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NEUTROSOPHIC MICRO TOPOLOGICAL SPACES

S. GANESAN* AND S. JAFARI

ABSTRACT. In this article, we introduce the concept of neutrosophic micro topological
spaces. Some interesting properties like neutrosophic micro interior, neutrosophic micro
closure and neutrosophic micro continuous are studied. In this connection, interrelations
are discussed. Example are provided wherever necessary.

1. INTRODUCTION

Zadeh [19] introduced the notion of fuzzy sets in the year 1965. The concept of fuzzy
topological spaces have been introduced and developed by Chang [4]]. In 1983, Atanassov
[2] introduced the concept of intuitionistic fuzzy set which was generalization of fuzzy
set, where besides the degree of membership and the degree of non-membership of each
element. Later, Coker [6] introduced the concept of intuitionistic fuzzy topological spaces,
by using the notion of the intuitionitic fuzzy set. Smarandache [[17, [18]] introduced the con-
cept of Neutrosophic set. Neutrosophic set is classified into three independent functions
namely, membership function, indeterminancy and non membership function that are in-
dependently related. Dhavaseelan et al [[1,[3} (7,18, |9, [10} [11} [15] studied in various concept
covered in neutrosophy. Lellis Thivagar et al [[14] introduced the concept of neutrosophic
nano topology in the year 2018. Chandrasekar [5] introduced the concept of micro toplogy
in the year 2019. In this article, we introduce the concept of neutrosophic micro topo-
logical spaces. The significance of introducing hybrid structures is that the computational
techniques, based on any one of these structures alone, will not always yield the best re-
sults but a fusion of two or more of them can often give better results. The rest of this
article is organized as follows. Some preliminary concepts required in our work are briefly
recalled in section 2. In section 3, the concept of neutrosophic micro topology is investi-
gated with some properties on neutrosophic micro interior, neutrosophic micro closure and
neutrosophic micro continuous.
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2. PRELIMINARIES

Definition 2.1. [[17,[18] A neutrosophic set (in short ns) K on a set X # () is defined by K
={<a,Pk(a), Qx(a), Rk(a) = : a € X} where Px : X — [0,1], Qx : X — [0,1] and Rg
: X — [0,1] denotes the membership of an object, indeterminacy and non-membership of
an object, for each a X to K, respectively and 0 < Px(a) + Qg (a) + Rx(a) < 3 foreacha
eX.

Definition 2.2. [16] Let K = {< a, Px(a), Qx(a), Rx(a) = : a € X} be a ns. We must
introduce the ns 0., and 1. in X as follows:
0~ may be defined as:

(1) 0.={=<x,0,0,1>:x€eX}

2) 0.={=<x,0,1,1>:xeX}

3) 0. ={=<x,0,1,0>:xe X}

4 0.={<x,0,0,0>:x€X}
1. may be defined as:

(@ 1.={<x,1,0,0>:x X}
) 1.={<x,1,0,1>:xeX}
© lo={<x1,1,0=:x€X}
@ 1o={=<x1,1,1>:xeX}

Proposition 2.1. [16] For any ns S, then the following conditions are satisfied.:
(1) 0. <S5, 0. <O0..
(2) S<Ii. 1.<1..

Definition 2.3. [16] Let K = {< a, Px(a), Qx(a), Rk (a) > : a € X} be ans.

(1) A ns K is an empty set i.e., K = 0. if 0 is membership of an object and 0 is an
indeterminacy and 1 is a non-membership of an object respectively. i.e., 0. = {x, (0,
0,1): xeX}

(2) A ns K is a universal set i.e., K = 1. if 1 is membership of an object and 1 is an
indeterminacy and 0 is a non-membership of an object respectively. 1. = {x, (1, 1, 0)

1xeX}

(3) Ky UKz ={a, max { Pk, (a), Pk, (a)}, max {Q, (), QK, ()}, min { Rk, (a), R, (a)}
rae X}

(4) K; NKo={a, min { Pg, (a), P, (a)}, min {Qx, (a), Qk,(a)}, max { Rk, (a), Rk, (a)}
rae X}

(5) K¢ ={<a,Rg(a), 1 — Qx(a), Px(a) = :ac X}

Definition 2.4. [16] A neutrosophic topology (nt) in Salama’s sense on a nonempty set X
is a family 7 of ns in X satisfying three axioms:

(1) Empty set (0.) and universal set (1.,) are members of 7.

