ANNALS OF COMMUNICATIONS IN MATHEMATICS
Volume 3, Number 2 (2020), 152-157

ISSN: 2582-0818

(© http://www.technoskypub.com

<
S

GENERALIZED U-H STABILITY OF CUBIC MAPPINGS

VEDIYAPPAN GOVINDAN !* SANDRA PINELAS 2 AND NALLAPPAN GUNASEKARAN 3

ABSTRACT. In this work, we investigate the generalized Ulam-Hyers stability of the w-
dimensional cubic functional equation

w w w
p(z Ktp) = Z p(kxtx + Aoty +n3t) + (3 —n) Z (kg + Asy)
K=1 r=1;K#A#N r=1;k#X#n
w? — 5w+ 6 2
(520 et 0%0lse 1)
xk=0

where w > 4, in Banach spaces using direct and fixed point methods.

1. INTRODUCTION

The stability problem for functional equations starts from the famous talk of Ulam and
the partial solutions of Hyers [9] to the Ulams problem (see [16}17]). Since then a great
deal of work has been done by a number of authors and the problems concerned with the
generalizations and the applications of the stability to a number of functional equations
have been developed as well [[1}, 124, 15/16, 7, |8]. Jun and Kim [[12] introduced the following
cubic functional equation

9(22¢ + 1) + p(22¢ — p) = 293¢ + p) + 20(3c — p) + 12¢(5) (1.1)

and they established the general solution and the generalized Hyers-Ulam stability for the
functional equation [I.I} The function satisfies the functional equation [I.I] which is thus
called a cubic functional equation. Every solution of the cubic functional equation is said
to be cubic function. One of the most important problems in fuzzy topology is too ob-
tain an appropriate concept. The applications of the stability to a number of functional
equations have been developed as well. Recently, Choonkil Park and Dong Yun Shin [3]
prove the Hyers-Ulam stability of Cauchy additive functional inequality, the Cauchy ad-
ditive functional equation and quadratic functional equation in matrix paranormed spaces.
Furthermore, some of the other few functional equations paper are very useful to develop
this paper such as [[10} (11} |13} 114} 15 [18]].
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In this work, we investigate the generalized Ulam-Hyers stability of the w-dimensional
cubic functional equation

w w

p(z K;) = Z (k3 + Asex +n32y) + (3 —1n) Z (K, + Asey)
r=1 k=Lk#A#D r=Lk#AF#n
2 5 6 w—1
+ <“’2w+> 3 (k4 13008 + 1) (1.2)
k=0

where w > 4, in Banach spaces using direct and fixed point methods.

Theorem 1.1. Banach Contraction Principle: Let (; d) be a complete metric space and
consider a mapping ® : x — x which is strictly contractive mapping, that is

(B1) d(®se; Pu) < Ld(sz, 1) for some (Lipschitz constant ) L < 1, then
(1) The mapping ® has one and only fixed point 3* = ®(5*);
(2) The fixed point for each given element s* is globally attractive that is
(B2) limy, 00 ®¥ 3¢ = w*, for any starting point sz € x;
(1) One has the following estimation inequalities:
(B3) d(P“ s, 5*) < ﬁd(@“%, Otz forallw > 0, » € x.
(B4) d(5, %) < T25d(5, %) Ve € .
We take x be a normed space and T be a Banach space. For notational handiness, we
define a function F : x — Y by

Ap(se1, 509, ... 50n) = p(z Kt) — Z (Kt + Aoex +n3ey)
k=1 r=1,k#X#n

—(3=n) Z oK, + Asy)
r=L;k#EXFED
w? — 5w+ 6 = 3
+ <2> Z(n +1)°p( + 1)

k=0

2. U - H STABILITY OF AN CUBIC FUNCTIONAL EQUATION [I.2] USING DIRECT
METHOD

In this section, the authors discussed the generalized Ulam-Hyers stability of w-dimensional
functional equation [I.2]in Banach space using Direct Method.

oo p(2%7501,2%7 565,25 5e,)

Theorem 2.1. Lety € {—1,1}. Let ¢ : x* — [0, 00) be a function such that 3 . S5Es
converges in R and

0(287 501,287 309, ..., 287 52,)

i HERE -0 2

forall s¢1, ¢, ..., 2, € x. If a function o : x — T be a function satisfies
1Ap(se1, 522, ...y 300 || < 051, 522, - ., 520) (2.2)
SJor all se1,5¢5,...,52, € X, then there exist a unique cubic function C' : x — Y which

satisfies the functional equation[l.2land

1 — (2%
() — C ()| < S 55T 6) 6; e 2.3)
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where
P(3) = (¢, 2,0,...,0) (2.4)
for all s« € x: The function C'is given by
_ e 9(257)

forall s € x.

