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ON PYTHAGOREAN FUZZY IDEAL OF SUBTRACTION SEMIGROUP AND
NEAR SUBTRACTION SEMIGROUP

V. CHINNADURAI AND A. ARULSELVAM*

ABSTRACT. In this paper, we define the notions of Pythagorean fuzzy ideal of subtraction
semigroup and near subtraction semigroup. Also, we discuss some of its properties with
examples.

1. INTRODUCTION

In 1969, Abbott introduced the notion of subtraction algebra. He considered the sys-
tem of the form (¢, o, \) where ¢ is a set of functions closed under the composition o of
function where (¢, o) is a functional semigroup and (¢, \) is a subtraction algebra []]. Us-
ing this concept Schein[9] introduced the concept of subtraction semigroups in 1992. He
proved that every subtraction semigroup is isomorphism to a different semigroup of invert-
ible function. Zelink[[13] studied an extraordinary kind of subtraction algebra called atomic
subtraction algebra. A near subtraction semigroup satisfies all axioms of subtraction semi-
group except one of the two distributive laws. Prince williams[8]] defined the fuzzy ideal in
near subtraction semigroup(NSS). Jun et al.[5] introduced the concept of ideals in subtrac-
tion algebra and gave some characterizations. Dheena et al.[3, 4] discussed and derived
some properties of NSS, a generalization of subtraction semigroup. The concept of fuzzy
set was initiated by Zadeh[12]. Mahalakshmi et al.[7] studied the notion of bi ideals of
NSS. Chinnadurai2] defined the concept of fuzzy ideals in algebraic structures. Kim et
al.[6]], studied some properties of intuitionistic fuzzy ideals of semigroups. Yager[10, [11]
introduced the Pythagorean fuzzy set(PFS).

In this paper, we introduce the notions of Pythagorean fuzzy ideal in subtraction semigroup
and near subtraction semigroup. Also we characterize the subtraction and near subtraction
semigroup through fuzzification.

2. PRELIMINARIES

Now, we recall some new concepts of Pythagorean fuzzy ideals in NSS from the litera-
ture, which are required in the sequel.
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The basic concepts of subtraction semigroup(SS), power set(PS), NSS [6] and zero sym-
metric are referred respectively.

Definition 2.1. A non-empty set X together with a binary operation ” — ” is said to be a
SA(subtraction algebra), if

i) j— (k=)=

(i)j— (G —k) =k—(k—J)

i) (j—k)—1l=({-1)—k VjkleX.

Definition 2.2. A subset I of SA X is called subalgebraof X if j —k € I Vj,k € X. In
SA the following holds:

1)j—0=jand0—5=0

@j-0—k) <k

(3)j < kifand onlyif j = k — m forsome m € X

@) j<kimpliesj—Il<k—landl—k<l—jVie X

G j-G—-G—Fk)=j—k

©)(j—k) —j=0

DG—k)—k=j—Fk

3. PYTHAGOREAN FUZZY IDEAL IN SUBTRACTION SEMIGROUP

In this section X denotes subtraction semigroup(SS).

Definition 3.1. A Pythagorean fuzzy set(PFS) D = (, ) of X is called PFSS(Pythagorean
fuzzy subtraction sub-semigroup) of X if

D m(j—k) = N{n(5), 7(k)}

)0 — k) <V{9(),9(k)} Vi, k € X.

Example 3.2. Let X = {0, j, k,} be a subtraction sub-semigroup with two binary oper-
ations '—" and ' is defined as follows.

—Tol kL[ -TOl7 k]I
ojojofofolojo[of0]0
Jliloljlol[jlol[jloT0
klk|k|Oo|O|[k[0]0[k|k
I T[k[jlo|[7]0[0[k|[k

Define a Pythagorean fuzzy set D = (m, ) where 7 : X — [0, 1] by 7(0) = 0.8, 7(j) =
0.6,7(k) = 0.3,7(1) = 0.2. Then ¥ : X — [0,1] by ¥(0) = 0.3,9(j) = 0.4, 9(k) =
0.6,9(1) = 0.7 Then D is a PFSS of X. Hence D = (m, ) is a subtraction sub-semigroup
of X.

