ANNALS OF COMMUNICATIONS IN MATHEMATICS
Volume 4, Number 2 (2021), 114-125

ISSN: 2582-0818

(© http://www.technoskypub.com

NEW APPROACH TOWARDS .o/-IDEALS IN TERNARY SEMIRINGS

M. PALANIKUMAR* AND K. ARULMOZHI

ABSTRACT. To interact somebody with someone various almost ideals (shortly o7 -ideals),
quasi o7 -ideals, bi quasi .«7-ideals, tri 2/ -ideals and tri quasi <7-ideals in ternary semiring
and give some characterizations. We develop the implications ideal = quasi ideal =
two sided bi quasi ideal = two sided tri quasi ideal = two sided tri quasi .«/-ideal
= two sided bi quasi «7-ideal = bi &/-ideal = quasi &/-ideal — .&7-ideal
and reverse implications do not holds with examples. We show that the union of .27 -ideals
(bi .o -ideals, quasi <7 -ideals, bi quasi .«7-ideals) is a o7 -ideal (bi <7 -ideal, quasi .27 -ideal,
bi quasi &7-ideal) in ternary semiring.

1. INTRODUCTION

The notion of semiring was introduced by Vandiver in 1934 as a generalization of rings
[22]]. In 1962, Hestenes [8]] studied the notion of ternary algebra with application to ma-
trices and linear transformation. In 1971, Lister characterized those additive subgroups of
rings which are closed under the triple ring product and he called this algebraic system a
ternary ring [12]]. The results in ordinary semirings may be extended to n-ary semirings
for arbitrary n but the transition from n = 3 to arbitrary n entails a great degree of com-
plexity that makes it undesirable for exposition. The ring of integers Z which plays a role
in the ring theory. The subset Z* of Z is an additive semigroup which is closed under the
ring product, that is ZT is a semiring. Now, if we consider the subset Z~ of Z, then we
see that Z~ is an additive semigroup which is closed under the triple ring product, that is
7~ forms a ternary semiring. The notion of quasi ideal was introduced by Otto Steinfeld
both in semigroups and rings [21]. Shabir et al [20] characterized the semirings by the
properties of quasi-ideals. Quasi-ideals of different classes of semirings have been char-
acterized by many authors in [6} 9]]. The notion of bi-ideals in semigroups introduced by
Lajos [10]. Bi-ideal is a generalization of left ideal and right ideal in semiring. Many math-
ematicians proved important results and characterizations of algebraic structures by using
various ideals [[1, 15,15, [17,[18]]. Rao introduced bi-quasi-ideals of semigroups. The notion
of tri-ideal is a generalization of quasi ideal, bi-ideal, ideal and properties of tri ideals of
a semiring [19]. Grosek and Satko introduced the notion of .o-ideal of semigroup [7]]. In
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this paper, we give some properties of various <7 -ideals and tri .2 -ideals in ternary semir-
ing. Our aim in this paper is threefold.

(1) To study the relationship between quasi .27 -ideal and bi quasi <7-ideal.

(2) To characterize tri .«7-ideal.

(3) To characterize two sided bi quasi ideal and two sided tri quasi ideal.

2. PRELIMINARIES

In this section we review some definitions and results which will be used in later sec-
tions.

Definition 2.1. [5]] A non empty set 7 together with a binary operation called addition and
ternary multiplication, denoted by juxtaposition([]) is said to be a ternary semiring if 7 is
an additive commutative semigroup satisfying

(i) [[abc]de] = [albed)e] = [ablede]],

(i) [(a+b)cd] = [acd] + [bed],
(iil) [a(b+ ¢)d] = [abd] + [acd],

@iv) [ab(c + d)] = [abc] + [abd],Va,b,c,d,e € T.

Definition 2.2. [5] An additive subsemigroup A of 7T is called a ternary subsemiring if
[a1azas] € Aforall aj,az,a3 € A.

Definition 2.3. [5.[17] A non-empty subsets I, B and @) of T is called a
(i) right ideal of 7 if I is a ternary subsemiring (shortly TSS) of 7 and I'77T C I.

(ii) lateral ideal of 7 if [ isa TSS of 7 and 71T C I.

(iii) leftideal of T if Iisa TSSof 7T and TT1I C 1.

(iv) two sided ideal of 7 if I is a right ideal and left ideal of 7.

(v) ideal of T if I is a right ideal, lateral ideal and left ideal of T".

(vi) ATSS B of T is called a bi ideal if BT BT B C B.
(vii)) ATSS Q of T is called a quasi ideal if [QTT N(TQTUTTQRTT)NTTQ] C Q.

