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ON GENERALIZED DIRECT PRODUCT OF FUZZY MULTIGROUPS

*P. A. EJEGWA

ABSTRACT. Fuzzy multigroup is a structure that generalizes the idea of fuzzy group. In
fact, the concept of fuzzy multigroups is the application of fuzzy multisets to group theory.
The idea of direct product of fuzzy multigroups has been established. This paper extends
the notion of direct product between two fuzzy multigroups to the case of finitely many
fuzzy multigroups. Some properties of generalized direct product of fuzzy multigroups
are elucidated. It is shown that generalized direct product of fuzzy multigroups is a fuzzy
multigroup. Finally, a number of results are obtained and duly verified with respect to
alph-cuts and level sets.

1. INTRODUCTION

Fuzzy set theory was proposed by Zadeh [26] as a technique for representing impre-
cision in real-world situations. Fuzzy set theory has achieved a great success in several
fields due to its ability to cope uncertainty. Fuzzy set is characterized by a membership
function, p which takes value from a crisp set to a unit interval, I = [0, 1]. The concept
of fuzzy sets has grown amazingly with several applications in groups, like fuzzy groups
[[19], metric spaces [10], etc. Elaborate researches have been conducted on fuzzy group
theory [} [16} 18} 20]. Just as fuzzy groups were drawn from fuzzy sets, in like manner,
the notion of multigroups had been studied [[11} 12} [17] via multisets.

By a way of generalization, Yager [25] proposed the idea of fuzzy multisets which
is a generalization of fuzzy sets in multisets framework [22, 23]. For some details on
fuzzy multisets, see [4} [13| [24]. Shinoj et al. [21] followed the footsteps of Rosenfeld
[19] to introduced a non-classical group called fuzzy multigroup. The concept of fuzzy
multigroups constitutes an application of fuzzy multisets to the notion of group. The ideas
of abelian fuzzy multigroup and order of fuzzy multigroups have been studied in [2, |6].
Ejegwa [5] introduced the concept of fuzzy multigroupoids and presented the idea of fuzzy
submultigroups with a number of results. The notions of centre and centralizer in fuzzy
multigroup setting were established with some relevant results [6]]. In [7], the idea of
homomorphism in the setting of fuzzy multigroups was defined and some homomorphic
properties of fuzzy multigroups were elaborated. Recently, the idea of direct product of
fuzzy multigroups was proposed and a number of results were established [9].

The objectives of this paper are to generalize direct product of fuzzy multigroups and
deduce some related results therein, motivated by the results in [9]. In fact, generalized
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direct product of fuzzy multigroups is the extension of the work in [9]. In recap, this paper
proposes the notion of generalized direct product of fuzzy multigroups and explicates some
of its properties in details. By organization, the paper is thus presented: Section 2 provides
some preliminaries while Section 3 proposes the idea of generalized direct product of fuzzy
multigroups and discusses some of its properties. Also, a number of results are obtained.
Finally, Section 4 concludes the paper and provides direction for future studies.

2. PRELIMINARIES

Definition 2.1. [25] Assume X is a set of elements. Then, a fuzzy bag/multiset A drawn
from X can be characterized by a count membership function C'M 4 such that
CMy: X — Q,

where () is the set of all crisp bags or multisets from the unit interval I = [0, 1].

From [24], a fuzzy multiset can also be characterized by a high-order function. In
particular, a fuzzy multiset A can be characterized by a function

CMy:X — NorCMy: X —[0,1] = N,

where I = [0, 1] and N = NU {0}.

By [[14], it implies that C' M 4 (z) for x € X is given as

CMa(x) = {ph (@), pa (@), ooy wh (@), .},
where pYy (), g% (), ..., % (2), ... € [0,1] such that ply(z) > p?(z) > ... > pli(z) >
..., Whereas in a finite case, we write
CMa(x) = {uy (), 4 (), ... ph ()},

for puy () = p%(2) > ... > ph(@).

A fuzzy multiset A can be represented in the form

. {<CM;(I)

In a simple term, a fuzzy multiset A of X is characterized by the count membership
function CM 4 (x) for z € X, that takes the value of a multiset of a unit interval I = [0, 1]
[13, L1S].

