2, 16 [15) [17} [18) 22]. Mishra et al., and Tamilvanan et al.,
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were used to develop this work as more clear (see. Ref.[4}19, 10, 11,112,[13,114}[19}20% 211]).
In this paper, the authors investigate the stability of the n-dimensional additive functional
equation

f (Z k:c) +Zf —kzj+ Y kx| =(n—1) [Z(%— 1)f(mi)] (1.4)

i=1 i=15i#) i=1
where n is the positive integer with N — {0, 1,2} and k is the only odd positive integers in
Fuzzy Normed Space is discussed.

2. Fuzzy STABILITY RESULTS

In this section, the authors present basic definition in fuzzy normed space and investigate
the fuzzy stability of the finite dimensional functional equation (T.4).

Definition 2.1. Let X be a real linear space. A function N : X x R — [0, 1] is said to be
fuzzy norm on X if for all z,y € X and a,b € R.

(N1) N(z,a)=0 for a<0;

(N2) z=0 iff N(z,a)=1foralla > 0;

(N3) N(ax,b):N(ac,%) if a#0

(Ny) N(z+y,a+b) >min{N(z,a),N(y,b)};

(N5) N(z,.)is a non-decreasing function on R and  lim,— o N(z,a) = 1.
(Ng) Forx # 0, N(z,.)is continuous on R.

The pair (X, N) is called a fuzzy normed linear space. One may regard N (x, a) as the
truth value of the statement the norm of x is less than or equal to the real number a.

Definition 2.2. Let (X, N) be a fuzzy normed linear space. Let z,, be a sequence in X.
Then z,, is said to be convergent if there exists z € X such that lim,, N (z, — z,t) =
1 for all ¢ > 0. In that case, x is called the limit of the sequence z,, and we denote it by
N —lim, ooy = .

Definition 2.3. A sequence z,, in X is called Cauchy if for each ¢ > 0 and each ¢t > 0
there exists ng such that for all n > ng and all p > 0, we have N (z,,4p — Tp,t) > 1 — €.

Definition 2.4. Every convergent sequence in a fuzzy normed space is Cauchy. If each
Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy
normed space is called a fuzzy Banach space.

Definition 2.5. A mapping f : X — Y between fuzzy normed spaces X and Y is contin-
uous at a point z if for each sequence {z,} converging to xg in X, the sequence f{z,}
converges to f{xo}. If f is continuous at each point of zy € X, then f is said to be
continuous on X.

In section 3 and 4, assume that X, (Z, F') and (Y, F) are linear space, Fuzzy Normed
space and Fuzzy Banach space respectively. We define a function f : X — Y by

i=1 j=1

i=15i£] i=1

forall 1,29, -+ ,x, € X.
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3. STABILITY OF THE FUNCTIONAL EQUATION (T.4))- DIRECT METHOD

Theorem 3.1. Let 5 € {1, —1} be fixed and let 1) : X™ — Z be a mapping such that for

some d > 0 with 0 < (g)'@ < 1.
N (¢(0,2°%,0,---,0),7) > N'(d°(0,,0,--- ,0),7) (3.1)
forallz € X and all r > 0,d > 0, and
limp—s oo N' (¥(37% 21, 3%, ..., 3%%2,), 37%r) = 1 (3.2)

forall x1,xo, ...,x, € X and all r > 0. Suppose that a function f : X — Y satisfies the
inequality

N(Df(x1,22,....20),7) > N (W(x1, 22, .0y Tp), ) (3.3)
forallr > 0and x1, 22, ...,x, € X. Then the limit
) f(38k)

exists for all x € X and the mapping A : X — Y is the unique additive mapping such
that

N(f(z) = A(z),r) = N'(¥(0,2,0,---,0), (n — 1)r|3 — dJ) 3.5
forall x € X and for all r > 0.