(2) K1 N Ky € 7 where Ky, Ky € 7.

(3) UKs € 7 forevery {Ks: §d € A} < 7.

Each ns in nt are called neutrosophic open sets. Its complements are called neutrosophic
closed sets.

Definition 2.5. [13] Let U be a non-empty finite set of objects called the universe and R
be an equivalence relation on U named as the indiscernibility relation. Elements belonging
to the same equivalence class are said to be indiscernible with one another. The pair (U, R)
is said to be the approximation space. Let X C U.
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(1) The lower approximation of X with respect to R is the set of all objects, which can be
for certain classified as X with respect to R and it is denoted by Lz (X).
Lr(X) = U, s {RX): R(X) € X} where R(x) denotes the equivalence class deter-
mined by X.

(2) The upper approximation of X with respect to R is the set of all objects, which can be
possibly classified as X with respect to R and it is denoted by Ug(X).
Ur(X) = U, ARGO: RGO N X # ¢}

(3) The boundary region of X with respect to R is the set of all objects, which can be
neither in nor as not-X with respect to R and it is denoted by B(X) and Br(X) =
Ur(X) — Lr(X)

Proposition 2.2. [13]] If (U, R) is an approximation space and X, Y C U, then
(1) Lr(X) C X C Un(X).
(2) Lr(¢)=Ur(¢) = ¢, Lr(U) = Ur(U) = U.
(3) Ur(X UY) = Ur(X)UURg(Y).
(4) Ur(XNY) CUR(X)NUR(Y).
(5) Lr(XUY) D Lp(X)ULR(Y).
(6) Lr(XNY)=Lr(X)NLg(Y).
(7) Lr(X) CLr(Y) and Ur(X) C Ur(Y'), whenever X C Y .
(8) Ur(X*¢) = [Lr(X)]® and Lr(X°¢) = [Ur(X)]".
(9) Ur(Ur(X)) = Lr(Ur(X)) = Ur(X).
(10) Lr(Lr(X)) = Ur(Lr(X)) = Lr(X) .

Definition 2.6. [13] Let U be a universe, R be an equivalence relation on U and 7z(X)

={U, ¢, Lr(X) , Ur(X) , Bg(X)}, where X C U. Then by Proposition Tr(X)

satisfies the following axioms

(1) U, ¢ eTr(X).

(2) The union of the elements of any sub-collection of 75 (X) is in 7r(X).

(3) The intersection of the elements of any finite sub collection of 75(X) is in 7 (X).
Then 75 (X) is called the nano topology on U with respect to X.
The space (U, 7r(X)) is the nano topological space. The elements of are called nano
open sets.

Definition 2.7. [13]
If (U, 7r(X)) is the nano topological space with respect to X where X C U and if A C
U, then
(1) The nano interior of the set A is defined as the union of all nano open subsets contained
in A and it is denoted by nint(A). That is, nint(A) is the largest nano open subset of A.
(2) The nano closure of the set A is defined as the intersection of all nano closed sets
containing A and it is denoted by ncl(A). That is, ncl(A) is the smallest nano closed
set containing A.

Definition 2.8. [5] Let (U, 7(X)) be a nano topological space. Then, pr(X) = {N U (
NNw):N, N € 7g(X)and pn ¢ 7r(X)} is called the Micro topology on U with respect
to X. The triplet (U, 7r(X), nr(X) ) is called Micro topological space.

[3] The Micro topology pr(X) satisfies the following axioms
(1) U, ¢ € ur(X).
(2) The union of the elements of any sub-collection of pr(X) is in pr(X).
(3) The intersection of the elements of any finite sub collection of g (X) is in pr(X).
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Then 1 (X) is called the Micro topology on U with respect to X. The triplet (U, 7r(X),
1r(X)) is called Micro topological spaces and the elements of pz(X) are called Micro
open sets and the complement of a Micro open set is called a Micro closed set.