We denote the set of all fuzzy multisets by F'M.S(X).

Definition 2.2. [13] Let A, B € FMS(X). Then, A is called a fuzzy submultiset of B
written as A C B if CMy(x) < CMp(z) Ve € X. Also, if A C Band A # B, then A
is called a proper fuzzy submultiset of B and denoted as A C B.

Definition 2.3. [24] Let A, B € FMS(X). Then, the intersection and union of A and
B, denoted by AN B and A U B, respectively, are defined by the rules that for any object
zeX,

@) CMAQB(I) = CMA(I) A\ CMB(.Z‘),

(ii)) CMaup(z) = CMa(z) vV CMp(x),
where A and V denote minimum and maximum respectively.
Definition 2.4. [13] Let A, B € FMS(X). Then, A and B are comparable to each other
ifACBorBC A,and A= Bif CMy(x) = CMp(x)Vz € X.

Definition 2.5. [21]] Let X be a group. Then, A fuzzy multiset A of X is said to be a fuzzy
multigroup of X if it satisfies the following two conditions:

(i) CMa(zy) > CMa(x) NCMa(y) Ve, y € X,

Y]xeXtorA={{x,CMa(zx)) |z € X}.
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(i) CMa(z~1) > CMa(z) Vz € X.

It follows immediately that,
CMy(z™) =CMy(z)Vz € X

since
CMy(z) = CMA((mil)il) > CMA(xil).
Also,
CMa(e) > CMy(x)Ve e X
because

CMa(e) = CMa(zx™) > CMa(x) NCMa(x) = CMy(2).
In fact, every fuzzy multigroup is a fuzzy multiset but the converse is not true. The set of
all fuzzy multigroups of X is denoted by FMG(X).

Definition 2.6. [5] Let A € FMG(X). A fuzzy submultiset B of A is called a fuzzy
submultigroup of A, i.e., B C A if B form a fuzzy multigroup. A fuzzy submultigroup B
of A is a proper fuzzy submultigroup, i.e., B C A,if B C A and A # B.

Definition 2.7. [2] Let A € FMG(X). Then, A is said to be commutative if for all
z,y € X,CMy(xy) = CMy(yx).

Definition 2.8. [8] Let A, B € FMG(X) such that A C B. Then, A is called a normal
fuzzy submultigroup of B if for all z, y € X, it satisfies
CMy(zyz™") > CMu(y).
Definition 2.9. [8] Two fuzzy multigroups A and B of X are conjugate to each other if
forall z,y € X,
CMa(z) = CMp(yry~') and CMp(y) = CMa(zyz™t).
Proposition 2.1. [8] Ler A, B € FMG(X). Then, the following statements are equiva-
lent.
(i) A is a normal fuzzy submultigroup of B.
(ii) CMa(xyz=) = CMs(y)Va,y € X.
(iii) CMa(zy) = CMa(yx)Va,y € X.
Proposition 2.2. [521] Let A € FMG(X). Then, the sets A, and A* are defined as
(i) Ay ={z € X | CMs(x) > 0} and
(ii) A*={x € X | CMa(x) = CMy(e)}, (where e is the identity element of X ) are
subgroups of X.
Definition 2.10. Let A € FMG(X). Then, the sets A(,) and A () defined as

(i) Ajq) ={r € X |CMa(z) > a} and
(i) Ay ={r € X |CMa(x) > a}

are called strong upper alpha-cut and weak upper alpha-cut of A, where « € [0, 1].

Definition 2.11. Let A € FMG(X). Then, the sets Alod and A(®) defined as

() AlYl = {2 € X | CMa(z) < a} and
(i) A ={zxec X |CMy(z) < a}

are called strong lower alpha-cut and weak lower alpha-cut of A, where « € [0, 1].
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Theorem 2.3. Let A € FMG(X). Then, A, is a subgroup of X for all a < CMax(e)
and Al®) is a subgroup of X for all o > CM(e), where e is the identity element of X
and o € [0, 1].