Definition 3.3. A PFS D = (7, 9) of X is called PFLI(resp. PFRI) of X, if Vj, k € X.
M 7(j) =2 Mnm(j — k), m(k)}

) 9(j) < V{9 — k), 9(k)}

) (k) > Mm(j), m(k)}

@) V(jk) < Vv{9(4),9(k)}

(S) m(jk) = (k) (resp.m(jk) > 7(j))

(6) 9(jk) < I(k) (resp.9(jk) < I(j)).

If 7 and ¢ are both PFLI and PFRI of X . Then 7 and 1} are both PFI of X.
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Example 3.4. Let X = {0, j, k, [} be a SS with two binary operations'—" and '’ is defined
as follows.

— (0| k|l -]0]7|k|l
0/0j0|0O]|O|lO]|O]O]O]|O
FTilo(5(ol[5l0lj(0]0
klk|k|O|O||k|O0|0]|k|k
L1 ]k[j|O]|ll]O0]O0]k|k

Define a PFS D = (7,4) where 7 : X — [0,1] by n(0) = 0.8, 7(j) = 0.6, (k:)

0.3,m(l) =0.2. Then¥ : X — [0,1] by (0 )—03 9(7) = 0.4,9(k) = 0.6,9(1) = 0.7.
Then D is a PFL (resp.PFR) ideals of X. Hence D = (m, ) is a PFLI (PFRI) of X.

Definition 3.5. Let D = (np,,¥D;) and Dy = (7p,,Yp,) be any two PES of X. Then
the following FSs of X are defined as follows.

, V Mmp(x),mp(y)} ifji <=y
(7py % 7p,) () = § <m0
[0, 0] otherwise.
‘ N V{9p(x),9p(y)} ifi<ay
(19D1 *ﬂDz)(J) = qJsey
[1,1] otherwise.

(mp, N7D,)(J)
(DlmDQ)( ) {(ﬁDlLJﬁDz)(j)vjeX

(D1x D2)(j) =

V' AMrp(k), ()} ifi=k—1YjkleX
(ﬂ—D1 - ﬂ—Dz)(j) = qi=k-t
[0, 0] otherwise.
A ViOD(), 9p()} ifj=k—1VjkleX
(19D1 - ﬂDz)(]) = § J=k—l
[1,1] otherwise.
Theorem 3.1. Every PFLI (resp. PFRI) of X is a PFSS of X.

Proof. Let 7 and ¥ be an PFI of X. Then

m(j—k) = NMr((G—k)—r), ()} VieX
>Mm((G—k) = 1),7()} forl=j
= Mm(0),7(5)}

(D1—D5)(j) =

= (j)

Thus

m(j — k) > 7 (j).

VG —k) < V{I((F — k) —1),0(r)}vVieX
< VI — k) = 1),9(5)} forl=j
= V{¥(0),9(4)}
= 9(j).

Thus

V(G = k) <9()).
Again consider
(G —k) = Mr((G—k) -1, m)}Vie X
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> Mm(( = k) —k),m(k)} forl =k
=MNMnr(j—k),m(k)}since (j —k)—k=j—k
= Mm(4), 7(k)}-

And

VG —k) <V{I((F —k) =D, 9(D)}VIeX
< V{I((j — k) — k), 0(k)} for I = k
=Vv{¥(j—k),d(k)}since (j —k)—k=7—k
— V{9(7), 9(k)}.

Then 7 and 14 are PFSS of X.

The converse is not true.

Theorem 3.2. If D = (mw, 1) be an PFS of a SS X. Then
(a)(i) mxm <

(i) 9 x>0

(b)(0) w(jk) > A{r(5), 7(hk)}

(i6) D(jk) < V{0(), 0(k)} ¥ j.k € X.

