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FUZZY MINIMAL AND MAXIMAL ¢-OPEN SETS

M. SANKARI*, S. DURAI RAJ AND C. MURUGESAN

ABSTRACT. The aim of this article is to introduce fuzzy minimal e-open and fuzzy max-
imal e-open sets in fuzzy topological space. Further, we investigate some properties with
these new sets.

1. INTRODUCTION AND PRELIMINARIES

Zadeh[[7] established fuzzy set in 1965 and Chang[2] introduced fuzzy topology in
1968. Ittanagi and Wali3] instigated the notions of fuzzy maximal and minimal open
sets. The notion of fuzzy e-open set introduced by Seenivasan and Kamala[4]. In this pa-
per , we introduce fuzzy minimal e-open and fuzzy maximal e-open sets. Further some of
their related results investigated.

The following terminologies “fuzzy e-open,fuzzy minimal e-open and fuzzy maximal
e-open respectively abbreviated as Fe-O, FMIe-O and FMAe-O. ”

Definition 1.1. A fuzzy subset £ of a space X is called fuzzy regular open [1] (resp. fuzzy
regular closed) if ¢ =Int(CI(¢)) (resp.£ =Cl(Int(£))).

The fuzzy oé-interior of a fuzzy subset £ of X is the union of all fuzzy regular open sets
contained in £. A fuzzy subset ¢ is called fuzzy d-open [5] if & = Ints(£). The complement
of fuzzy d-open set is called fuzzy d-closed (i.e, & = Cls(£)).

Definition 1.2. A proper nonempty fuzzy open set E of Xis said to be a FMIO[3] set if
(1)E and Oy are only fuzzy open sets contained in E.
(i1) 1x and E are only fuzzy open sets containing E.

Definition 1.3. A fuzzy subset £ of a fts X is called Fe-O [4] if £ <cl(ints{)Uint(cls{) and
fuzzy e-closed set if £ >cl(ints{)Nint(clsd).

Let U be a fuzzy subset of a fts X. Then the fuzzy e-closure and e-interior [4] of U
are defined as follows: eCl(U) = (N {u: p = U,puis fuzzy e-closed in X} and elnt(U) =
U{1< U Ais Fe-O in X}.
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2. FUZZY MINIMAL e-OPEN SETS

Definition 2.1. A proper nonzero Fe-O set E in fts (X, 7) is said to be FMIe-O iff Fe-O set
contained in £ is Ox or E.

Lemma 2.1. Let (X, 1) be a fts.

(i) If Ey is FMIe-O and E; is Fe-O in X, then E\ N E; = 0x or E| C E,.

(ll) IfE] and E, are FMle-O, then ENE, = Ox or E| = Es.

Proof. (i) Let us assume that E; is Fe-O in X such that E| N E, # Ox. Since E; is FMIe-O
,and E; N E; C Ey, then E| N E, = E| implies that £ C E,.

(ii) Suppose that E| N E, # Oy, then clearly from(ii), E; € E; and E, C E| as E| and
E, are FMIe-O . Hence E| = E,. O
Theorem 2.2. Let E and E; are FMle-O sets foranyi € M. IfE C \J E;, then E = E; for

ieM

any j € M.

Proof. Suppose E C |J E;, then E = EN (U Ei) = |J (ENE;). By deploying lemma
ieM ieM ieM

21]ii), ENE; =0x or E = E; as E and E; are FMIe-O sets. If E N E; = Oy, then E = Oy

which contradicts that E is a FMIe-O set. Hence if E N E; # Ox then E = E; for any

jGM. O

Theorem 2.3. IfE and E; are FMIe-O sets foranyi € M and E # E;, then Eﬁ( U Ei) =0y
ieM
foranyie M.

ieM

Proof. LetEN ( U E,-) # Oy, then ENE; # Oy for any i € M. By deploying lemmaii),

E = E; contradictory to E # E;. Hence E N ( U E;] = 0x. O
ieM
Theorem 2.4. If E; is a FMlIe-O for any i € M (|M| > 2) and E; # E; for any distinct

i,jeEM, then( U Ei)ﬂEj = 0x forany j € M.
ieM\{j}

Proof. Let( U E,»)mEj #0x. Then U (EiNE;)#0x = (E;NE)) # Ox. By lemma
ieM\{j} ieM\{j}

ii), E; = E;, a contradiction. Hence ( U Ei) NE; =0y forany j € M. O
ieM\{j}
Theorem 2.5. If E; is a FMle-O for any i € M,(IM| > 2) and E; # E; for any distinct

i,je M. If K is a proper fuzzy set of M, then ( U E,-) N ( U hs) = Ox.
ieM\K seK

Proof. Let ( ALlj\KE,-) N ( UKES) # Ox. It implies that | J(E; N E;) # Ox fori € M\K and
1€ NS

s € K implies that E; N E; # Ox for some i € M and s € K. By lemmd2.1{ii), E; = h,
which is a contradiction. Hence ( U E,-) N ( U ES) = Oy. O
ieM\K seK