Definition 2.12. Let A, B € FMG(X) such that A C B. Then, A is called a characteris-
tic (fully invariant) fuzzy submultigroup of B if

CM 40 (I) = CMA(JS) Ve e X
for every automorphism, 6 of X. That is, §(A) C A for every 6 € Aut(X).

Proposition 2.4. Let X be a group. Every characteristic fuzzy submultigroup of a fuzzy
multigroup B of X is normal.

Definition 2.13. [7] Let X and Y be groups and let f : X — Y be a homomorphism.
Suppose A and B are fuzzy multigroups of X and Y, respectively. Then, f induces a
homomorphism from A to B which satisfies

D) CMa(f (y1y2)) = CMa(f~ (y1)) ACMa(f~ (2)) Vyr,y2 €Y,
(11) CMB(f(x1$2)) > CMB(f(xl)) A\ CMB(f((EQ)) Vxl,xg c X,

where
(i) the image of A under f, denoted by f(A), is a fuzzy multiset over Y defined by

CMy(a)(y) { Vaesi) OMa(@), £ () # 0

0, otherwise
foreachy €Y.
(ii) the inverse image of B under f, denoted by f~!(B), is a fuzzy multiset over X
defined by
CMf—l(B)(l‘) = C’MB(f(a:))Va: e X.

Definition 2.14. [9] Let X and Y be groups, A € FMG(X) and B € FMG(Y'), respec-
tively. Then, the direct product of A and B depicted by A x B is a function
CMaxp: X XY = Q
defined by
CMaxp((z,y)) = CMa(z) N\CMp(y) Ve € X, Yy €Y,

where @ is the set of all multisets from the unit interval I = [0, 1].

Theorem 2.5. [O] Let A and B be fuzzy multigroups of X and Y, respectively. Then,
A X B is a fuzzy multigroup of X xX Y.

Theorem 2.6. [9] Ler A € FMG(X) and B € FMG(Y). Suppose C and D are two
Sfuzzy submultisets of A and B, respectively. Then, C X D is a fuzzy submultigroup of A x B
if and only if both C and D are fuzzy submultigroups of A and B, respectively.

Theorem 2.7. [9]] Let f : W x X — Y X Z be an isomorphism, A, B, C and D be fuzzy
multigroups of W, X, Y and Z, respectively. Then, the following statements hold.

(i) f(Ax B) € FMG(Y x 2).
(ii) f~1(C) x f~1(D) € FMG(W x X).

3. GENERALIZED DIRECT PRODUCT OF FUZZY MULTIGROUPS

In this section, we define direct product of k" fuzzy multigroups and obtain some
results.



ON GENERALIZED DIRECT PRODUCT OF FUZZY MULTIGROUPS 39

Definition 3.1. Let Ay, Ao, ..., A, be fuzzy multigroups of groups X, Xo, ..., Xj, respec-
tively. Then, the direct product of Ay, Ao, ..., A is a function

CMa, xasx..xa, s X1 X Xo X oo X Xy = Q
defined by
CMa,sxasx..xa, (@) = CMa, (1) N\CMa,(z2) Ao ACMa,_ (xk—1) ANCMa, (),

where () is the set of all multisets from the unitinterval I = [0, 1] and z = (z1, za, ..., Tx—1, Tk),
Vai € Xq,Vas € Xo, ...,V € Xi. If wedenote A1, Ag, ..., A by 4;, (i € I), X1, Xa, ..., Xk
by Xi, (i € I), Ay x Ay x ... x A by []_, A; and X; x Xy x ... x X, by [[0_, Xi.
Then the direct product of A; is a function

k
CMpps 4 [[Xi =@
i=1

defined by
CMHle Ai((xi)ief) = AieIcMAi((xi)) Ve, € X;, I =1,...,k.

Unless otherwise specified, it is assumed that X; is a group with identity e; for all ¢ € I,
X = erl X, and so e = (€;)ier-

Proposition 3.1. Let A1, Ao, ..., Ay be fuzzy multisets of the sets X1, Xs, ..., Xy, respec-
tively. Then

(i) (A1 X Ag X ... X Ap)s = A1s X Aoy X oo X Apse

(ii) (A1 X Ag X ... x Ap)* = A} x A5 x ... x A},

Proof. (i) Let (z1, @2, ...,x)) € (A1 X Ag X ... X Ay),. Synthesizing Proposition[2.2] we
have
CMAIXAZX.,,xAk((xhx%---,mk)) = (CMAl(.’L‘l)/\CMA2(l‘2)/\.../\CMAk(xk)) > 0.