Proof. (a) = (b) Letz,y € X.
Consider

(rxm)(ik) = V {Mnm(), =(k)}}

zy<jk

> M (z), m(y)}.
By@mxm <.
m(zy) = (7 * 7)(zy)
> NMm(z), m(y)}.
Hence 7(xy) > AN (z),7(y)}.
And
(W *D)(Gk) = A AV{9(),9(k)}}

zy<jk
< V{d(z),9(y)}.
By (a) ¥ x 9 > ¢.
zy) < (9 x9)(xy)
< V{d(z),d(y)}.
Hence ¥ (zy) < V{d(x),d(y)}.
(b) & (a)Letj € X.

Consider
(rem)i) = YV Alr(o). 7))
<V {n(o)}
< E/ {w()}
= m(j).
Thus 7+ 7w < 7. If j cannot be expressed as j < zy then (7 x 7)(z) = 0 < 7 (j).
Thus (7 x7)(j5) < 7(j) Vj € X.
And
Letj € X.
Consider
Wx9)(G) = N\ V{d(x),9(y)}

A,
zZ\{< y)}
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> N {9G)}

Jj<zy
= 9(j).
Thus ¥ x ¢ > 9. If j cannot be expressed as j < ab then (¢ x 9)(x) = 0 > 9(j).
Thus (¢ *9)(j) > I(j) Vj € X.
This implies that 7 x 7 < and ¥ x 9 > 4. O

Theorem 3.3. Let D =< w,¥ > be an PFS of X. If D =< w,9Y > is an Pythagorean
Sfuzzy(PF) sub-semigroup (PFLI, PFRI) of X. Then m — m = w and ¥ — 9 = 9.

Proof. Let D =< 7,19 > be an PF sub-semigroup of X.
Let p € X then.

(m—m@) =V {A{ﬂ() Ty} z,ye X

>/\{7T( ) 7(0)} since j = j — 0
= 7(j).
(0 —9)(j) = /\ (V{0 (), 9(y)}} v,y € X

i{)( 4),9(0)} since j = j — 0
On the oth; handif j = x — y, x,y € X, then
m(j) = 7(x —y)

> Mm(z), m(y)}

>V {Mr(@).7w)})

I\A

<V{I(), 9(y)}
< A (V)91

— - 9.
Hence 7(j) = (7 — 7)(j) and ¥(j) = (9 —9)(j) Vj € X.
Thusm =7 —mand ¥ =9 — 9. g

Theorem 3.4. Let D1 and D5 be any two PFS of X. If D1 and D4 are PFLI (resp. PFRI)
of X. Then Dy and D> is also PFLI (resp. PFRI) of X.

Proof. Let D; and D5 be any two PFLIs of X .
Letj, k € X.
Consider
(m N m2) (k) = AM{m1(jk), m2
> MMmi(d), m
)

> MA{m (),

(Jk)}
(k) }, A{m2(5), ma(k)}}
ma(3)} M (k) ma (k) }}

= MmN m2)(4), (m N m2)(k)}.

(w1 N 72)(jk) = A{m1(jk), m2(jk)}
= Mmi(k), ma(k)}
= (7T1 ﬂ71'2)(/€)

(P Uda) (k) = V{91 (jk), 792( k)}
< VEV{D1(5), 91(F) }, V{D2(5), 92(k) }}
< V{915, 92000} VA (R), D2 (k) } }
= V{(¥1 U¥2)(j), (1 Ud2) ()}

(P Ud2) (k) = V{V1(jk), D2(jk)}
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< V{d1(k),D2(k)}
= (Y1 Uds)(k).

And

(m1 N2)(§) = M), m2(5) }
> MM m(G = k), mi(k)}, AM{ma(f — k), ma(k) }}
> MAM{m1(j — k), m2(j — k) }, A{mi(k), ma (k) }}
=M(mn Wz)(] — k), (m Nm2)(k)}.

(P Ud2)(4) = V{¥1(5),92(5) }
<SVVA{DL(G = k), 01 (k) }, V{a2(d — k), P2(k)}}
<VAV{OL(G — k), D2(5 — k) }, V{D1(k), D2(k)}}
= V{0 Ud2)(j — k), (V1 UI2)(K)}.

