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FRATTINI FUZZY SUBGROUPS OF FUZZY GROUPS

*P. A. EIEGWA AND J. A. OTUWE

ABSTRACT. This paper continues the study of fuzzy group theory which has been ex-
plored over times. We propose maximal fuzzy subgroups and Frattini fuzzy subgroups
of fuzzy groups as extensions of maximal subgroups and Frattini subgroups of classical
groups. It is shown that every Frattini fuzzy subgroup is both characteristic and normal,
respectively. Finally, some results are established in connection to level subgroups and
alpha cuts of fuzzy groups.

1. INTRODUCTION

Fuzzy set introduced by Zadeh [19] revolutionized the whole of mathematics. The
theory of fuzzy sets has grown stupendously over the years giving birth to fuzzy groups
proposed in [15]]. The concept of fuzzy groups is an application of fuzzy sets to group
theory. The notion caught the attention of algebraists like wild fire, and there seems to be
no end to its ramifications. Some properties of fuzzy groups were explicated as analogs to
some group theoretical notions. A number of results on some properties of fuzzy groups
have been discussed in [} 3| |4, 151 6, [14 [16]. In fact, the work by Mordeson et al. [12]
provides an elaborate theory of fuzzy groups.

Due to the lack of “infrastructural facilities”, the notion of Frattini fuzzy subgroups,
whatever that might mean, could not be discussed satisfactorily. The need to establish
maximal fuzzy subgroup of fuzzy group is germane. The notions of normal fuzzy sub-
groups [18} 13} [11} [10, 9] and characteristic fuzzy subgroups of fuzzy groups [17, I8l [7]
have been established as precursors to this present study.

In this paper, we propose maximal fuzzy subgroups with illustrative example, and ex-
plicate the concept of Frattini fuzzy subgroups of fuzzy groups as an extension of Frat-
tini subgroups. Some relevant results on Frattini fuzzy subgroups in conjunction to nor-
mal fuzzy subgroups, characteristic fuzzy subgroups, abelian fuzzy groups, alpha cuts of
fuzzy groups and level sets, respectively are established. By organization, the paper is
thus presented: Section 2 provides some preliminaries on fuzzy sets, fuzzy groups, fuzzy
subgroups, normal fuzzy subgroups and characteristic fuzzy subgroups, respectively. In
Section 3, we propose the ideas of maximal fuzzy subgroups and Frattini fuzzy subgroups
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with some examples, and present some results on maximal fuzzy subgroups and Frattini
fuzzy subgroups.

2. PRELIMINARIES

In this section, we review some existing definitions and results which shall be used in
the sequel.

Definition 2.1. [19] Let X be a nonempty set. A fuzzy set A of X is characterized by a
membership function

pa X —[0,1],

where
1, ifreX
pal) =4 0, ife¢X

(0,1) ifxispartly in X
Alternatively, a fuzzy set A of X is an object having the form
x
A= {(rpale)) | v € Xyor A= (A 1o ey
where the function
pwa(z): X —[0,1]
defines the degree of membership of an element, z € X.
Definition 2.2. [19] Let A and B be two fuzzy sets of X. Then, A is said to be a fuzzy

subset of B written as A C B if pua(z) < pp(z)vx € X. Also, if A C Band A # B,
then A is called a proper fuzzy subset of B and denoted as A C B.

Definition 2.3. [15] Let X be a group. Then, a fuzzy set A of X is said to be a fuzzy
group of X if it satisfies the following two conditions:

() pa(zy) > pa(@) Apa(y)Ve,y € X,
(i) pa(x™!) = pa(x)Ve € X,

where A denotes minimum.
It can be easily verified that if A is a fuzzy group of X, then
pale) > pa(z) Ve e X.
The set of all fuzzy groups of X is denoted by F'G(X).
Example 2.4. Let X = {e, a, b, ¢} be a Klein 4-group such that
ab=c,ac=bbc =a,a®> =b>=c* =e.
Then
A={(e,1),(a,0.7),(b,0.8),{c,0.7) }
is a fuzzy group of X satisfying Definition [2.3]
Remark. We notice the following from Definition 2.3}
(i) every fuzzy group is a fuzzy set but the converse is not always true.
(ii) a fuzzy set A of a group X is a fuzzy group if Va,y € X,
paley™) > pa(x) A paly)
holds.

Definition 2.5. [12] Let A be a fuzzy group of a group X. Then, A~! is defined by
pa—1(x) =palz~t) Vo € X.
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Thus, we notice that A € FG(X) & A~! € FG(X).