This implies that CMy, (z1) > 0, CMa,(x2) > 0,...,C4, (xx) > 0 and 1 € Aj,,
To € Aoy, ..., T € Apy. Thus, (xl,acg, ...,a?k) € A X Aoy X oo X Aps.

Also, let (21, %2, ..., Tk) € A1 X Aoy X ... X Agy. Then z; € Ay,
fori =1,2,....k, CMg, (z1) >0, CMa,(23) >0, ..., CMa, () > 0. Thus,

(CMAl (z1) A CMAQ(xg) VAAN CMAk(Z‘k)) > 0.

That is,
CMa,xAyx...x Ay ((T1, T2, o, 75)) > 0,
implies that
(21,22, ..., k) € (A1 X Ag X ... X Ap)x.
Hence, (A1 X Ag X ... X Ap)yx = A1s X Aoy X ooo X A
(ii) Synthesizing Proposition [2.2]and following the logic in (i), the result follows. [

Theorem 3.2. Let Ay, As, ..., Ay, be fuzzy multisets of the sets X1, Xo, ..., Xy, respectively
and let o € [0, 1]. Then

(i) (A1 x Ay X ... X Ak)[a] = Al[a] X Ag[a] X oo X Ak[a]-

(ii) (A; X Ag x ... x Ap)led = A[la} X A[QO‘] X ... X Agca].
Proof. (i) Let (z1, @2, ..., x) € (A1 X Az X ... X Ay)[o]. From Deﬁnition we have
CMa,xAsx...xAy (21,22, .o, 2x)) = (CMa, (1) NCM g, (x2) No.. ACM g, (z1)) > .
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This implies that
CMa, (21) > a,CMa, (22) > ..., Cy, (2r) > «
and x € Al[a], T2 € AQ[Q]7 TR € Ak[a]- Thus,
(1‘1,1‘2, ...,.Tk) S Al[a] X A2[a] X ..o X Ak[a].
Again, let (:L‘l,xg,...,l‘k) S Al[a] X AQ[Q] X ..o X Ak[a]- Then x; € Ai[a], for ¢ =
1,2, k,CMy,(21) > a, CMy,(x2) > «, ..., CMy, (xx) > «. Thus,
(CMy,(x1) NCMa,(z2) Ao ANC My, (z1)) > o
That is,
OMAl XAQX...XA}C((:I:’l?zQ) eeey xk)) Z Q,
implies that
(xl,xg,...,xk) S (Al X Ag X ... X Ak)[a]-
Hence, (A1 X A2 X ... X Ak)[a] = Al[a] X A2[a] X ... X Ak[a]-
(ii) By Definition 2.T1] and following the logic in (i), the result is complete. ]

Theorem 3.3. Let Ay, Ao, ..., Ay, be fuzzy multigroups of groups X1, Xo, ..., Xi, respec-
tively. Then, A1 X Ag X ... X Ay is a fuzzy multigroup of X1 X Xg X ... X Xj.

Proof. Let (z1,22,...,Tk), (Y1,Y2, ., Yr) € X1 X Xo X ... X Xi. We get
CMa,x..xa, (150 21) (Y15, U)) = CMa, < xa, (21915 - TrYr))
= CMAl(xlyl)A...ACMAk(xkyk) > (CMAl(al‘l)/\CMAl(yl)>/\.../\(CMAk(mk)/\
CMAk (yk)) = /\(/\(CMA1 (331), OMA] (yl))a ooy /\(CMAk (xk)v CMAk (yk))
= /\(/\(6'1\4,41 (171), ey CMAk. (l‘k)), /\(C’]\fA1 (yl), ey CMAk (yk)))
- CMAlx...xAk((l'la "'7xk)) A CMA1><...><A)€((y1; 7yk))
Also,