Definition 2.9. [5] For any two Micro sets A and B in a Micro topological space (U,
7r(X), iR (X)),
(1) Ais a Micro closed set if and only if Mic-cl(A) = A.
(2) A is a Micro open set if and only if Mic-int(A) = (A).
(3) A C B implies Mic-int(A) C Mic-int(B) and Mic-cl(A) C Mic-cl(B).
(4) Mic-cl( Mic-cl(A)) = Mic-cl(A) and Mic-int(Mic-int(A)) = Mic-int(A).
(5) Mic-cl (A UB) D Mic-cl(A) U Mic-cl(B).
(6) Mic-cl(A N B) C Mic-cl(A) N Mic-cl(B).
(7) Mic-int(A U B) D Mic-int(A) U Mic-int(B).
(8) Mic-int(A N B) C Mic-int(A) N Mic-int(B).
(9) Mic-cl(®) = [Mic —int()]°.
(10) Mic-int( A®) = [Mic — cl()]¢

Definition 2.10. [14] Let U be a non-empty set and R be an equivalence relation on U. Let
F be a neutrosophic set in U with the membership function pr , the indeterminancy func-
tion o and the non-membership function vr. The neutrosophic nano lower, neutrosophic
nano upper approximation and neutrosophic nano boundary of F in the approximation
(U,R) denoted by N(F), N(F)and BN(F) are respectively defined as follows:

(1) N(F) ={<x, pra(x) opa(x) vra(x) = : y € [X]r,2€ U}

(2) N(F) = {=<X, pga(x) 04 (X) v (x) = 1 y € [X]gr,2€ U}

(3) BN(F)= N(F) — N(F)

where ppa(x) = /\ye[X]R HA®Y), opa(x) = /\yE[X]R oA(y), vpa(x) = /\ye[X]R VA(y).
HRa®) = Nyex)n BAW: 05AX) = Ayex)p AW VEAK) = Ayeix, VAW).

Definition 2.11. [14] Let U be a universe, R an equivalence relation on U and F a neu-
trosophic set in U and if the collection 75 (F) = {Oy, 1, N(F), N(F), BN(F)} forms a
topology then it is said to be a neutrosophic nano topology. We call (U, 7(F)) as the
neutrosophic nano topological space. The elements of 7, (F) are called neutrosophic nano
open sets.

Definition 2.12. [14] Let U be a nonempty set and the neutrosophic sets A and B in the

form A = {< x : pA®X), cA(X), VA(X)>-, x € U}, B={< x: uB(x), 0B(x), vB(x)>, x €

U}. Then the following statements hold

(1) Oy =1{x,(0,0,1): x € U}.

2) Iny=1{x,(1,1,0): x € U}.

(3) A UB = {a, max {zA(x), uB(x)}, max {cA(x), cB(x)}, min {vA(x), vB(x)} : x €
U}.

4) AN B ={a min {uzA(X), uB(x)}, min {cA(x), 0B(x)}, max {vA(x), vB(x)} : x €
U}.

(5) AY = {<a, vA®X), 1 —0A(x), pA(x) = : x € U}.

(6) A CBiff pA(x) < uB(x), 0A(x) < 0B(x), vA(x) < vB(x) for all x € U.

(7) A=Biff ACB,BCA

Definition 2.13. [14] If (U, 75 (F)) is a neutrosophic nano topological space with respect
to neutrosophic subset of U and if A be any neutrosophic subset of U, then the neutrosophic
nano interior of A is defined as the union of all neutrosophic nano open subsets of A and
it is denoted by Nrint(A). That is, Nrint(A) is the largest neutrosophic nano open subset
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of A. The neutrosophic nano closure of A is defined as the intersection of all neutrosophic
nano closed sets containing A and it is denoted by Ncl(A). That is, Ncl(A) is the smallest
neutrosophic nano closed set containing A.