Proof. First assume that 8 = 1. Letting (x1, 22, Z3, ..., T) by (0, 2,0, ...,0) in (3.3, we
get

N@Bn—-1)f(x)— (n—1)f(3z),r) > N'(¥(0,z,0,...,0),7) (3.6)
for all z € X and all » > 0. Replacing = by 3z in , we obtain
f(3k+1x> k r ! k
N|——F— — | >N i
(1552 - 16, 3 ) 2 V0030000 6)
for all z € X and for all 7 > 0. Using (3.1), we get
FEE) , r
N|—F— — | > N — .
(25 s g ) = MO0 00 ) G

for all z € X and for all > 0. It is easy to verify from (3.8) that
f@3M ) f(3k) r /
N - > N'(¥(0,z,0,...,0
( 3k+1 3k ’ 3(’/7, _ 1)3k = (’(/J( y Ly Uy eees )a
holds for all € X and for all » > 0. Replacing r by d*r in (3.9),we get

f@EHa)  f(3ka) d*r /
N( ST 3k 3= 1)3k> > N'(¢(z,z,0,...,0),7) (3.10)

for all x € X and for all » > 0. It is follows from

r

o5 69

3k k=l pigitl 3i
IO pa) = > [f(?)mx) - f(3ix)] (3.11)
for all z € X. From the equations (3.10) and (3.TT)), we arrive
f(3kx) = dr
N( 3k _f(x)’iz:; 3(n— 1)3

k—1 i ‘ 4
. f3*z)  f(3'x) d’
> min L_Jl {N ( 3i+1x B 3ix "3(n —T1)3i>}
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k—1

> min | ) N'(1(0, 2,0, ...,0),7)
=1
> N'(1(0, 2,0, ...,0),7) (3.12)

for all z € X and for all 7 > 0. Replacing = by 3™z in (3.12)), we obtain
m+k—1 ;
f@EMmgy  f(3ma) S d'r
N
( S

B n—1)3i

, r
3k+m pr ) >N (¢(0,x,0,...,0)7d—m) 3.13)
for all z € X and for all » > 0 and all m, k > 0. Replacing r by d"r in (3.13)), we get

k—1
f@ ™) f(3mx) d'r ,
N — - | >N 0,2,0,...,0 3.14
( 3k+m 3m ’; 3(7’L _ 1)31 = (7/}( y Ly Uy eeny )7T) ( )
for all x € X and for all » > 0 and all m, k > 0. Using (/V3) in (3.13)), we obtain
F3ma)  f(3ma) ,
N( 3k+m - 3m , T Z N/ w(0)x707~.~70)7 Zm+k71 ai (315)
i=m 3(n—1)3?

forallz € X, r > 0 and all m, k > 0. Since 0 < d < 3and Y°F_ (%) < oo, the Cauchy
criterion for convergence and (Ns) implies that {f(gi:z)} is a Cauchy sequence in (Y, N).
Since (Y, N)is a fuzzy Banach Space, this sequence converges to some point A(z) € Y.
So one can define the mapping A : X — Y by

. 3k

A(z) == N — lzmk_mo%

for all z € X. Letting m = 0 in (3.13), we get

i Ylico Fa-w

for all z € X. Taking the limits as K — oo and using (Ng), we arrive
N(f(x)— A(z),r) > N'(4(0,2,0,...,0),3(n — 1)r(3 — d))

forall z € X and forall > 0. Now, we claim that A is additive. Replacing (z1, z2, T3, ..., Zp)

by (3*21,3%x,, ..., 3%2,,) in (3.3)), we obtain
1
N <3]€Df(3kx1,3kx2,...,3]%”),7“) > N'((3%xy, 3%, ..., 3%2,),35r)  (3.17)
for all » > 0 and for all 1, z3, ..., z,, € X. Since

limk*)ooN/ (w(gﬂkxlv 3ﬁk$27 ey 3ﬁkmn)7 3ﬁkr) =1

Hence A satisfies the additive functional equation (1.4). In order to prove A(x) is unique,
we let A’(z) be another additive functional equation satisfying (1.4) and (3.5). Hence

A(3Fz) B A’ (3Fx) r>

N(A(z) — A'(z),r) =N (

3k 3k
. A(3Fx 3kz) r 3k A'(3Fx) r
me{N< (3k )_f(3k$)72>’N<f(3k ) (3;@:17)’2)}

> N <w<0, 32,0, ..,0), T~ 1)23k(3 - d))
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3r(n—1)38(3 — d)
2dk
3r(n—1)3"(3—d)
2dF

zMWw%mm,

= 00, we obtain

) 3r(n—1)3%(3 —d
limp oo N’ <1/)((),:17,0, ey 0), ( Q)d’f ( )> =1
Thus N(A(x) — A'(x),r) = 1forall z € X and r > 0. Hence A(z) = A’(x). Therefore
A(x) is unique. For 8 = —1, we can prove the result by a similar method. This completes
the proof of the theorem. ]

forall x € X and r > 0. Since limy__o

The following corollary is an immediate consequence of Theorem [3.1] concerning the
stability for the functional equation (T.4).