CMa,x..xa, (@1, ze) ™) = CMa,x. xa, (27" oz h)
CMa, (.’L‘Il) A A CMA,C(SCIZI)
CMa, (1) A .o ANC My, (zx)
= OMA]X...XAk((Ila"'7‘r1€))'

Hence, A1 x As X ... X Ay is a fuzzy multigroup of X7 x X5 x ... x Xj. (]

Theorem 3.4. Let Ay, Ao, ..., Ay and By, Bs, ..., By, be fuzzy multigroups of X1, Xs, ..., Xy,
respectively, such that Ay, As, ..., Ay C B1, Bo, ..., Bx. If A1, Ao, ...,

Ay, are normal fuzzy submultigroups of By, Bs, ..., B, then A1 X As X ... X Ay, is a normal
Sfuzzy submultigroup of By X Ba X ... X DBj.

Proof. By Theorem [3.3] Ay x Ay x ... x Ay is a fuzzy multigroup of X1, Xo, ..., Xj.
Likewise, By X Bs X ... X By is a fuzzy multigroup of X, X5, ..., X;. Now, we let
(1,22, .., k), (Y1, Y2, -, Yi) € X1 X X2 X ... X Xj. Then we get

CMaysc..xa, (X1, s ) (Y155 0k) = CMa,x. xa,((T1y1, - TrYr))
CMa, (z1y1) A ... NC Mg, (zryr)
CMa, (y121) A ... AN\C M4, (yrar)

= CMa,x..xa,((y171, -, Yypr))

= COMa,x.. xa, (Y15 s Y ) (@1, ey TE))-

Thus, A; X As X ... X Ay is a normal fuzzy submultigroup of By x By X ... X By by
Proposition 2.1} O
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Theorem 3.5. If A1, Ao, ..., Ay are fuzzy multigroups of X1, Xa, ..., Xy, respectively, then
(i) (A1 X Ag X ... X Ag)y is a subgroup of X1 x Xa X ... X Xp,
(ii) (A1 x Ag X ... X Ag)* is a subgroup of X1 X Xs X ... x X,
(iti) (A1 X Ay X ... X Ay)[q) is a subgroup of X1 x X X ... x Xy,
Va < [CMy,(er),CMa,(es),....CMay, (er)], a € [0,1].
(iv) (A1 X Ay X ... X Ak)[”‘] is a subgroup of X1 X Xg X ... x X,
Va>[CMy,(e1),CMa,(e2),....,CMy, (ex)], a € [0,1].

Proof. Combining Proposition [2.2] Theorems [2.3]and [3.3] the results follow. O

Corollary 3.6. Let Ay, As, ..., Ay and By, B, ..., By be fuzzy multigroups of X1, X2
s ooy Xp such that Ay, As, ...,Ay C By, B, ...,Bg. If Ay, As, ..., Ay are normal fuzzy
submultigroups of By, Bs, ..., By, then
(i) (A1 X Az X ... X Ag)« is a normal subgroup of (By X Bz X ... X By).,
(ii) (A1 X Ag X ... X Ag)* is a normal subgroup of (B X By X ... X Bg)*,
(iti) (A1 X Az X ... X Ay)[q) is @ normal subgroup of (B1 X Bz X ... X By)ja), V@ <
[CMAl (61),CMA2(62), "'7CMAk (ek)], (A [0, 1].
(iv) (Ay x Ay x ... x Ap) is a normal subgroup of (B x By x ... x By)l*l, Va >
[CMAl (81),CMA2(€2), ~-~7CMAk (6].3)], [ [0, 1].

Proof. Combining Proposition [2.2] Theorems 2.3] 3.3]and 3.4} the results follow. O

Theorem 3.7. Let Ay, Ao, ..., Ay and By, B, ..., By, be fuzzy multigroups of groups X1, X, ...

respectively. If Ay, A, ..., Ay are conjugate to B1, Bo, ..., By, then the fuzzy multigroup
Ay X Ag X ... X A of X1 X Xo X ... x X}, is conjugate to the fuzzy multigroup By X By X
. X Bpof X1 X Xo x ... X Xg.