Definition 2.4. [18] A non-empty subsets I, B and () of a semiring S is called a
(i) right o7-ideal of S if I is a subsemiring of S and IS N T # ¢.
(ii) left o/-ideal of S if I is a subsemiring of S and ST NI # ¢.
(iii) «7-ideal of S if [ is a right <7 -ideal and left .o/-ideal of S.
(iv) A subsemiring B of S is called a bi «7-ideal if BSB N B # ¢.
(V) A subsemiring @ of S is called a quasi «7-ideal if [QS NSQ] N Q # ¢.

Definition 2.5. [18] A non-empty subset () of S is called a
(i) right bi quasi <7 - ideal of S if @ is a subsemiring of S and [QS N QSQ] N Q # ¢.
(ii) left bi quasi «7- ideal of S if @) is a subsemiring of S and [SQ N QSQ] N Q # ¢.
(iii) bi quasi 27~ ideal of S if @ is a right bi quasi <7 - ideal and left bi quasi .- ideal of
S.

Definition 2.6. [[18] A non-empty subsets I and () of S is called a
(i) right tri «7- ideal of S if I is a subsemiring of S and IIST NI # ¢.
(ii) left tri o7~ ideal of S if [ is a subsemiring of S and ISIT NI # ¢.
(iii) tri «7- ideal of S if I is a right tri <7~ ideal and left tri <7~ ideal of S.

(iv) right tri quasi 7 - ideal of S if Q) is a subsemiring of S and [QS N QRSQ] N Q # ¢.
(v) left tri quasi o7 ideal of S if @ is a subsemiring of § and [SQ N QSQQ] N Q # ¢.
(vi) tri quasi «7- ideal of S if @) is a right tri quasi .«7- ideal and left tri quasi <7 - ideal of

S.
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Definition 2.7. [17] A non-empty subset  of 7 is called a
(i) right bi quasi ideal of T if Qisa TSS of T and QT T N QRTQTQ C Q.
(ii) lateral bi quasiideal of T if Qisa TSSof T and TQT NQTQTQ C Q.
(iii) left bi quasi ideal of T if Qisa TSSof T and TTQ N QT QTR C Q.
(iv) two sided bi quasi ideal of 7 if Q) is a right bi quasi ideal and left bi quasi ideal of 7.
(v) bi quasiideal of T if () is a right bi quasi ideal, lateral bi quasi ideal and left bi quasi
ideal of 7.

Definition 2.8. [17] A non-empty subset I of 7 is called a

(i) right tri-ideal of 7 if I is a TSS of 7 and I3TTI? C I.
(i) lateral tri-ideal of 7 if I is a TSS of 7 and I?TITI? C I.
(i) left tri-ideal of 7 if I is a TSS of 7 and I?>7T7I% C I.
(iv) two sided tri-ideal of 7 if I is a right tri-ideal and left tri-ideal of 7.
(v) tri-ideal of T if I is a right tri-ideal, lateral tri-ideal and left tri-ideal of 7.

Definition 2.9. [17] A non-empty subset  of 7 is called a
(i) right tri quasi- ideal of 7 if Qisa TSS of 7 and QT T N Q3*TTQ?* C Q.
(ii) lateral tri quasi- ideal of 7 if Q is a TSS of 7 and TQT N Q*TQTQ? C Q.
(iii) left tri quasi- ideal of 7 if Qisa TSSof T and TTQ N Q*TTQ* C Q.
(iv) tri quasi- ideal of T if @ is a right tri quasi-ideal, lateral tri quasi-ideal and left tri
quasi- ideal of 7.

3. VARIOUS 7 -IDEALS

Here 7 stands for a ternary semiring unless otherwise stated. Here we introduce differ-
ent types of .o7-ideals in ternary semiring.

Definition 3.1. A non-empty subsets I, B and @) of T is called a

(i) right «7-ideal of T if [isa TSS of T and ITT NI # ¢.
(ii) lateral «7-ideal of T if [ isa TSS of 7 and TIT NI # ¢.
(iii) left @7-ideal of T if [ isa TSS of T and TT1 NI # ¢.
(iv) two sided o7-ideal of T if [ is a right <7-ideal and left .o-ideal of 7.
(v) «f-ideal of T if I is a right o7-ideal, lateral <7 -ideal and left .«7-ideal of T
(vi) bi &/-ideal if B is a TSS and BT BT BN B # ¢.
(vii) quasi «7-ideal if Q isa TSS and [QTT N(TQTUTTQTT)NTTQRINQ # ¢.

Definition 3.2. A non-empty subset ) of T is called a

(i) right bi quasi «7-ideal of T if Q isaTSS of 7 and [QTT NQRTQT Q] N Q # ¢.
(ii) lateral bi quasi o7-ideal of 7 if Qisa TSS of T and [TQT N QT QT Q)N Q # ¢.
(iii) left bi quasi &-ideal of T if Q isaTSS of T and [TTQ NQTQT Q] N Q # ¢.
(iv) two sided bi quasi 7-ideal of T if () is a right bi quasi 7-ideal and left bi quasi
o -ideal of T.
(v) bi quasi «7-ideal of T if ) is a right bi quasi .«/-ideal, lateral bi quasi .<7-ideal and
left bi quasi .«7-ideal of T.