Corollary 3.2. Suppose that the function f : X — Y satisfies the inequality
N'(6,r)
N(Df(z1.22, ... tn),7) = S N (O 0 [|i] 5, 7)
N0y il + Iy [l ]), 7)
forall xq,xs,...,x, € X and all v > 0, where 0, s are constants then there exists a unique
additive mapping A : X — 'Y such that

N'(8,|2|r(n—1)
N(f(z) —A(z),r) > ¢ N (0]|=||*,r(n —1) | 3—=3°) is#£ 1
N’ (Qllz|["*,r(n =1) | 3=3"])  ;s# +

4. STABILITY OF THE FUNCTIONAL EQUATION (T.4) FIXED POINT METHOD

In this section, the authors investigate the generalized Ulam-Hyers stability of the func-
tional equation (I.4) in fuzzy normed space using fixed point method.
For to prove the stability result, we define the following p; is a constant such that

3 if i=0
TEL i i=1
and (2 is the set such that Q@ = {¢/t : X — Y,¢(0) = 0} .

Theorem 4.1. Let f : X — Y be a mapping for which there exists a function v :
X" — Z with condition

limg— oo N’ (w(nkxl, n*xs, ...,nkzn), nkr) =1 4.1
forall zi,zo,...,x, € X and all v > 0 and satisfying the inequality
N(Df(x1,22, ... zn),7) > N (W(x1, 22, .0y Tp), ) 4.2)

forallx € X and r > 0. If there exist L = L[i] such that the function v — [(x) =
(n7£1)¢ (0, £,0,...,0) has the property

’14:171":’:07’
N@wm»)qu> 43)
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forall x € X and r > 0, then there exist unique additive function A : X — Y satisfying
the functional equation (I.4) and

R )

forallz € X andr > 0.

Proof. Let d be a general metric on {2 such that
d(t,u) =inf{k € (0,00)|N(t(z) — u(z),r) > N'(B(x),kr),z € X,r > 0}
It is easy to see that ({2, d) is complete. Define T : 2 — Q by Tt(z) = ni (n;x) for all
x € X fort,u € (), we have
d(t,u) =k = N (t(z) —u(x),r) > N'(B(x), kr)

= (D ) N i) ) @4)
K3 3
= N(Tt(z) — Tu(z),r) = N'(B(nix), knr)
= N(Tt(z) — Tu(x),r) > N'(B(z), kLr)

= d(Tt(x) — Tu(z)) > kL

= d(Tt —Tu,r) > Ld(t,u)
for all t,u € Q. Therefore T is strictly contractive mapping on 2 with Lipschitz constant
L, replacing (1,22, 23, ..., xn) by (0, 2,0, ...,0) in (4.2), we get

N ((n=1)f(3z) = 3(n—1)f(x),r) = N (¥(0,,0,...,0),7) (4.5)
forall z € X and r > 0. Using (N3) in (&.3)), we arrive
f(3z) , (%(0,2,0,...,0)
for all z € X and r > 0 with the help of (#.3) when i = 0, it follows from (#.6) that
= v (H8 p)r) 2 v (wsta)n
=d(Tf, f)>L=L1"=L"" 4.7

Replacing z by % in (4.5), we obtain

N (f(x) —3f (g) ,r) >N <<n i Y (o, g,o, ...,0) ,r> (4.8)
forall z € X and r > 0, when ¢ = 1, it follows from (4.8)), we get
= N (f2)=3f () .r) = N'(B().7)
=T(f,Tf)<1=L’=L"" (4.9)
Then from [@7) and (#9), we can conclude
ST(f-Tf)<L'7" < 0.