Proof. By Definition[2.9)] if fuzzy multigroup A; of X; conjugates to fuzzy multigroup B;
of X;, then exist x; € X; such that for all y; € X,

CMa,(yi) = CMp, (7 "yiz;),i = 1,2, ..., k.
Then we have
CMAlx...XAk((yla"'ayk))

CMy, (yl) AN CMAk (yk)
= CMgp, (:cl_lylxl) A...NCMp, (x,;lykxk)
= CMp, . xp, (@7 121, oy 7 ypay)).
This completes the proof. (]
Theorem 3.8. Let Ay, Ao, ..., Ay be fuzzy multisets of the groups X1, Xo, ..., X, respec-
tively. Suppose that e, ea, ..., ey are identities elements of X1, Xo, ..., Xi, respectively. If
Ay X Ag X ... X Ay is a fuzzy multigroup of X1 x Xo X ... X Xy, then for at least one
i =1,2,..., k, the statement
OMA] ><A2><...><A7;71><A1',+1 X.A.XAk((el7 62’ ey ei—la e’i+17 ey ek,‘)) 2 OMA,((xz))
Vx; € X; holds.
Proof. Let Ay x Ay X ... X Ay be a fuzzy multigroup of X; X X5 x ... X X;. By
contraposition, suppose that for none of ¢ = 1,2, ..., k, the statement holds. Then we can
find (a1, as, ...,ax) € X1 x Xa X... X X, respectively, such that
CMAI((a”L)) > CMAl XAQX...XAi_l XAi+1X...XA)C((€17 627 AR e’iflv 6i+17 ey ek‘))‘
Then we have C M4, «.. x4, ((a1,...;ar)) = CMa, (a1) A ... ACMa, (ar) >
CMA1><...><A7‘,_1 ><Ai+1><...><Ak((elv e e’i—lv e’i—‘rl, ey ek‘)) = CMA1 (61) /\ cee
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ANCMa,_ (ei—1) A CMa,., (eix1) N e NCMa, (e,) = CMa, (e1) N ... N\CMa, (er)
= CMAlx---XAk((ela"'7ek))'

Thus, A; X As X ... X Ag is not a fuzzy multigroup of X; x X5 X ... x X}. Hence, for
atleastone i = 1, 2, ..., k, the inequality

CMAlx...xAi_l XAi+1><...><Ak ((61) e eifl? ei+17 cey ek)) Z CMA7((xl))
is satisfied for all x; € Xj. [l

Theorem 3.9. Let A1, Ag, ..., Ay, be fuzzy multisets of the groups X1, Xo, ..., Xy, respec-
tively, such that

CMa, () < OMa,x Ay x Ai1x Aiprx.x Ay ((€15€2, 0 €21, €541, ..y €1))
Vx; € X, e; being the identity element of X;. If Ay X ... X Aj_1 X Ajp1 X ... X A isa

Suzzy multigroup of X1 X ... X X;—1 X Xjp1 X ... X Xy, then A; is a fuzzy multigroup of
X;.

Proof. Let Ay X ... X A;_1 X Ajp1 X ... X Ay be a fuzzy multigroup of X7 X ... x X;_1 X
Xiy1 X ... x Xiand z;,y; € X;. Then

(61, vy L ...,ek), (61, s Yis ...,ek) € X1 X ... x X; X ... x Xg.

Now, using the given inequality, we have

CMa,((ziy:)) = CMa,((xiyi)) N OMayx.. x Ay x Aspr % x Ay (€15 -0y €521, €415 ...
ser)(€1y s €im1, i1y s €k)) = OMaix s A;x...x Ay (€15 oy Tiy ooy €k) (€1, ooty Yy oov s 1)) >
CMA1><...><Ai><...><Ak((€17~-~7-75i7~-~7ek)) A CMAlx...xAix.‘.xAk((eh~-~7yi;-~- aek)) =
/\(CMAq',((xi))/\CMAl><--<><A'i—1><Ai+1 ><~~><Ak((617"'7ei—17€i+17 "'aek))chAi((yi))/\
CMA1><...><Ai,1><A1;+1><..4><Ak((617---yei—17€i+17~-~76k)))

= COMy, (%)) N CMa, ((y3))-

Also, CMAl((xz_l)) = CMAz((wz_l)) A CMA1><--~><Ai—1 ><A7:+1><~-><Ak((61_1a )