Theorem 3.1. Every ideal is a <7 -ideal.

Proof. Suppose that I is anideal of 7, then IT7T C I, TIT CIand 771 C I. Now,
ITTCI = ITTNICINI#¢,TITCI = TITNICINI# ¢and
TTICI = TTINICINI# ¢. Hence I is a «/-ideal of T.

Converse of the Theorem [3.1may not be true by the following counter Example.
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Example 3.3. Consider the ternary semiring 7 = {a1, as, as, a4, as, ag } with the follow-
ing compositions:

+ a; | a3 | a3 | a4 | a5 | as . aj | a2 | a3 | a4 | a5 | ag
aq a; | ag | a3 | asa | a5 | ae aq a a a a a a
as as as as aq as ag as a b c b c c
as as as as ag as ag as a b c b c c
ayq ag ayg ag ayg as ag ay a d e d e e
as as as as as as as as a d e d e e
ag ag ag ag ag as ag ag a d e d e e

ai a2 as aq as ae

al a1l a1l al al al
al a2 a3 a2 a3 as
ai a2 a3 a2 a3 as

a1 | a4 | a5 | ag | a5 | as
a; | ag | a5 | aq | a5 | as
flai |as |as | aa | a5 | as

Clearly I = {a1, a2} isa</-ideal of T but I isnotanideal of T by ITT = {a1, az,as}
CI,TIT ={a1,as,a3,a4,a5 € Land TTI = {a1,a2,a4} Z 1.

Theorem 3.2. Every bi ideal is a bi of -ideal.

oo -

Proof. Suppose that B is a bi ideal of 7, then B is a TSS of 7 and BT BT B C B.
Now, BTBTBNB CB = BTBTBNB C BN B # ¢. Hence B is a bi &/-ideal
of T.

Converse of the Theorem [3.2] may not be true by the Example.

Example 3.4. By the Example Clearly, B = {as, a3} is a bi ./-ideal of T but B is
not a bi ideal of 7 by BT BT B = {a1,a2,a3} € B.

Theorem 3.3. Every quasi ideal is a quasi <7 -ideal.

Proof. Straightforward.
Converse of the Theorem [3.3]is not true by the following Example.

Example 3.5. By the Example Clearly, Q = {a4,as} is a quasi </-ideal of T but Q
isnotaquasiideal of T by QTT N(TQT UTTQTT)NTTQ ={a1,a4,a5} £ Q.

Theorem 3.4. Every quasi ideal is a bi quasi ideal.

Proof. Suppose that @ is a quasi ideal of T, then QTT N (TQT UTTQTT) N
TTQ € Q. Now, QTT NQTQATQ € QTT, QTT NQTATQ € QTATQ <
TTQTT CTQRQTUTTQRTT and QTT NQTATR C QTQTE C TTQ implies
QTTNQRTATR CRQTTN(TQRTUTTRTT)NTTQ] C Q. Thus, Q is a right bi
quasi ideal of 7. Similarly to prove that () is a lateral and left bi quasi ideal of 7. Hence
Q) is a bi quasi ideal of 7.

Converse of the Theorem [3.4]is not true by the following Example.

T™L T2 T3 T4 Ts

0 710 T11 T12
0 T13 T14
0 0 T15
0

0
0
Example 3.6. Let 7 = { S
0
0 0 0

’ ..
r,;° are non positive real numbers}

(=Rl

is not a regular.

00000 —1
00000 —1
Sincea= [ 399991 | €T there exist no x € T such that a = aza.
00000 —1
00000 0
002,000
00 T 0 xr3 0 ,
Clearly, Q = 0000208 | |x: are non positive real numbers o is a TSS of 7.
000000
000000



118 M. PALANIKUMAR AND K. ARULMOZHI

0000 wy1 y2
0000 Y3 Ya ,
Now, QT T = goo000 y,° are non positive real numbers »,
00000 0
00000 0
00002 0
000020 ,
TTQ = 9o0000 z;® are non positive real numbers ,
0000 00
00000 0
000 mi; ma ms
000 0 0 my ,
TQT = 8 8 8 8 8 s m,® are non positive real numbers p,
0000 0 0
0000 0 0
000001
00000 Iy , N
QTQT = 000000 [,* are non positive real numbers » and
000000
000000
000000
000000
QTQRTQ = 000000 C Q.
000000
000000
Hence Q is a bi quasi-ideal, but @ is not a quasi ideal by Q7T N (TQT UTTQTT) N
0000wu0
000000
TTQ = 999889 | |uisanon positive real numbers » Z Q
000000
000000
Theorem 3.5. Every bi quasi <7 -ideal is a quasi <7 -ideal.