Definition 2.14. [5] A map f: (U, 7(X), pr(X)) = (L, 7 (Y), t/z(Y")) is called Micro-
continuous if f=1(V) is a Micro closed set of (U, 7r(X), ur(X)) for every Micro closed
set Vof (L, 75 (Y), pr(Y)).

3. NEUTROSOPHIC MICRO TOPOLOGICAL SPACES

Definition 3.1. Let (U, 7 (F)) be a neutrosophic nano topological space. Then, Ay (F') =
{SU(SNN):S,Sery(F) and X ¢ Tn(F)} is called the neutrosophic micro topology on
U with respect to F. The triplet (U, 7y (F), Ax (F') ) is called neutrosophic micro topological
space.

Definition 3.2. The neutrosophic micro topology Ay (F') satisfies the following axioms
(D) U, ¢ eAn(F).

(2) The union of the elements of any sub-collection of Ay (F') is in Ay (F).

(3) The intersection of the elements of any finite sub collection of Ay (F) is in Ay (F).

Then Ay (F) is called the neutrosophic micro topology on U with respect to F. The
triplet (U, 7 (F), Ax (F) ) is called neutrosophic micro topological spaces and the elements
of Ay (F) are called neutrosophic micro open sets and the complement of a neutrosophic
micro open set is called a neutrosophic micro closed set.

Definition 3.3. If (U, 7x(F), An(F) ) is a neutrosophic micro topological space with
respect to neutrosophic subset of U and if A is any neutrosophic subset of U, then the
neutrosophic nano interior of A is defined as the union of all neutrosophic micro open
subsets of A and it is denoted by N,,,;-int(A). That is, N,,;-int(A) is the largest neutrosophic
micro open subset of A. The neutrosophic micro closure of A is defined as the intersection
of all neutrosophic micro closed sets containing A and it is denoted by N,,,;-cl(A). That is,
N,ni-cl(A) is the smallest neutrosophic micro closed set containing A.

Theorem 3.1. Let (U, 7n5(F), An(F') ) be a neutrosophic micro topological space with
respect to F where F is a neutrosophic subset of U. Let A and B be neutrosophic subsets of
U. Then the following statements hold :

(1) A C Npi-cl(A).

(2) A is a neutrosophic micro closed set if and only if Np,;-cl(A) = A.

(3) Npmi-cl(0~) =0~ and Np,;-cl(1.) = 1.

(4) A C B implies Np,;-cl(A) C Npi-cl(B).

(5) Npi-cl(AU B) C Npi-cl(A) U Npyi-cl(B).

(6) Ni-cl(AN B) C Nypi-cl(A) N Nipi-cl(B).

(7) Nmi(Nmi-cl(A)) = Npi-cl(A).

(8) Npi-int(U— A) = X — Npy-cl(A).

Proof. (1) By definition of neutrosophic micro closure, A C N,,,;-cl(A).

(2) If A is neutrosophic micro closed, then A is the smallest neutrosophic micro closed set
containing itself and hence N,;,;-cl(A) = A. Conversely, if N,,,;-cl(A) = A, then A is the
smallest neutrosophic micro closed set containing itself and hence A is neutrosophic
micro closed.

(3) Since 0~ and 1. are neutrosophic micro closed in (U, 75(F), Ay (F') ), Nyp;-cl(0) =
0~ and N,,,;-cl(1.) = 1.
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4) If A C B, since B C N,,,;-cl(B), then A C N,,,;-cI(B). That is, N,,;-cl(B) is a Neu-
trosophic micro closed set containing A. But N,,;-cI(A) is the smallest Neutrosophic
micro closed set containing A. Therefore, N,,,;-cl(A) C N,,;-cl(B).

(5) SinceACAUBandB C AUB,N,,;-cl(A)C N,,,;-cl(A U B) and N,,,;-cI(B)C N,,,;-
cl(A U B). Therefore, N,,,;-cl(A) U N,,;-cl(B) C N,,,;-cl(A U B). By the fact that A
U B C N,,,;-cl(A) U N,,,;-cl(B), and since N,,,;-cl(A U B) is the smallest micro closed
set containing A U B, so N,,;-cl(A U B) C N,,;-cl(A) U N,,;-cI(B). Thus, N,,,;-cl(A
U B) = N,pi-cl(A) U Nyypi-cl(B).