Theorem 2.6. If E; is a FMIe-O for any i € M such that E; # E; for any distinct i, j € M.
U Ek:| = Ox.

keS

N

If S is a proper nonzero fuzzy set of M, then [ U E;
ieM\k
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Proof. Assume that U [E; N E;] # Ox fori € M\k,k € S. Clearly, for some i € M,k € S we
have [E; N E;] # Ox. By deploying lemma 2.1[ii) E; = E, a contradiction. O
Theorem 2.7. If E; and E} are FMIe-O sets foranyi € Mandk € S andif dann € §

such that E; # E, for any i € M, then [U E,| ¢ [U E,}.
nek ieM

Proof. Assume that 3 an n € S such that E; # E, forany i € M, then | | E,
nek

C

U Ei]-

ieM
=>E,c|U E,-] for some n € K.
ieM

= E; # E, for any i € M, by theorem which is a contradiction. Hence | | En} ¢
nek

ye] :

ieM
Theorem 2.8. If E; is a FMle-O for any i € M such that E; # E; for any distinct i, j € M,

then | | Ek] ¢y Ei] for any proper nonzero subset K of M.
keK ieM

Proof. Let m € M\K, then E,, is a FMIe-O set of the family {E,,|m € M\K} of FMIe-O

sets. Clearly E,,n| U Ek] = J[ExnNE]=0x. Also E,,N| U Ei] = J[Ex.NE]=E,.

keK keK ieM ieM
If [ U Ek} = E;|, then E,, = Ox which is a contradiction that E,, is a FMIe-O set.
keK ieM
Hence [U Ei| & [U Ei]. O
keK ieM

Theorem 2.9. If E; is a FMIe-O set for any i € M such that E; # E; for any distinct
i,j€ M, then

C
(i) E; C [ U E,] for some j € M.
ieM\{j}
(ii) U E;# lxforany je M.
ieM\{j}

Proof. (i) By hypothesis, E; # E; for any distinct i, j € M.
By theorem [U E;

ieM

= L{,][El ﬂEj] = OX

1S
= E; N E; = 0x (By Lemma[2.1[ii))
= E; C ch
= U E;CE/°. Hence proved.

ieM\{j}

(i) Let je M suchthat |J E; =1y

ieM\{j}

N E; = Ox which is true for any j € M.

= Ei = OX

= E; is not a FMIe-O set, a contradiction. Hence |J E; # lx forany je M. O
ieM\(j}

Corollary 2.10. If E; is a FMIe-O set for any i € M such that E; # E; for any distinct

i,j €M, then E; U E; # 1x for any distinct i, j € M.

Proof. Similar to that of “Theorem [2.9(ii).” O
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Theorem 2.11. If E; is a FMIe-O sets for any i € M such that E; #+ Ej for any distinct

p
i,jeM,thenEjz[U El]ﬂ U Ei] forany je M.
ieM U

ieM\{j
Proof. ForanyjeM::»[UE,]ﬂ U E,] :[ U EUE;|In| U E,]
ieM ieM\{j} ieM\{j} ieM\{j}
g 0 W | G T WO )
ieM\{j} ieM\{j} ieM\{j}
=0xUE;
= E;forany je€ M. |

Proposition 2.12. Let G be a FMIe-O set. If x, € G, then G C G, for any fuzzy open
neighbourhood G of x,.

Proof. Let G| be an Fe-O neighbourhood of x, such that G ¢ G;. Clearly G N G, is an
Fe-O such that G NG| € G and G N G, # Ox. This implies that G is a FMIe-O set which a
contradiction. O

Proposition 2.13. Let G be a FMIe-O set in a fuzzy topological space (X, 7). Then G =
NG : Gy fuzzy e-open neighbourhood of x, for any x, € G}

Proof. By deploying proposition[2.12]and as G is an Fe-O neighbourhood of x,, we have
G c N {G; : G| fuzzy e-open neighbourhood of x, C G} . This completes the proof. O

Theorem 2.14. Let G be a FMIe-O set. Then the following conditions are equivalent.
(i) G is FMIe-O set.

(ii)G C eCI(K) for any nonzero fuzzy subset K of G.

(iii)eCIl(G) = eCI(K) for any nonzero fuzzy subset K of G.

Proof. (i) = (ii): By deploying “proposition [2.12]’for any x, € G and Fe-O neighbour-
hood M of x,, we have K = (G N K) c (M n K) for any proper nonzero fuzzy subset
K c G. Therefore, we have (M N K) # Ox and x, € eCI(K). It follows that G C eCI(K).

(i) = (iii): For any proper fuzzy subset K of G, eCI(G) C eCI(K). Also by(ii) eCI(G) C
eCl(eCI(K)) = eCI(K). Hence proved.