Proof. Suppose that @ is a bi quasi «7-ideal of T, then @ is a TSS and [QT 7T N
QTQTAINQ # ¢, [TRTNQATRTAINQ # ¢and [TTQNQTATQINQ # ¢.
Now, ¢ # [TQT NQTQRTQRINQ C QTTNQ, ¢ # [TAT NQRTRTAINQ C
TRTNQ C(TRQTUTTQRTT)NQand ¢ # [TQT NQRTRTRINQR CTTQRNQ.
Thus, ¢ # [TQTNQRTQRTAINQ CRQTTN(TRQTUTTRTT)NTTQR]NQ. Hence
@ is a quasi o7 -ideal of T

Converse of the Theorem [3.5]is not true by the following Example.

0 T T2 T3
Example 3.7. Consider 7 = (8 9 T e )
00 077

’ o 0 .
r;° are non positive real numbers} is not

00
aregular by a = (8 9 ) € 7T there exist no x € T such that a = aza.
00

(372 )

0
0
0
Clearly, the TSS @ = {

SET

/ . . . .
2, are non positive real numbers } is a quasi

8
Jooco

00
00
00
00

ab

o/-ideal of T but @ is not a bi quasi «7-ideal of T by [gs1s2 N gs3gsaq] N q¢ = ¢,
00-1 0 0-10 0 0-1-1-1

wnereq = (18 ) e qanas = (B0 ) = (B8] ) o =
00 0 —1 00 0-1 00 0 0

0-10 —1 00—1 0

00 —10 _ (o000 -1

(O 0 0 -1 ),84— (00 0 -1 ) and s1, $2,83,54 € T.
00 0 0 000 0

Theorem 3.6. Every bi of ideal is a quasi <7 -ideal.

Proof. Suppose that B is a bi .o ideal of T, then B is a TSS of 7 and BT BT BN B #
¢. Now, ¢ # BTBTBNB C BTTNBand ¢ # BTBTBNB C TTBNB
and ¢ # BTBTBNB C TTBTTNB C (TBT UTTBTT) N B. Thus, ¢ #
BTBTBNB C [BTTN(TBTUTTBTT)NTTB]NB. Hence B is a quasi «/-ideal
of T

Converse of the Theorem [3.6|may not be true by the following counter Example.
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0 Ty T2 T3
Example 3.8. Consider 7 = (8 g s )
00 07

’ e e .
r;° are non positive real numbers} is not

000 0
aregular. Let B = { (8 i > x;® are are non positive real numbers } isaTSSof T
000 =3
000y
and TTB = { (8 o0 v ) y,® are are non positive real numbers » and
000y
0000 )
BTT = { (8 00 ) z;° are are non positive real numbers } and
000 2
0001
TBT = { <8 00 ;2 ) I;* are are non positive real numbers $ and
0001,
000 m; )
TTBTT = { (8 00 ma ) ‘m.s are are non positive real numbers p. Hence [BTT N
000 mj
(TBTUTTBTT)NTTB]NB # ¢. Thus B is a quasi «7-ideal of 7 but B is not a bi &7-

, 000 0 0—1-1-1 B
ideal of T by br br' bﬂbzqﬁwherebz (8801 })1 ) €eB,r = <8 8 P ),r =
00

0 -1
0-10 —1

00 —1-1

(0 0 0 1>€T-

00 0 O
00 0 O

Theorem 3.7. Every quasi </ -ideal is a two sided <f -ideal.

Proof. Suppose that @ is a quasi «7-ideal of T, then [QTT N(TQT UTTQTT)N
TTAINQ # ¢.Now, ¢ # [QTTN(TQTUTTRTT)NTTRINQ CTTQNE and
PZQTTNTQRQTUTTQRTT)NTTQRINQ C QTT NQ. Hence Q is a two sided
o/ -ideal of T

Converse of the Theorem [3.7]is not true by the following Example.

Ty

Ory r
Example 3.9. Consider 7 = { (0 0 s )
00 0

are non positive real numbers} is not a

. 00 —1 )
regular. Since a = 000 ) € T there exist x € T such that a = aza.
000 . .. . . . .
LetQ = (8 8 a ) q1 is a non positive real numbers} is a two sided <7-ideal but Q is

not a quasi «/-ideal of T by [qz1x2 N (3924 U 526q2728) N ToT10q9] N g = ¢, where

000) 0-1-1
=(00-1 )€ x1=m3:x4=(00—1)€Tandx2:x5:x6=(00—1
q (000 @, 00 0

andx7:x8:x9:x10: (8 8 —1 ) ET.
Theorem 3.8. Every bi quasi ideal is a bi quasi <f -ideal.

Proof. Straightforward.
Converse of the Theorem [3.8]is not true as by the Example.