This shows that the intersection of D7 and D5 two PFLI of X. O

Theorem 3.5. If D; = (m;,9;|i € Q) is a family of PFLI (resp. PFRI) of a SS X. Then
Nica Di = (Nicami, Uica?;) is also a PFLI (resp. PFRI) of X where Q is any IS(index
set).

Proof. Let D; = (m;, ;i € Q) be a family of PFLI (resp. PFRI) of X.
Let j,k € X and 7(j) = Nieami(z) = A7i(4), 9() = Uicati(x) = V 9:(j)-
m(j) = \mi(j)
> AMmi(G = k), mik)}
= MAmi(j = k), Ami(k)}
= Mmi(j — k), Nmi(k)}
= Mr(j = k), m(k)}.
0() =V 9:(j)
< VWA — k), 9i(k)}
= V{V Ui = k), V di(k)}
= V{Udi(j — k), UDi(k)}
= V{I(j — k), 9(k)}.
m(jk) = Ami(ik)
> AMmi(G), mi(k)}
= MAm(), Ami(k)}
= MNmi(f), Nmi(k)
= Mn(5), m(k)}.
O(ik) =V Vs (J/f)

\%
>W—’
5

v
A
=

m(jk) = Nmi(jk

and

I(jk) = V9i(jk) <V 9:(k) < I(k).

Hence, (;cq Di = (Nicai, UicaVs;) is also a PFLI (resp. PFRI) of X. O

Theorem 3.6. If D = (m,9) is any PFS of a SS X then D = (w,1) is a PFLI (resp. PFRI)
of X if and only if every Pythagorean level set | J(D,t,n) is a LI (resp. RI) of X when it is
non-empty.

Proof. Suppose that D =

(m,9) is a PFLI (resp. PFRI) of X. Let j,k,j — k € (D, t,n)
Vit e [0,1] and n € [0,1].

, b
Then 7(j) > t, w(j — k) > t, n(k) > t and 9(j) § n,
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9 — k) <n,9(k) <n.

Suppose k,j — k € U(D,t,n) then 7(j) > AN{n(j — k),n(k)} > A{t,t} = t and
V() VAP — k), d(k)} < V{n,n} = n. Hence, jk € J(D,t,n).

Suppose j,k € U(D,t,n) then n(jk) > AN{w(j),n(k)} > A{t,t} = ¢ and ¥(jk) V

{9(j4),9(k)} < V{n,n} = n. Hence, jk € (D, t,n).

Letj € X and k € |J(D, t,n) then w(jk) > w(k) > t and ¥(jk) < 9 < n.

This implies that j& € | J(D,t,n). Hence | J(D,t,n) is a LT of X.

Conversely, lett € [0,1] and n € [0,1] be 3 |J(D,t,n) # 0 and | J(D, t,n) is a LI (RI) of

X.

We assume that 7(j) # ANw(j — k), w(k)} or 9(j) £ V{9 — k),9(k)}. If 7(j) #

/\{7r(j — k), m(k)} thenEIt e0,1]an(y) <t< /\{7r(j — k), m(k)} hence j — k,k €

U(D,t,v{9(j — k),9(k)}) but j ¢ U(D,t, vV{I(j — k),9(k)}) which is contradiction.

If19 ) £ V{9(j — k),9(k)} then In € [0,1] > ¥(j) > n > V{J(j — k), ¥(k)} hence

Jj— k ke UD,NMn(j—k),n(k)},n)butj & J(D, N {r(j — k), n(k)}) which is con-

tradiction. Hence, w(j) > A{n(j — k), w(k)} and ¥(j) < V{I(j — k), d(k)}.

Let us assume that 7(jk) # Am(j), 7(k)} or 9(jk) & V{9(j),9(k)}. If w(jk) #

Nm(j),m(k)} then 3¢ € [0,1] 3 n(jk) <t < A{m(j),7(k)}

hence j,k € U(D,t, v{9(j),9(k)}) but jk& ¢ |J(D,t,Vv{I(j),9(k)}) which is contra-

diction.