(6) Since ANB C Aand ANB C B, N,,;-cl(A N B) C N,,,;-cl(A) N N,,,;-cl(B).

(7) Since N,,,;-cl(A) is micro closed, N,,,;-cl(N,,,;-cl(A)) = N,,,;-cl(A).

(8) For A <U,U — N,,;;-cl(A) =U — min {L : L > A, L is neutrosophic micro closed}
=max { U—L:L > A, L is neutrosophic micro closed} =max {U L: U - A >U
— L, U is neutrosophic micro closed} = N,,,;-int(U — A).

O

Theorem 3.2. Let (U, 75(F), An(F) ) be a neutrosophic micro topological space with
respect to F where F is a neutrosophic subset of U. Let A and B be neutrosophic subsets of
U. Then the following statements hold :

(1) A C Nyy;-int(A).

(2) A is a neutrosophic micro open set if and only if N,,;-int(A) = A.

(3) Npi-int(0.) = 0~ and Np,;-int(1.) = 1.

(4) A C B implies Np,;-int(A) C Np;-int(B).

(5) Npi-int(A U B) C Nyp;-int(A) U Nyp;-int(B).

(6) Npi-int(A N B) C Ny;-int(A) N Np;-int(B).

(7) Nmi(Npmi-int(A)) = Np;-int(A).

(8) Npi-cl(U — A) = X—Npi-int(A).

Proof. 1t is similar to the proof of Theorem[3.1] O

Example 3.4. Let U = {P} be the universe of discourse. Let U/R = {P} be an equivalence
relation on U and A = < (0.6, 0.5, 0.5)> be a neutrosophic set on U then N(A) = {< (0.4,
0.5,0.5)~}, N(A)={=<(0.6,0.5,0.5)~}, B(A)= {< (0.5,0.5,0.5)~}. Then the collection
7n(A) = {0, < (0.4, 0.5, 0.5)>, < (0.6, 0.5, 0.5)>, < (0.5, 0.5, 0.5)~, 1..}. Then \ =
=< (0.2, 0.3, 0.4)>. Neutrosophic micro open = Ay (4) = {0, < (0.2, 1, 0.4)>, < (0.2, 1,
0.5)>, < (1, 0.3, 0)>, < (0.4, 0.5, 0.5)>, < (04, 0.5, 0.4)>-, < (0.6, 0.5, 0.5)>, < (0.6,
0.5,0.4)>, < (0.5,0.5,0.5)>, < (0.5, 0.5, 0.4)>, 1.} is a neutrosophic micro topology on
U and neutrosophic micro closed = (A (A))¢ = {1, < (04,0, 0.2)~, < (0.5,0,0.2), <
(0,0.7, 1), < (0.5, 0.5, 0.4)=, < (0.4, 0.5, 0.4)=, < (0.5, 0.5, 0.6), < (0.4, 0.5, 0.6)>,
<(0.5,0.5,0.5)=, <(0.4,0.5,0.5), 02} is also a neutrosophic micro topology on U.
We know that 0 = {<x,0,0, 1 =:x €U}, 1.={<x,1,1,0 = : x € U} and 0¢ = {=<
x1,1,0=:xeU},1¢={<x,0,0,1>:x €U}

Here A = < (0.2, 1, 0.4)>. N,,;-int(A) = < (0, 1, )> vV < (02,0, 04)> VvV < (0.2, 1,
0.4)-V <(02,1,0.5)> Vv <(0.2,0.3,04)- VvV <(0.2,0.5,0.5)> vV < (0.2,0.5,0.4)~ Vv
<(0.2,0.5,0.5)> Vv <(0.2,0.5,0.4)>- v <(0.2,0.5,0.5)> vV < (0.2,0.5,0.4)- = < (0.2,
1,04)- VvV <(0.2,0.5,04)= Vv <(0.2,0.5,04)-=<(02,1,04)= v < (0.2, 0.5, 0.4)~
==<(0.2,1,0.4)>.