Example 3.10. By the Example 3.3] Let Q = {a1,a2,a3}, QTT =T, QTQTQ =T
and [QTT NQATQRTQINQ = Q # ¢. This implies that @ is a bi quasi <-ideal of T but
Q@ isnot abi quasi ideal of T by QT T NQTQATQ =T < Q.

Theorem 3.9. If Q is a < ideal (bi of, quasi <7, bi quasi &) ideal of T and Q) C Q CT,
then Q/ is a o ideal (bi of, quasi o, bi quasi <) ideal of T.
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Proof. Suppose that Q is a bi quasi <7 ideal of 7 with Q C Q C 7. Then ¢ #
QTTNQTQTQINQ C [QTTNQ TQTQINQ and ¢ # [TQTNQTQTQINQ C
[TRTNRTRTQING and¢ # [TTRNQTRTRINQ S [TTR NQR TR TQNQ .
Therefore ) is a bi quasi </ ideal of T.

Corollary 3.10. The union of < ideal (bi </, quasi <, bi quasi &) ideal of T is a o/
ideal (bi <, quasi <7, bi quasi &7 ) ideal of T .

Proof. Let I; and I, be any two .o -ideals of 7. Then I; C I3 U I3, by Theorem (3.9}
I UIsis a o/-ideal of T.

4. VARIOUS TRI o/ -IDEALS
Here we introduce different types of Tri <7-ideals in ternary semiring.

Definition 4.1. A non-empty subsets I and @ of T is called a
(i) right tri <7-ideal of T if I is a TSS of 7 and I3TTI? NI # ¢.
(ii) lateral tri o7-ideal of 7 if I is a TSS of 7 and I>TITI?> N1 # ¢.
(iii) left tri o7 -ideal of T if I is a TSS of 7 and I?TTI? NI # ¢.
(iv) two sided tri «7-ideal of T if [ is a right tri <7 -ideal and left tri .«7-ideal of T.
(v) tri o/-ideal of T if I is a right tri o/-ideal, lateral tri .o/-ideal and left tri <7-ideal of
T.

Definition 4.2. A non-empty subset ) of 7 is called a
(i) right tri quasi .27-ideal of T if QisaTSSof 7 and QT T NQ3>TTQ*NQ # ¢
(ii) lateral tri quasi .27-ideal of 7 if Q is a TSS of 7 and TQT N Q*T QT Q> N Q # ¢.
(iii) left tri quasi .7-ideal of T if Qisa TSSof T and TTQ N Q*TT Q> NQ # ¢.
(iv) tri quasi «7-ideal of 7T if @ is a right tri quasi .«/-ideal, lateral tri quasi <7-ideal and
left tri quasi 7-ideal of T.

Theorem 4.1. Every tri ideal is a tri <f -ideal.

Proof. Suppose that [ is a tri ideal of 7, then I STTI?2 C I, I?TITI? C I and
PTTEB CILNow, BTTI?CI = DBTTIPNICINI# ¢, I’TITI?CI =
PTITPPNICINTI#¢and I?TTI?CI = IPTTI’NICINI# ¢.Hencel
is a tri o7 -ideal of T

Converse of the Theorem 4.1 may not true by the following counter Example.

Example 4.3. In Example Clearly I = {a1,ag} is a tri o/-ideal but [ is not a tri ideal
OfTby ISTsz = {ah a4, as, aﬁ} g I

Theorem 4.2. Every tri of -ideal is a </ -ideal.

Proof. Suppose that [ is a tri ./-ideal of T, then I isa TSS of 7 and I3TTI?> N1 # ¢
and I>TITI?NIT # ¢and I?TTI? NI # ¢. Now, ¢ # IPTTI*>NI C ITT NI and
A IPTITI>NICTITNIand ¢ # I*TTI>NIT C TTINI. Hence [ is a o7-ideal
of T.

Converse of the Theorem 4.2] may not true as in the given Example.

0ry reors
Example 4.4. Let T = { (8 o . )

0000
00 i1 iz
— 00 i3 is
Clearly I = (000i5>
000 0

/ ., .
r;° are non positive real numbers}.

N .. . .
t;° are are non positive real numbers } is a &/-ideal of T but
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I is not a tri o7-ideal of 7 by i3rr13? Ni = ¢ and i%rir1i2 N i = ¢ and i2rr i3 Ni = ¢,
00—1—1 0-1-1-1 00—1-1
i= <80011 > €landr = (8 0 > €T andr; = (88 ot ) eT.
0 0 00 0 0 000 0
Theorem 4.3. Every two sided tri <7 -ideal is a bi <7 -ideal.
Proof. Suppose that B is a two sided tri o/-ideal of 7, then B is a TSS of 7 and
B3TTB2NB # ¢and B2TTB3NB # ¢. Since BisaTSSof T, ¢ # B3TTB*NB C

BTBTBNBand ¢ # B*TTB3N B C BTBTBN B. Hence B is a bi </-ideal of T.
Converse of the Theorem [4.3]is not true as given Example.