(iii) = (i): Let us assume that G is not FMIe-O . Then there exists a proper Fe-O D
such that D ¢ G.Then 3y, € G such that y, ¢ D. Then eCl({y,}) € D implies that
eCl({y,}) # eCIl(G), a contradiction. This completes our proof. m]

3. FUZZY MAXIMAL e-OPEN SETS AND ITS PROPERTIES
Definition 3.1. A proper nonzero Fe-O set F of a fts (X, 7) is said to FMAe-O if any Fe-O
set which contains F is either F or 1y.

05@

Example 3.2. [6] Let X = {a,b,c,d). Then fuzzy setsy; =2 + 2+ 2+ 9y +02 4
05 4 05,0, = 04104030, 2110505057y =05,0,0,0 aredeﬁned
as follows: Conszder the fuzzy topology T = {Ox, ¥1, V2, V3, Y4, Y5, 1x}. Here ys is FMIe-O

and y4 FMAe-O set.

Lemma 3.1. Let (X, 1) be a fts. Then
(i) If Fy is a FMAe-O and F, is Fe-O in X, then F1 U F, = 1x or F, C Fy.
(ii) If F1 and F5 are FMAe-O sets, then either F1 U F3 = 1x or F| = F3.
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Proof. (i) Assume that F, ¢ Fy. Clearly, F; C (F; U F,) a contrary to F is a FMAe-O set
lfFl U F2 * 1X Hence, F1 UF2 = 1x.

(ii) Let F| and F3 are FMAe-O sets. Then from(i) F3 € F; and F; C F3 implies that
F, =Fjs. [m}

Theorem 3.2. If Fy, F, and F3 are FMAe-O sets such that F # F, and (F1 N Fy) C F3,
then either F\ = F3 or F, = Fi.

Proof. Suppose that F, F, and F53 are FMAe-O sets with F} # F, , (Fy N F,) € F3 and if
F\ # F3, then

(FNF3) =F,N(F3Nnly)

= F> N [F3 N (F, U F,)], by lemma [3.1](ii)

=FN[(FsNF)UF3N L))

=[F,NFsNFJU[FaNF3N F,]

=[FoNF]U[F, N F3]

= F,N[F, UF;]

= F2 N 1)(
=F,

(FonNF3) = Fy, > Fy, Cc F35. As F, and F3 are FMAe-O sets, F3 C F,. Hence
F, = Fjs. [m}

Theorem 3.3. For any distinct FMAe-O sets F1, F», F3
[FiNF] ¢ [FNFsl

Proof. Consider [F N F;] € [F| N F3] for any distinct FMAe-O sets F'y, F; and F3. Then
[FiNF]UF>,NF3] C[F N F3]U[Fa2N F3]

=[FiTUF;INF,C[F,UF]NF;3

= 1xﬂF2C1xﬂF3

= F5 is contained in F3

a contradiction to Fy, F, and F3 are distinct . Hence [F; N F3] ¢ [F; N F3]. O

Remark. Proofs of “Theorem Corollary Theorem and Theorem 3.7]" are
similar to proofs of “Theorem Corollary Theorem and Theorem 2.8 re-

spectively. Hence the proofs are omitted.

Theorem 3.4. If F; is a FMAe-O sets for any i € M, M is a finite set and F; # F; for any
distinct i, j € M, then
c

(i)[ N Fi| CFjforany je M

ieM\{j}

(ii) ( F;# Oxforanyje M.
ieM\{;}

Corollary 3.5. If F; is a FMAe-O sets for any i € M, M is a finite set and F; # F; for any
distinct i, j € M then,F; N F; # Ox for any distinct i, j € M.

Theorem 3.6. If F; is a FMAe-O sets for any i € M, M is a finite set and F; # F; for any
0
N Fi] forany je M.
ieM\(j}
Theorem 3.7. If F; is a FMAe-O sets for any i € M, M is a finite set and F; # F; for any

distinct i, j € M and if K is a proper nonzero fuzzy subset of M, then (\ F; & () Fr.
ieM kek

Theorem 3.8. If F; is a FMAe-O sets for any i € M, M is a finite set and F; # F; for any

distinct i, j € M and if (| F; is a fuzzy subset, then F is a fuzzy subset for any j € M.
ieM

distincti,j € M, then Fj = | [ F;
ieM

)
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¢
Proof. By “Theorem (3.6[", we have F; = [ﬂ Filul N F,] forany j € M.
ieM ieM\(j)
sz[ﬂ F,lu|l U Ff}
ieM ieM\{j)
Since M is finite, |J FY is fuzzy e-closed. Hence F; is fuzzy e-closed for any j €
ieM\{j}
M. O

Theorem 3.9. If F; is a FMAe-O set for any i € M, M is a finite set and F; # F; for any
distinct i, j € M. If (| F; = Ox,then {F;/i € M} is the set of all FMAe-O sets of fts X.
ieM

Proof. Suppose that 4 another FMAe-O Fy of a fts X such that Fy # F;,Vi € M. Clearly,

Ox=NF; = (N  F; # 0y, by Theorem ii), a contradiction.
ieM ie(MUK)\{k}
Hence {F;/i € M} is the family of all FMAe-O sets of fts X. ]
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