6;711762111, ...,6;1)) = CMAlx...XAix...XAk((el_la ...,.L“i_l, ...76;1)) =

CMa .. xAxx Ay (€1, s iy oy ) 1) = CMay s xayx.x A ((€1, ooy @i,y ooy

er)) = CMa, () )NCMa, x .. x Ai_y x Ay oA (€15 -0y €11, €141, oy €r)) = C Mg, ((27)).
Hence, A; € FMG(X;). O

Theorem 3.10. Let Ay, Ao, ..., Ay, be fuzzy multisets of the groups X1, Xo, ..., X, respec-
tively, such that

CMAl><A2><...><A7',_1><A1'+1X...><Ak((xlax27 ey Lj—1, Ti41, axk)) g CMA7((61))
V($1,JC2, vy Lj—1, Ty 1, ,.:Ek) € Xy x Xox...xX;1X Xi+1 X ... X Xy, e; being the
identity element of X;. If A1 X Ag X ... X Ay is a fuzzy multigroup of X1 X Xo X ... X Xy,
then Ay X Ag X ... X Aj_1 X Ajy1 X ... X Ay is a fuzzy multigroup of X1 X Xg X ... X
XZ‘,1 X Xi+1 X ... X Xk.

Proof. Let A1 x As x ... x Aj be a fuzzy multigroup of X7 x Xo x ... X X} and
(331,1‘2,...,1‘1'_1,331‘4_1, ...,ij), (y15y27---7yi—17yi+17~-~7yk) S X1 X X2 X ... X Xz'—l X
X;4+1 X ... x Xj. Using the given inequality, we arrive at

CMAyx..x Ay Aisr xeex A (T1 oy i1, Tig 15 ooy TR) (YL ooy Yim 15 Yit 1y -0 Yk))

= OMa,x..xAi_1xAisr %o A (B0, oo i1, T 1 ooy T) (Y1 ooy Yim 15 Yit 1y s Yk)) A
CMa, (1)) = COMa, . xAix.. x A, (X1, ooy €4y veey Tk ) (YLy oy €4y ooy Yk))

> CMAlx...xA,ixi..xAk((-rly ey €4y ~-~71'k)) A OMAlx.A.xAix...xAk((yla ey €4y ---,yk))
=ANCMa,((e)) NCMa, x..x Ay x Aysy xoox A ((T1y oy Tim 1, T 1,0y T)),

CMa, ((€:)) NCMaysc..xAi_yx Ao x A (U1 ooy Yin 1, Uit 15 - Uk))) =
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CMA,x..x Ay Apsy xoox Ay ((T1, oy Tim 1, Tig 15 ooy T))
NCOMay s xAi 1 xAiprxx Ag (Y15 Y25 ooy Yim 1, Vit 15 oo, Yk ) )-
Again,
CMA1><~~><A1‘71><Ai+1><~~><Ak(("E1717""x;j17x;—|}17"'7xl;1))
= CMAlx---XAi—lXAiJrl><-<~><Ak((xl_1’ ...,x;ll,x;rll, ~-~7$;;1)) N OMAi((ei_l))
= OMA1><---><A7‘,><-~><A1€((‘Z1_17 ey ei_la ey szl))
= CMAlx...XAQ-XA..XAk((-/I:la---aei>~-~7xk)_1)
= CMAlx...xA,-xi..xAk((xlv-~-a€i7~-~7$k))
=CMa,x..x Ay x Ay xooox A (1, o, Tim 1, Tig1, oy Tx)) A C Mg, (7))
= CMA1><...><Ai_1><A1-+1><...><Ak((xla~-axi71a1'i+1,m71'k))-
Hence, A1 X Ag X ... X A;j_1 X Ajp1 X ... X Ag is a fuzzy multigroup of X7 x X5 X ... X
Xi,1 X XiJrl X ... X Xk. O

Theorem 3.11. Let By, ..., By be fuzzy multigroups of groups X1, ..., Xi. Suppose Ay, ..., Ag
are fuzzy submultisets of By, ..., By, respectively. Then A1 X ... X Ay is a fuzzy submulti-
group of By X ... X By if and only if Ay, ..., Ay, are fuzzy submultigroups of B, ..., B.