3

172 T3 T4 T5
Te T7T T8 T9

!

0 ri0 711 T12 s

T

Example 4.5. Let 7 = {

are non positive real numbers} is

[olsjole)oie]
cococoo
)
o
3
=z
w
<
.
=

not a regular.

00000 —1
00000 0
Sincea= [ 39999 °! | €T there exist no x € T such that a = aza.
00000 —1
00000 0
0b100 0 0
0000 0 0 /
The TSS B = 8881702 Z" g: b;® are non positive real numbers » is a bi-&/-ideal
0000 0 br
0000 0 0
but B is not a two sided tri .«7-ideal of T by b3rr1b? N b = ¢ and b?rr1b®> N b = ¢,
0-100 0 0 0-1-1-1-1-1
0000 0 0 00 -10 0 —1
_[o000-1-1-1 _loo0o 0o -1-1-1
whereb= | 5 o 0 0 _1 0 €EB.r=(00 0 0 -10 € T and
0000 0 —1 00 0 0 0 —1
0000 0 0 00000 0
0-10 —1 0 —1
00 -10 0 -1
_[o0o 00 0 -1
m=10000-10 |ET
00 0 0 0 —1
00000 0

Theorem 4.4. Every two sided tri <f -ideal is a quasi <7 -ideal.

Proof. Suppose that () is a right tri .7-ideal of T, then Q3T TQ? N Q # ¢. Since Q is
aTSSof T, # Q3TTQR*NQ CQRTTNQand ¢ # Q>*TTQR*NQ C TTQNQ. Now,
¢#QTTQ*NQCQTTR*’NQCTQ?’NQ CTRTNQ. also ¢ # Q°TTQ*’NQ C
TTQTT N Q, implies that ¢ # Q3TTQ*NQ C (TQT UTTQTT) N Q. Hence
¢ #QTTQ*NQ C [QTTNTQTUTTQTT)NTTQ]NQ. Similarly, Q is a left tri .7 -
ideal of T, then prove that ¢ # Q*TTQ3NQ C [QTTN(TQTUTTQTT)NTTQINQ.
Hence @ is a quasi «7-ideal of T.

Converse of the Theorem 4.4 may not true in the given Example.

07”1 T2 T3 T4 T5
0 Te Ty T8 T9

0
Example 4.6. Let T = 000 mo i1z | \pS are non positive real numbers p is
00 0 0 713714
000 0 0 rs
0000 0 O
0004q1 g2 0
0000 gsas \ |,
not a regular. The TSS @ = 888 8 8 o g;° are non positive real numbers , is
0000 0 0
0000 0 0

-

a quasi <7-ideal but ) is not a two sided tri .7-ideal of T by ¢3rr1¢®> N q = ¢ and
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000—-1-10 00-1-10 0
) 5 000 0 —1—1 000 —1—1-1
— —|oooo0 o -1 —_looo0o -1-1-1
q°rrig°Ng = ¢, whereg= | 000 0 0 €Qandr= |0 ¢ o127 | €T
0000 0 0 000 0 0 O
0000 0 0 000 0 0 O
00-10 0 0
000 0 —1—1
_lo00 -10 -1
andri =500 o %% eT
000 0 0 0
000 0 0 0

Corollary 4.5. Every two sided tri <7 -ideal is a bi quasi <f -ideal.

Proof. Suppose that Q is a right tri .7-ideal of T, then Q3T T Q? N Q # ¢. Since Q is
aTSSof T, #Q*TTQR*NQ CQRTTNQand ¢ #Q>TTQR*NQ CQTATQNQ.
This implies that ¢ # Q*TTQ*NQ C [QTTNQRTQTQ]NQ. Thus Q is a right bi quasi
o/ -ideal of T. Also, ¢ # Q3TTQ*NQ C TTQNQ implies that ¢ # Q3TTQR*NQ C
[TTQNQTQTQINQ. Thus Q is a left bi quasi «7-ideal of T. Also, ¢ # Q3T TQ*NQ C
TQT NQ implies that ¢ # Q3T TQ*NQ C [TATNQTQTQ]NQ. Thus, Q is a lateral
bi quasi .27 -ideal of 7. Hence () is a bi quasi .27 -ideal of 7. Similar to prove other case.