If 9(jk) £ V{9(4),9(k)} then 3 n € [0,1] > I(jk) > n > V{¥(j),¥(k)} hence
gk € UD,AN{n(j),n(k)},n) but jk ¢ J(D,A{r(j),n(k)}) which is contradiction.
Hence, 7(jk) > A{r(j), m(k)} and D(jk) < V{9(5), V().

Assume that w(jk) # w(k) or 9(jk) ¢ 9(k). 1 7'('(] ) # w(k) then 3 ¢ € [0,1]
> w(jk) <t < w(k) hence k € |J(D,t,9(k)) but jk ¢ J(D,t,9(k)) which is contra-
diction. If ¥(jk) £ ¥(k) then 3 n € [0, 1] £ 19(]k) n > 9(k) hence k € | J(D, n(k),n)

but jk ¢ |J(D, n(k),n) which is contradiction.
Hence, 7(jk) > n(k) and 9(jk) < 9(k).
Therefore, D = (7, 9) is a PFLI (resp. PFRI) of X. O

Theorem 3.7. Let N be any non-empty subset of a SS X. Then N is a LI (resp. RI) of X
if and only if the characteristic PFS xn = (Tyy,Oyy) of N is X is a PFLI (resp. PFRI)
of X.

Proof. Assume that N is a LI of X. Let j,k € X. Suppose that 7, (j) < A{my,(j —
k), myn (k)}and ¥y () > V{0 (1—F), Uy (k) }. Ttfollows that 7y () = 0, A{my (j—
k), mn(k)} = 1 and 9y, (j) = 1,V{9yy (G — k),9y(k)} = 0. This implies that
j—k,k e Nbutj¢ N, acontradicts to N being a SS of X.

Suppose that m,  (jk) < A{myy (J), Ty (k)} and ¥, (k) > V{Oy, (4), Oyn (k) }. Tt
follows that 7TXN (Jk) = 0, M7y n (4)s Ty n (k) } = 1 and 9, (jk) = 1,

V {0y (4), 0y (k)} = 0. This implies that j, k € N but jk ¢ N, a contradicts to V.
Suppose that wXN(jk) < Ty (k) and 9y (jk) > Oy (k). It follows that m,  (jk) =
0,y (k) = Land ¥, (jk) = 1,9y, (k) = 0. This implies that & € N but jk ¢ N, a
contradicts to N. This shows that x y = (7, Uy, ) is a PFLI (resp. PFRI) of X.
Conversely, xny = (myy, ¥y ) is a PFLI(resp. PFRI) of X for any subset N of X.

Letj —k,k € N forany j,k € X thenm,, (j — k) = my (k) = land Vy (j — k) =
Uy (k) = 0. Since x is a PFLI (resp. PFRI) of X.

Toon (7)) 2 Miryn (G=F), myn (B)} 2 A{1, 1} = Tand dy () < {0y (1—F), Oyn (R)} <
N{0,0} = 0. This implies that j € N.

Let j,k € N for any j, k € X then my, (j) = my (k) = 1 and O, (j) = Yy (k) = 0.
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Since x is a PFLI (resp. PFRI) of X.

T (7K) 2 Mgy (3), T (B)} = A{1,1} = Tand 9y, (jK) < V{Oyy (4), Oxn (R)} <
N{0,0} = 0. This implies that jk € N.

Letk € Nand j € X then my, (k) = 1 and 0, (k) = 0. my (jk) > my (k) > 1 and
Uiy (Jk) < Uy (k) > 0. This gives that jk € N.

Hence, N is a LI (RI) of X. U

4. PYTHAGOREAN FUZZY IDEAL OF NEAR-SUBTRACTION SEMIGROUP

Definition 4.1. Let X be a near-subtraction semigroup(NSS), (X, D) be a PFL. A PFS
D = (,9) is called a PFI of X, if

(D w(j — k) > Mm(j), m(k)} and 9(j — k) < V{9(j), ¥(k)}

@) w(xj — xly — ) > (j) and (xj — 2(y — j)) < V()

B) w(jk) > w(j) and ¥ (jk) < 9(j) Vi, k, l,z,y € X.