Definition 2.6. [1.[12] Let A € FG(X). Then, a fuzzy subset B of A is called a fuzzy
subgroup of A if B is a fuzzy group. A fuzzy subgroup B of A is a proper fuzzy subgroup
if pp(z) < pa(z)and pa(z) # pp(z) Vo € X.

Definition 2.7. [12] Let A € FG(X). Then, A is said to be abelian (commutative) if for
allz,y € X, pa(zy) = pa(yx).

If A is a fuzzy group of an abelian group X, then A is abelian.

Definition 2.8. [12] Let A € FFG(X). Then, the sets A, and A* are defined as

(i) Ax ={r € X | pa(xz) >0} and

(i) A* ={z € X | pa(xz) = pa(e)}, where e is the identity element of X.
Definition 2.9. [[1}[12]] Let A be a fuzzy subgroup of B € FG(X). Then, A is called a
normal fuzzy subgroup of B if for all =,y € X, it satisfies

palzyzr™) = pa(y).
Definition 2.10. [12| [17] Let A, B € FG(X) such that A C B. Then, A is called a
characteristic fuzzy subgroup of B if
pao(z) = pa(z) Vo e X

for every automorphism, 6 of X . That is, §(A) C A for every 6 € Aut(X).

Definition 2.11. [12]] Let A € FG(X). Then, the sets A, and A, defined as
() A ={r € X |pa(r) > a, a€|0,1]} and
(i) Ay ={r € X | pa(z) > a, a €[0,1]}

are called strong upper alpha-cut and weak upper alpha-cut of A.

Definition 2.12. [[12] Let A € FG(X). Then, the sets Alel and A(®) defined as
() AlYl ={z € X | pa(z) <, a €[0,1]} and
(i) A ={zec X |palz)<a, acl01]}

are called strong lower alpha-cut and weak lower alpha-cut of A.

3. CONCEPT OF FRATTINI FUZZY SUBGROUPS

In this section, we propose maximal fuzzy subgroups and Frattini subgroups in fuzzy
group setting by redefining some concepts in the light of fuzzy groups.

Definition 3.1. Suppose B € FG(X). Then, a proper fuzzy subgroup A of B is said to be
a maximal fuzzy subgroup if there exists other proper fuzzy subgroups C;, fori =1,...,n
of B such that pc, () < pa(x) and pe,(z) # pa(r) Vo € X. That is, a maximal
fuzzy subgroup A of B is a proper fuzzy subgroup that contains all the other proper fuzzy
subgroups of B.

Example 3.2. Let X = {e, a, b, ¢} be a Klein 4-group such that

ab=c,ac=bbc=a,a®> =b>=c* =e,

and
B = {{e, 1), (a,0.3), (b,0.4), (¢, 0.3)}
be a fuzzy group of X satisfying Definition Then, the following are maximal fuzzy

subgroups of A:
A = {<€, 1>a <a7 02>7 <b7 04>, <Cv 02>}7



FRATTINI FUZZY SUBGROUPS OF FUZZY GROUPS 27

Az = {{e, 1), (a,0.3),(b,0.3), {¢,0.3) },
Az = {(e,0.9), (a,0.3), (b,0.4), {¢,0.3)}.

Definition 3.3. Let B € FG(X). Suppose A1, A, ..., A, (or simply A; fori =1,2,..,n)
are maximal fuzzy subgroups of B. Then, the Frattini fuzzy subgroup of B denoted by
®(A;) is the intersection of A; defined by

paoay(®) = pa, () A Apa,(r) Ve € X,

or simply

paa) (@) = )\ pa,(z) Vo € X.
i=1

Example 3.4. From Example[3.2] the Frattini fuzzy subgroup of B € FG(X) is
D(A;) = {{e,0.9), (a,0.2), (b,0.3), {¢,0.2) }.
Remark. Every Frattini fuzzy subgroup of fuzzy group is a fuzzy group.

Foremostly, we provide a proposition that connects characteristic fuzzy subgroup and
normal fuzzy subgroup.

Proposition 3.1. Ler B € FG(X). Every characteristic fuzzy subgroup of B is a normal
Sfuzzy subgroup.

Proof. Let x,y € X. Suppose that A is a characteristic fuzzy subgroup of B. To prove
that A is a normal fuzzy subgroup of B, we have to show that

pa(zyr™) > paly) Vo, y € X.

Now, since A is a characteristic fuzzy subgroup of B, we have

pae(wya™) = pa((eyz™)’) = pala®(ya=")%)
= paoy-1aly’ @)
= fago) 1(y9(w0) b
= pa(y’(@’) " (=)
> pa(y’)
= pae(y)
Hence A? is a normal fuzzy subgroup. U

From here henceforth, we present some results on Frattini fuzzy subgroups of fuzzy
groups.