Converse of the Corollary 4.5 may not true in the given Example.
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Example 4.7. Let T rars 00
T4 Ts5 Te T'7

’ .. .
;% are non positive real numbers } is not a

0000
regular. Since a = (_01 0009 ) €T there exist no = € T such that a = aza.
~1000
6000 )|~
The TSS @ = <q1 g2 0 0 ) g;° are non positive real numbers .
0 g304q4
0000 ,
Now, TTQ = 5 088 ||e are non positive real numbers p,
C1 C2 c3
0
0
0

coco
w

Sooo

~__~ ©oooco

QTT:{(
TQT{(

QTQTQ = { ‘

Thus [QTT NQRTRTRINQ # ¢and [TTANRTRATOAINQ # ¢ and [TQT N
QTRTRINQ # ¢.
Hence @ is a bi quasi «7-ideal of 7. But @ is not a two sided tri o/-ideal of T by

0 00
@Prr¢®ng=¢and ¢®rr ¢Nqg = ¢, where ¢ = (_01_08 ) € Qandr =
0 -10

1
—1
Ry (3333
~1-100 ETandr = 00 0 O ET

0 —-1-10 1 -1

/o
d,® are real numbers },

Sooco

coco a.
N

oo
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o~
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o000 s ooo o
lalel)
coco
\_/

7N
o
N,
o
O coo
o
o
Qooo

’ .
> e,;® 1s areal numbers .

0
0
0
-1

Theorem 4.6. Every two sided bi quasi ideal is a two sided tri quasi ideal.

Proof. Suppose that ) is a right bi quasi ideal of 7 then QT T N QT QT Q C Q. Now,
QTTNR}TTQR?> CRTTNQRTQRTQ C Q. Also, QTT NQR3TTQ? C Q*TTQ? C
TTQ and QTT N Q*TTQ* C QTQTQ implies that QTT N Q3TTQ* C TTQ N
QTQTQ C Q. Hence Q is a two sided tri quasi ideal of 7. Similar to prove other part.

Converse of Theorem [.6|not true by the following Example.
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T4 T5 Te T7

0000
Example 4.8. Let T = (:; % 00 )

’ . . .
;% are non positive real numbers } is not a

regular.
0000 )
= a; itivi u i .
Here a01 698 ;> are are non positive real numbers » isa TSS of T
0 az 0 as
0000 ,
Now, TT7Q = 5 998 )|c? are non positive real numbers ¢,
Cc1 C2 0 Cc3
0000 ,
QTT = 5 9 9 8 ) |d? are non positive real numbers g,
dy do d3 dy

0000 ,
QTQTQ = 89993 ) le; are non positive real numbers ¢,

€1 €2 0 €3

0000 ,
Q3TTQ? = 0000 ) I|f:* are non positive real numbers 3,

0f10 f2

0000 )
Q*TTQ? = 59983 | |g;° are non positive real numbers

091092
Hence @ is a two sided tri quasi-ideal of 7. But () is not a two sided bi quasi ideal of T

0 00

0
warrnarare={ (£4E)

’
s .
h;® are non positive real numbers » € ) and

0 00O
TTQmQTQTQz{(g iy )

i1 d2 0 ig

’/S ., .
i,° are non positive real numbers } Z Q.

Corollary 4.7. Every two sided tri quasi <f -ideal is a two sided bi quasi <7 -ideal.

Proof. Suppose that () is a right tri quasi <7- ideal of T, then ) is a TSS of 7 and
[RTTNQ*TTQNQ # ¢. Now, ¢ # [QTTNR3TTQINQ C [QTTNRTQTQINQ.
Also, ¢ # [QTTNQ*TTRINQ CTTRNQand ¢ # [QTT NQ*TTQR*NQ C
QTQTQ N Q implies that ¢ # [QTT NQ3TTQR*)NQ C [TTQNQRTATQ] N Q.
Hence @ is a two sided bi quasi .2/ -ideal of 7. Similar to prove other part.

Converse of the Corollary 4.7 may not true in the given Example.

!
S
ror3 0 0 T

T4 Ts5 T6 T'7

0000
Example 4.9. Consider 7 = (” 000 )

are non positive real numbers } is

0000
not a regular. Since ¢ = (_01 000 ) € T there existno € T such that a = aza.
1000
0000 )
The TSS Q — (nggg ) 0l
0 a20a3

bi quasi o/-ideal of 7. But @ is not a two sided tri quasi 7-ideal

are are non positive real numbers } is a two sided
f T by [z1229 N
0
0
0
i

O
0
0
1
0

OOOO
»—AOOO

Pr324¢®] N g = ¢ and [gz122 N Pr324¢%) N g = ¢, Where ¢ = ( ) € Qand
0000 0000

T1=1T3 = <(1”1)88)€Tandx2—x4—<%888>€7'.
0000 0111

Theorem 4.8. If Q) is a tri < ideal (tri quasi </ ideal) of T and Q C Q CT, thenQ is
a tri & ideal (tri quasi < ideal) of T.
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Proof. Suppose that Q is a tri .7 ideal of R with Q C Q" C 7. Then ¢ # Q3T T Q%N

QC Q’j’rm’j NQ.o#QRTQTQ2NQCQ TQTQ NQ and ¢ # Q*TTQ*N
QCQ TTQ NQ'. Therefore Q' is a tri <7 ideal of 7. Similar to prove case.