Now from the fixed point alternative in both cases, it follows that there exists a fixed point
A of T in 2 such that

f(nFx)

A(x) =N —limi— 00 :
n
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forall z € X and r > 0. Replacing (21, 72, ..., ) by (nFx1, nFxa, ..., nkz,,) in (4.2), we
arrive

1
N <77 Df( 371’771 Z2,,17); l’n) ) > N/(’l/)( .131,771 T2, .. 7771161‘71)777570)

forall > Oandall z1, 2, ..., z, € X. By proceeding the same procedure of the Theorem
1], we can prove the function A : X — Y is additive and its satisfies the functional
equation (I.4). By a fixed point alternative, since A is unique fixed point of 7" in the set

A={feQ/d(f,A) < c}.

Therefore A is a unique function such that

N(f(x) = A(x),r) = N'(B(x), kr)

for all x € X and r > 0. Again using the ﬁxed point alternative, we obtain

Ll—z
Llfi
= V(@) = Aleh) 2 N (501 1)
for all x € X and r > 0. This completes the proof of the Theorem. [

The following Corollary is an immediate consequence of Theorem [.1] concerning the
stability of (T.4).
Corollary 4.2. Suppose a function f : X — Y satisfies the inequality
N'(0,r)
N(Df(xl'xzw“vxn)?T) 2 N’(927:1||$z||5 )
NOQZ—y Ml + T [l [*), )

for all x1,29,....,x, € X and r > 0, where 0, s are constants with 0 > 0. Then there
exists a unique additive mapping A : X — Y such that

N'@,r(n—1)]|2]
N(f(z) = A(z),r) = ¢ N (0|||*,r(n —1) [ 3=3"]) ;s # 1
N’ (@2, r(n=1) [3=3"[)  1s# 5
forallz € X andr > 0.

Proof. Setting

0
(@1, 02, @3, 00 20) < QOGS [|2i]]°)

O(TTimy Nl l° + 225y [l ™)

for all 1, 9, ...,x, € X. Then
N'(0,nfr)

N’ (6 (1w, nfws, o) nfr) = { N (00 Il n* =)
N (O sl + Ty sl ), ")
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— 1 as k— oo,
=<¢{— 1 as k— o0,
— 1 as k— .

has the property
1
N’ (Lﬁ(nix),r> > N'(B(z),r)
U

for all x € X and » > 0. Hence
T

N'(B(x),r) = N’ <¢ (O, 5,0, ...,0) ,(n— 1)r)
N'(0,r(n—1))

= ¢ N’ (F0|[z]]*,r(n — 1))

N’ (z=0lz|["*, r(n —1)) .
Now,
| N’ %,r(n — 1))
N’ (nﬁ(ﬁiff),T) =<¢ N % (=) llmz||®, r(n — 1))
N' (& () lImal["*.r(n = 1))

N'(n; " B(x), )

= N'(n; 7' B(x),7)

N (np* = B(x), )
Now from the following cases for the conditions (i) and (vi).
Case(i):L =3"' for s=0 if i=0.

N(f(@) = Aw),r) = N' ($5B@),r) = N' (25 layor) = N (6,2r(n = 1))
Case(ii):L = ()" for s=0 if i=1.
N(f@)-Ala)r) 2 N (8000 ) 2 N (el ) 2 N 6,2 = 1)

Case(iii):L = (3)*"! for s<1 if i=0.

N(s@) - A 2 8 (Epstr) 2 v (o Al

> N (0l|=[",r(n —1)(3 = 3%))

Case(iv):L = (3)!=% for s>1 if i=1.

N(s@) - A 2 8 () 2 v (o A )

> N'(0|=]",r(n — 1)(3° = 3))
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Case(v):L = (3)™~1 for s<i if i=0.

Ll—i ns—1 0 ns
N(f(.’l?) - A(.’E),T‘) Z N/ (1Lﬁ<x)7r> Z N/ (1 i 3n571 (71 ||x1|)3ns’r>

> N (O||**,r(n —1)(3 = 3™))
Case(vi::L = (3)'™"% for s<21 if i=1

N(fe) - Ala).r) 2 N (o pter ) 2 v (o A )

> N (0]|a]™, r(n — 1)(3 - 3))
Hence the proof is completed. (]

5. CONCLUSION

In this work, in section 3, we investigated Hyers-Ulam stability results in Fuzzy normed
spaces by means of direct method, in section 4, we examined the Hyers-Ulam stability
results in fuzzy normed spaces by means of fixed point method.
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