If D = (m,9) is a PFLI of X if it satisfies (1),(2) and if D = (7, 4) is a PFRI of X if it
satisfies (1) and (3).

Theorem 4.1. If D; = (m;,9;|i € Q) is a family of PFI of a NSS X then [
(Nieqmi, UicqV;) is also a PFI of X where §) is any IS(index set).

Proof. If {D; };cq is a family of PFI of X.
Let i (x) = (Am)(5) = Am(7) and Udia) = (V 6)(3) = V h(3): Vi € X, we
ave
(Nicami)(j — k) = N{mi(j — k)|i € 2}
> ANMmi(4), m(k)|i € Q}
= MA{m ()i € QF, A{mi(k)|i € Q}}
= MNicami(j), Nicami (k) }.
(Uiea?i)(j — k) = V{9 (j — k)|i € Q}
<V V(). 9(k)|i € Q}
= V{V{0:(h)|i € Q}, V{¥i(k)|i € Q}}
- \/{Uzeﬁﬂ ( ) UzeQﬁ (k)}
For all j,x,y € X, we have
(Micam)(zj — 2(y — 7)) = N{mi(zj — z(y — j))|i € 2}
> N{mi(j)li € 2}
- mzeﬂﬂ'z(j)
(VicaV:) (@) — z(y — 7)) = V{Vi(zj — 2(y — j))|i € Q}
< V{vi(4)li € @}
= Uiea?i(3j).
For all j, k € X, we have
(Nicami)(ik) = N{m:(jk)|i € @}
> Nmi(4)li € @}
= Nieqm;(j)-
(Uiea?:) (k) = V{9:(jk)|i € Q}
< V{¥i(5)li € }
= Uica¥i(j)-
Hence, (;cq, Di = (Nicami, UicaV;) is also a PRI of X. O

Definition 4.2. AnPFS D = (7,9) of X is said to be an PFBI of X if Vj, k € X
@) 7(j = k) = Mr(j), m(k)}

(i) 9(j — k) < V{I(4),9(k)}
(i)(roXom)N(moX)*mCw

ieaDi =
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(V) (YoXod)U(WoX)xd D.

Example 4.3. Let X = {0, 7, k,1} be a NSS with two binary operations '—’ and ’- is
defined as follows.

1ol TRTI-T0l k1
0/0/0({0Of0O}]j0O|0O|0O]O]O
EEELUR R FARERE RN
klk|k|O|k|[E|O|0]|O0|k
L1110}l |0l0]0]]1
Define a PFS D = (w,d) where 7 : X — [0,1] by n(0) = 0.8,#(j) = 0.6, (k) =
0.3,7(1)=0.2. (ro X om)(0) =0.8,(mro X om)(j) =0.7,(mro X om)(k) = 0.5, (7 o
Xoﬂ')(l)20.2,(7T0X)*7T(0)=0.7(ﬂ'OX)*TF()—06(7TOX)*7T(]€) 0.3,(mo
X)x7(l) = 0.1 Then 9 : X — [0, 1] by 9(0) = 0.3,9(j) = 0.4, (k) = 0.6,9(1) = 0.7

(mroXom)(0)=04,(mroXom)(j) =0.5,(ro X om)(k) =0.6,(mo X om)(l)
(moX)*m(0) =0.3, (moX)xm(j) = 0.6, (mo X)xm(k) = 0.7Tand(mo X)xm(l) = 0.8.

Proposition 4.2. Let D = (w,9) be a PFS of X. If D = (m,9) is a PFLI of X then
D = (m,¥) is a PFBl of X.