Proposition 3.2. If ®(A;) is a Frattini fuzzy subgroup of B € FG(X). Then [®(A;)]7*
is a Frattini fuzzy subgroup of B € FG(X).

Proof. By Definitions[2.3]and [2.5] it follows that

foan-1(x) = paan(@h)
= pa(a; (@) Vo € X

This completes the proof.

Proposition 3.3. Let A, B € FG(X). Then the following statements are equivalent:
(i) A=\, A; where A; are the maximal fuzzy subgroups of B.



28 P. A.EJEGWA AND J. A. OTUWE

(ii) A is a Frattini fuzzy subgroup of B.
Proof. Straightforward. (]

Theorem 3.4. Let X be a finite group. If A € FG(X), then a Frattini fuzzy subgroup
D(A;) of A is a normal fuzzy subgroup.

Proof. Let ®(A;) be a Frattini fuzzy subgroup of A. By Remark we get
oy (@y™h) > paa,) (@) A paocay (y) Yo,y € X,
implies ®(A;) is a fuzzy group of X.

Now, we prove that jig(4,) is a normal fuzzy subgroup of A. Let x,y € X, then it
follows that

o)Wy ™) = pean((yx)y™h)
= poy(@lyy™))
= ﬂ@(A,i)(ze)
> piaay ().

Hence the result by Definition 2.9]

Proposition 3.5. Every Frattini fuzzy subgroup of a fuzzy group is abelian.

Proof. Let A € FG(X) and ®(A;) be the Frattini fuzzy subgroup of A. It follows that
®(A;) is a normal fuzzy subgroup of A by Theorem Consequently,

poay(@yzr™") = paoca,)(y) Vo,y € X.
Thus,
o) (Ty) = paa,) (yr) Yo,y € X.
Hence the result follows by Definition O

Theorem 3.6. Let A; be maximal fuzzy subgroups of A € FG(X). Then a Frattini fuzzy
subgroup ®(A;) of A is a characteristic fuzzy subgroup.

Proof. Suppose ®(A;) is a Frattini submultigroup of A. Then
paa) (@) = )\ pa,(x) Vo € X.
i=1

Since ®(A;) = (., A;, and A; for i = 1, ..., n are maximal fuzzy subgroups of A, then
it follows that, ®(A4;) C A;. Thus by Definition ®(A;) is a characteristic fuzzy
subgroup of A. O

Proposition 3.7. Letr A € FG(X) and ®(A;) be a Frattini fuzzy subgroup of A. Then
[®(A;)]« and [®(A;)]* are subgroups of X.
Proof. Letx,y € [®(A;)].. Then pg(a,y(x) > 0and pg(a,)(y) > 0. Now, by Definition
2.8 we have
froa) @y~ ") = paca,) (@) A paa)(y) > 0.
Implies that xy~* € [®(A;)].. Hence [®(A;)]. is a subgroup of X.
Again, let z,y € [®(4;)]*. Then

#@(A,-)(Tf) = M@(A,i)(y) = N(P(AJ(G)
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by Definition [2.8] It follows that

toan(@y™') = pean () A ey ()
= Haa;)(e) A paa,)(e)
= paa,)(e)
> pagay(@yh).
Thus,
poa,) @y~ ") = pa(a,(e) Yo,y € X.
Implies xy ! € [®(A;)]*. Hence [®(A;)]* is a subgroup of X. O

Proposition 3.8. Ler A € FG(X) and ®(A;) be a Frattini fuzzy subgroup of A. Then
[®(A;)]« and [P(A;)]* are normal subgroups of X.

Proof. By Proposition[3.7] [®(4;)]. and [®(A;)]* are subgroups of X. Now, let z € X
and y € [®(A;)].. By Theorem [3.4] we have

paay(@ya™t) = ey (y)-
It follows that

u<1>(Ai)($Z/l’_1) = pa(an)(y) > 0.
Thus zyx~1 € ®(A;).. Hence [®(A;)]. is a normal subgroup of X.
Similarly, let z € X and y € [®(A;)]*. Then we have

pa(an (@yr ™) = paca (y)

by Theorem [3.4] It implies that
H@(Ai)(xllel) = taa)(Y) = Hao(a,(e).

Thus zyz~* € ®(A;)*. Hence [®(A;)]* is a normal subgroup of X. O

Proposition 3.9. Let A € FG(X) and ®(A;) be a Frattini fuzzy subgroup of A. Then
[®(A;)]« and [®(A;)]* are characteristic subgroups of X.