Corollary 4.9. The union of tri & -ideal (tri quasi <7 -ideal) of T is a tri < -ideal (tri quasi
o -ideal) of T

Proof. Let Q1 and Q2 be any two tri .o/-ideals of 7. Then @); C Q); U @2, by Theorem
B8l Q1 U Q2 is atri o7-ideal of T.

5. ACKNOWLEDGEMENTS

The author is obliged the thankful to the reviewer for the numerous and significant
suggestions that raised the consistency of the ideas presented in this paper.

REFERENCES

[1]1 K. Arulmozhi. New approach of various ideals in Ternary Semirings, Journal of Xidian University, 14(3)
(2020), 22-29.
[2] K. Arulmozhi. The algebraic theory of Semigroups and Semirings, LAP LAMBERT Academic Publishing,
Mauritius, (2019), 1-102.
[3] K. Arulmozhi. Some Fuzzy ideals of Algebraic Structures, LAP LAMBERT Academic Publishing, Mauri-
tius, (2019), 1-88.
[4] K. Arulmozhi and M. Palanikumar. New Ways to Q-Fuzzy ideals in Ordered Semigroups, Journal of Xidian
University, 14(3) (2020), 36-48.
[5] V. R. Daddi and Y.S. Pawar. On completely regular ternary semiring, Novi Sad Journal of Mathematics,
42(2) (2012), 1-7.
[6] C.Donges. On quasi ideals of semirings, International Journal of Mathematics and Mathematical Sciences,
17 (1994), 47-58.
[7] O. Grosek and L. Satko. New notion in the theory of semigroup, Semigroup Forum 20 (1980), 233-240.
[8] M.R. Hestenes. A ternary algebra with applications to matrices and linear transformations, Archive for
Rational Mechanics and Analysis, 11 (1962), 138-194.
[9] Y. Kemprasit. Quasi-ideals and bi-ideals in semigroups and rings, Proceedings of the International Confer-
ence on Algebra and its Applications, (2002), 30—46.
[10] S. Lajos. On the bi-ideals in semigroups, Proceeding of Japan Academy, 45 (1969), 710-712.
[11] S.Lajos and F.A. Szasz. On the bi-ideals in associative rings. Proceeding of Japan Academy, 49(6) (1970),
505-507.
[12] W.G. Lister. Ternary Rings, Transactions of the American Mathematical Society, 154 (1971), 37-55.
[13] M. Munir and A. Shafiq. A generalization of bi ideals in semirings, Bulletin of the International Mathemat-
ical Virtual Institute, 8 (2018), 123-133,
[14] M. Palanikumar and K. Arulmozhi. On Various ideals and its Applications of Bisemirings, Gedrag And
Organisatie Review, 33(2) (2020), 522-533.
[15] M. Palanikumar and K. Arulmozhi. On new ways of various ideals in ternary semigroups, Matrix Science
Mathematic, 4(1) (2020), 06-09.
[16] M. Palanikumar and K. Arulmozhi. On New Approach of Various fuzzy ideals in Ordered gamma semi-
groups, Gedrag And Organisatie Review, 33(2) (2020), 331-342.
[17] M. Palanikumar and K. Arulmozhi. On Various Tri ideals in Ternary Semirings, Bulletin of the Mathematical
Virtual Institute, 11(1) (2021), 79-90.
[18] M. Palanikumar and K. Arulmozhi. On various almost ideals of semirings, Annals of Communications in
Mathematics, 4(1) (2021), 17-25.
[19] M.K. Rao. Tri ideals of semirings, Bulletin of the International Mathematical Virtual Institute, 10(1) (2020),
145-155.
[20] M. Shabir, A. Ali and S. Batool. A Note on Quasi ideals in Semirings, Southeast Asian Bulletin of Mathe-
matics, 27(5) (2004), 923-928.
[21] O. Steinfeld. Quasi-ideals in rings and semigroups, Semigroup Forum, 19 (1980), 371-372.
[22] H.S. Vandiver. Note on a simple type of algebra in which the cancellation law of addition does not hold,
Bulletin of the American Mathematical Society, 40(12) (1934), 914-920.



NEW APPROACH TOWARDS <7-IDEALS IN TERNARY SEMIRINGS 125

M. PALANIKUMAR
KINGS ENGINEERING COLLEGE, DEPARTMENT OF MATHEMATICS, CHENNAI, 602117, INDIA
E-mail address: palanimaths86@gmail.com

K. ARULMOZHI
BHARATH INSTITUTE OF HIGHER EDUCATION AND RESEARCH, DEPARTMENT OF MATHEMATICS, CHEN-
NAI, 600073, INDIA

E-mail address: arulmozhiems@gmail.com



	1. Introduction
	2. Preliminaries
	3. Various A-ideals
	4. Various Tri A-ideals
	5. Acknowledgements
	References