Proof. Similar to Theorem 2.6} so we omit the proof. O

Remark. Let By, ..., By be fuzzy multigroups of groups X7, ..., Xx. Suppose Ay, ..., Ay
are fuzzy submultigroups of By, ..., By, respectively. Then

(1) A1 X ... x A is a normal fuzzy submultigroup of By X ... X By if and only if
Ay, ..., Ag are normal fuzzy submultigroups of By, ..., B.
(ii)) Aj X ... X Ay is a characteristic fuzzy submultigroup of By X ... X By, if and only
if Ay, ..., Ay are characteristic fuzzy submultigroups of By, ..., By.
(iii)) Ay X ... X Ay is a normal fuzzy submultigroup of By X ... X By if Ay, ..., Ay are
characteristic fuzzy submultigroups of By, ..., Bg.

Remark. Let By, ..., By be fuzzy multigroups of groups X1, ..., X;. Suppose Ay, ..., Ay
are fuzzy submultigroups of By, ..., By, respectively. Then

(1) A; x ... x Ay is a normal fuzzy submultigroup of B; X ... X By if and only if
Ay, ..., Ay are normal fuzzy submultigroups of By, ..., By.
(i) Aj X ... x Ay is a characteristic fuzzy submultigroup of By X ... X By, if and only
if Ay, ..., Ay are characteristic fuzzy submultigroups of By, ..., By.
(iii) Ay X ... X Ay is a normal fuzzy submultigroup of By X ... X By if Ay, ..., Ay are
characteristic fuzzy submultigroups of By, ..., By.

Theorem 3.12. Let X1, Xo, ..., Xy and Y1, Ys, ..., Y}, be groups, and
i XixXox .. xXp >V xYox...xY,

be homomorphism. If Ay X Ay X ... x A, € FMG(X;1 x Xg X ... x X}) and By x By x
. X B € FMG(Y1 x Yy X ... X Y},), then

(i) f(A1 x Ag x .. x Ag) € FMG(Y1 x Ys X ... x Yy),

(ii) f~Y(By X By X ... X By) € FMG(X; x X3 X ... X Xg).

Proof. Similar to Theorem 2.7} so we omit the proof. O

Theorem 3.13. Let Ay, ..., Ay, be fuzzy multigroups of groups X1, ..., Xi. Then Ay, ..., Ay
are commutative if and only if A1 X ... X Ay, is a commutative fuzzy multigroup of X1 x
o X Xk
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Proof. Suppose Ay, ..., Ay are commutative. We show that A; x ... X Ay is a commutative
fuzzy multigroup of X7 x... x X}. Itis a known fact that A; X ... X Ay, is a fuzzy multigroup
of X7 X ... x Xj by Theorem[3.3| Let (z1, ..., k), (Y1, ..., yx) € X1 X ... X Xj. Then, we
get

CMa,x..xa,(T1, s 26) (Y1, 0k) = CMay s xa,(2191), s (TkYk))
CMa, (z1y1) A ... N\C Mg, (zryr)
CMa, (y121) A ... NCMa,, (yrar)
CMa, x...xa, (y171), o, (Yr))

= COMa,x..xa,((y1, - ye) (@1, - Tk)).

Hence, A; x ... X Ay is a commutative fuzzy multigroup of X; x ... X X} by Definition

27

Conversely, suppose A; X ... X Ay is a commutative fuzzy multigroup of X7 x ... X Xj.
Then,

CMaysc..xan (@1, k) (Y15 Yk)) = CMayoxa (Y15 -5 Yk) (@1, 0, T1)).

Consequently, Ay, ..., Ay are commutative fuzzy multigroups of groups X7, ..., Xj. O

4. CONCLUSIONS

The concept of fuzzy multigroups is an application of fuzzy multisets to group theory.
In the continuation of the study of fuzzy multigroups, we have proposed the idea of gen-
eralized direct product of fuzzy multigroups as an extension of direct product of fuzzy
multigroups and obtained some related results. More results on generalized direct product
of fuzzy multigroups could be exploited for future research.
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