Proof. Assume that v = 1. Replacing s, s, . . ., 54, by (3¢, 52,0,...0) in|1.2] we get
18(w? — 5w + 6)p(5¢) — (w? — 5w + 6)p(25¢)|| < (¢, %,0,...,0) (2.6)
for all 5« € x. It follows from [2.6] that

0(25¢ 1
— < —F———x 0,...,0 2.7
1955~ 00l < sy @e 200 @)
for all »c € x. Now replacing » by 2s¢ and dividing by 23 in we arrive
©0(2%2x (25 1
- < 25¢,2,0,...,0 2.8
H 26 23 || = 26(w2 _ 5w+6) (P( AR Z A ) ) ( )
for all > € x. Adding[2.7)and 2:8] we have

»,2,0,...,0) +

(225 1 ©(252,25¢,0,...,0)
— < - -

for all sz € x. In general for any positive integer J, one can easy to verify that

©(20 3¢ P (28%)
HQ‘T - = 23 Z 93&y (2.9)

for all »¢ € x. In order to prove the convergence of the sequence {p(;;;%}, replacing s by

27 5 and dividing 237 inn 2.9] for 6,v > 0, we get

2(£+T)%

p(257 3¢ Ly
I 35 23T ||_232 53D —0asT — 00 (2.10)

for all s« € x. Hence the sequence {g’235”} is a Cauchy sequence. Since T is complete,

there exists a mapping C' : x — Y such that

p(2°)

for all > € x. Letting 6 — oo in[2.9] we see that@ holds for ¢ € x. To prove that C
satisfies replacing (s¢1, 56, . .., 3,) by (275¢,27 5, ..., 27 ¢ and dividing 237 in
we arrive
T T T 1 T T T
8272 27| € (272, 2 5)

for all »¢1, 209, ..., 32, € x. Letting 7 — oo in above inequality and using the definition of
C(5¢), we see that C'(5¢1, 59, . . ., 54,) = 0. Hence C satisﬁesfor all 5c € x. To show
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that C is unique. Let A be the another cubic mapping satisfying[T.2]and [2.4] then
1C () = ALl £ 57 {IIC(2730) — p(27) ] + [|A(27 ]|}

- 237
W( 25+r
< > Z 23(€+7) —0asT— o0
for all »c € x. Hence C'is unique. For v = —1, we can prove a similar stability result. The
proof is completed. (]

The following corollary is an immediate consequence of Theorem [I.T] concerning the
stability of [I.2]

Corollary 2.2. Let ¢ and § be a positive real numbers. Let o : » € x be a function
satisfying the inequality
¢
||A@(%1;%27~~7%w)” < ¢(Z::1 ||%K2||6)
¢ (TTizy aell®) + (2521 llol1?)

for all arkappay, o, ..., %, € Xx. Then there exists a unique cubic function C' : x — T
such that
@
(w2—5w+6)|7|
@
lo() = CEAl < | rotir—s 0 #3
2¢ ||| C £ 3
(w2 —bw+6)23—2ws w

3. U - H STABILITY OF AN CUBIC FUNCTIONAL EQUATIONIEUSING FIXED POINT
METHOD

In this section, we found the generalized Ulam-Hyers stability of the w-dimensional
functional equation (1.2) in Banach space with the help of fixed point method.

Theorem 3.1. Let p : x — Y be a mapping for which there exists a function ® : x* —
[0, 00) with the condition

(prt, P72, - PR

Eli)n;o i =0 (3.1)
where
o= {2, if k=0
" %, ifrk=1

such that the functional inequality
AP, 529, . .52, || < P(501, 520, . .. 54,) (3.2)
forall 5e1, 55, ... 52, € x. If there exist L. = L(k) such that the function

1 » x
= 7¢ (7) a yr )
2 0) = e 3 2 0
has the property
—v(prs) = Lv(x) (3.3)

K
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for all 5x € x. Then there exists a unique cubic function C' : x — Y satisfying the
functional equation[I.2|and

lp(3) = C()] < V() 3.4)

1-L
holds for all » € .

Corollary 3.2. Let ¢ and § be a non-negative real numbers. Let o : »x € X be a function
satisfying the inequality

¢
[Ap(se1, 502,y 20) | < 0 (i 124611°)
¢ (ITr=i 172ell?) + (s loall)
for all arkappaq, so, . .., s, € Xx. Then there exists a unique cubic function C' : x — T
such that
@
e
20|
l9(2) = Ol < { il 0#3
20 . 53
(w2 —bw+6)23—2ws w
4. CONCLUSION

We have introduced the following functional equation

w w w
o )= S plmet ot )+ Bon) S pla+ A
k=1 rk=1;k#X#N r=1;k#N#£D

+ (W) Uf(l% +1)%p (e, + 1).

k=0
We have solved the n-dimensional non-quadratic functional equation and also investigated

the Hyers-Ulam stability of the new type of the functional equation using direct and fixed
point methods.
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