Therefore N,,,;-int(A) = < (0.2, 1, 0.4)>.

Hence A is a neutrosophic micro open set if and only if N,,;-int(A) = A.

Similarly, A is a neutrosophic micro closed set if and only if N,,;-cl(A) = A.
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Theorem 3.3. (U, 7n(F), An(F)) be a neutrosophic micro topological space with respect
to F where F is a neutrosophic subset of U. Let A be a neutrosophic subset of U. Then

(1) 1. — Np-int(A) = Nppi-cl(1. — A).

(2) 1~ — Npi-cl(A) = Nppi-int(1. — A).

Remark. Taking complements on either side of(1) and (2) of Theorem 3.3 we get (N ;-
int(A)) = 1 — Npi-cl(1 — A)) and (Npi-cl(A)) = 1o — (Npys-int(1. — A)).

Definition 3.5. A map f: (U, 7x(F), An(F) ) — (L, 7a’(F), An’(F) ) is called neutro-
sophic micro-continuous if f~1(V) is a neutrosophic micro closed set of (U, 7x(F), Ax (F)
) for every neutrosophic micro closed set V of (L, 75 (F), An’(F) ).

Theorem 3.4. A map f: (U, 7n(F), An(F) ) and (L, v '(F), An’(F) ) are neutrosophic

micro topological spaces. Then

(1) Identity map from (U, T (F), An (F) ) to (L, TN '(F), AN (F) ) is a neutrosophic micro
continuous function.

(2) Any constant function which maps from (U, 7n(F), An(F) ) to (L, 75 (F), AN'(F) )
is a neutrosophic micro continuous function.

Proof. The proof is obvious. O

Theorem 3.5. Let f: U — L be a map on two nms (U, Tn(F), An(F) ) and (L, T (F),

AN'(F) ). Then the following statements are equivalent:

(1) fis neutrosophic micro continuous function.

(2) f~Y(V) is an neutrosophic micro closed set for each neutrosophic micro closed set V
in L.

(3) Nung=cl(f~*(V)) < f~ (Nyni-cl(V)) for V € L.

(4) Nmi-cl(f(A)) = fiNmi-cl(A)) for A € U.

(5) Neni-int(f~(A)) > = (Npi-int(A)) for A € U.

Proof. (1) = (2) Let V be a neutrosophic micro closed in L. Then f~1(V)¢ = f~1(V%)

neutrosophic micro closed in U.

(2) = (3) Npi-cl(f71(V)) = min {G : f~1(V) < G, D is neutrosophic micro closed}) <

min {f"1(G) : V < G, DY is neutrosophic micro closed in L} = f~*({G : V < G is

neutrosophic micro closed in L}) = f~1(N,,,;-cl(V)).

(3) = (4) Since A < £~ 1(f(A)), than N,,;-cl(F(A)) < Nys-cl(E=L(F(A))) < £~ L (N, 5-c(E(A))).

Therefore f(N,,;-cl(A)) < N,,;-cl(f(A)).

(4) = (5) f(Nyp-int(f 1 (A)) = f(Nyppi-cl(F 7 (A)C) = f(Npyi-cl(F(A)D)) < Nppyj-cl(FEH(AD)))

< Npi-cl(AY) = (N, ,;-int(A))C . This implies that N,,;-int(f~1(B))¢ < f~1(N,,;-int(A))“=

(f~1(N,,;-int(A)))®". Taking complement on both sides, f~1(N,,,;-int(A)) < N,,;-int(f "1 (A)).
O

4. CONCLUSIONS

Neutrosophic set is a general formal framework, which generalizes the concept of clas-
sic set, fuzzy set, interval valued fuzzy set, intuitionistic fuzzy set, interval intuitionistic
fuzzy set, nano set, interval valued nano set, intuitionistic nano set, and interval intuition-
istic nano set. In this article, we introduce the concept of neutrosophic micro topological
spaces. Some interesting properties of neutrosophic micro interior, neutrosophic micro clo-
sure and neutrosophic micro continuous are studied. In future, we have extend this work
in various neutrosophic micro ideal topology fields.
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