Proof. The result follows by combining Proposition [3.7]and Theorem 3.6} O

Proposition 3.10. Let A € FG(X) and ®(A;) be a Frattini fuzzy subgroup of A. Then
[P (Ai)][a) is subgroup of X for o < jig(a,)(e), where e is the identity element of ®(A;).

Proof. Letx,y € [®(A;)][o]- By Definition[2.11} we have piga,)(2) > aand pig(a,)(y) >
a. Since ®(4;) € FG(X), it follows that

faoan (@Y™ > paan (@) A paa(y) > o

This implies that i (a,)(zy~") > «. Thus zy~' € [®(A;)]a). Hence [®(A;)][q is
subgroup of X.

Corollary 3.11. Let A € FG(X) and ®(A;) be a Frattini fuzzy subgroup of A. Then
[®(A;)] is subgroup of X for a > Ko (A,)(€), where e is the identity element of ®(A;).

Proof. Combining Definition 2.12]and Proposition [3.10] the result follows. O

Proposition 3.12. Ler A € FG(X) and ®(A;) be a Frattini fuzzy subgroup of A. Then
[®(A:)][a] is a normal subgroup of X for o < pg(a,)(e), where e is the identity element
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Proof. By Theorem it follows that ®(A;) is a normal fuzzy subgroup of A. By Propo-
sition [®(A;)][q) is subgroup of X. Now letz € X and y € [®(A;)][4]. By Theorem

paan(@ya™t) = ey (y)-
It follows that
toa,) (@yz ™) = pe, (y) > a.
Thus zyxz~" € [®(A;)][q). This completes the proof. O

Corollary 3.13. Ler A € FG(X) and ®(A;) be a Frattini fuzzy subgroup of A. Then
[®(A)]1 is a normal subgroup of X for o > ta(a,)(€), where e is the identity element

Proof. Combining Theorem Corollary and Proposition [3.12] the proof follows.
U

Proposition 3.14. Let A € FG(X) and ®(A;) be a Frattini fuzzy subgroup of A. Then
[®(Ai)][a] is a characteristic subgroup of X for a < pga,)(e), where e is the identity
element of ®(A;).

Proof. Combining Theorem [3.6]and Proposition[3.10} the proof follows. O

Corollary 3.15. Let A € FG(X) and ®(A;) be a Frattini fuzzy subgroup of A. Then
[®(A)]1 is a characteristic subgroup of X for o > Ha(a,)(€), where e is the identity
element of ®(A;).

Proof. Combining Theorem Corollary and Proposition [3.14] the proof follows.
O

Proposition 3.16. Ler A € FG(X). If A is a Frattini fuzzy subgroup of a fuzzy group B,
and B is a Frattini fuzzy subgroup of a fuzzy group C, then A is a Frattini fuzzy subgroup
of a fuzzy group C.

Proof. Suppose A is a Frattini fuzzy subgroup of a fuzzy group B, and B is a Frattini
fuzzy subgroup of a fuzzy group C. Then, by transitivity, it follows that A is a Frattini
fuzzy subgroup of C. (]

Corollary 3.17. With the same hypothesis as in Proposition A is a characteristic
Sfuzzy subgroup of a fuzzy group C.

Proof. By Proposition[3.16] it follows that A is a Frattini fuzzy subgroup of C. Synthesiz-
ing Theorem [3.6] the proof is complete. O

Corollary 3.18. With the same hypothesis as in Proposition A is a normal fuzzy
subgroup of a fuzzy group C.

Proof. By Proposition[3.16] it follows that A is a Frattini fuzzy subgroup of C. Synthesiz-
ing Theorem [3.4] the result follows. O

4. CONCLUSIONS

The concept of fuzzy groups is the application of fuzzy sets to group theory. In the fur-
therance of the study of fuzzy groups, we have proposed the notion of maximal fuzzy sub-
groups as an extension of maximal subgroups with illustration. The idea of maximal fuzzy
subgroups enabled us to propose the concept of Frattini fuzzy subgroups as an application
of fuzzy sets to Frattini subgroups. A number of results were obtained and investigated
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in conjunction to normal fuzzy subgroups, characteristic fuzzy subgroups, abelian fuzzy
groups, alpha cuts of fuzzy groups and level sets. In a nut shell, the main contributions of
this paper is the introduction of maximal fuzzy subgroups and Frattini fuzzy subgroups, re-
spectively. The idea of Frattini fuzzy subgroups could enhances deeper exploration of the
notions of nilpotent fuzzy groups and solvable fuzzy groups, which were hitherto studied
in literature.
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