Proof. Letj € X be such that j = zyz = jl — j(k — 1), where z,y, z, j, k,| € X. Then
(7 Xm) N (71X % m)(5) = AM((xXT) (), (7 X % 7)) (5)}
=MLV Mm@V @060}
= MV {r(@), 7(2)}, VI X) (), 7(D)}}-
(Since 7X C X and 7 is a PFLI, then 7 (jl — j(k — 1)) > w(1))
< MX(2), X(2), X(j), 7(jl — j(k = 1))}
= /\{1’ 17 177(jl - j(k - l))}
w(il 3k~ 1)

, =7(j)- ,
If j" is not expressible as j = zyz = jl—j(k—1) then (rX7TN7X*7)(j ) =0 < m(5).
Then n X7 N7X 7 C 7. Hence D is a PFBI of X.

And ) ) )
(WX U (@X x )5 ) = V{(WXI)(5 ), (WX *9))(5 )}
=v{ A V{d(2),9().9(2)}}, A V{(9X)(5),9(1)}

j'=ayz j’ =jl—5(k—1)

)

)

= V{A{9(z),9(2) }, A{(0X)(5), (D) }}.
(Since WX D X and 9 is a PFLI, then 9(ji — j(k — 1)) < 9(1))

> V{X(2), X(2), X(5),9(jl — j(k = 1))}
— 9l — j(k - 1)
! - %9(] )- ’ ’
If j is notexpressible as j = zyz = jl—j(k—1) then (VXIUIX*9)(j ) =0>9(j ).
Then 9 X9 U YX %9 D 9. Hence D is a PFBI of X. O

Proposition 4.3. Let D = (w,9) be a PFS of X. If D = (m,9) is a PFRI of X then
D = (w,¥) is a PFBI of X.
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Proof. Letj € Xbe> j =ay=jl— j(k—1), & = x12,, where z, 21, 2, y, j, k and
[ are in X . Consider, ) , )
(rXm)N(mX xm)(j ) = M@ Xm)(G ), (7 X *7)(5 )}

=MV M@EX) (@), 7n(y)}, (7 X )l = j(k = 1)}

s
J =zy

=N y /\{x:yx' Nm(z1), X (22) }, 7(y) }, (mXom) (j1—j (k—

D)}
=M y /\{x=>:/x {r(a)}, m(b)}, (nX > m)(jl — j(k = 1))}
= (1), mly), (X xm) (L= (k= D)},

(since D = (w,9)is a PFRI, we have 7(zy) = 7r(a:1x’2y) = 7(z1(x2y)) > w(x1))

/ < Mr(zy), 1,1} = 7w(zy) = 7(7)- ,

If j isnotexpressible as j = xyz = jl—j(k—1) then (rXmNaX*7)(j ) =0 < 7(j

Then 7 X7 N7wX x7 C 7. Hence D is a PFBI of X.

And

(0X0) U (X x9))(5") = V{(@XI) (), (09X x9)(j )}

=LA AOX)@), )}, (0X )= 3k = 1))
“VEA VLA VI, X ()} 0(y) Y, (0X60) (j1—j (ke

j/=xy T=x1T2

’

).

0)}
=V{ A VI A {9@)}0)), (X« 0)(l -Gk = 1))}

j/:wy T=T1T2
= V{0(21),9(y), (VX x 9)(jl = j(k = 1))},
(since D = (w,9)is a PFRI, we have 9(zy) = H(z122y) = F(x1(22y)) < ¥(21))
/ > V{d(zy), 1,1} = d(zy) = 9(j ). / /
If j isnotexpressible as j = xyz = jl—j(k—1) then (W XIUIX x9)(j ) =0 < 9(j ).
Then 9 X9 UIX x99 C 9. Hence D is a PFBI of X. O

Theorem 4.4. Let D = (7,v) be a PFSA(Pythagorean fuzzy subalgebra) of X. If DX D C
D, then D is a PFBI of X.

Proof. Assume that 7 is a PFSA of X and 7 X7 C 7. Let j € X. Then

(r X7 N7 X5 7)(j) = M(7X7)(j), (X x7)(j)} < (7 X7) () < 7(j).

Thus (n X7 N7wX *x7) C 7 and 7 is a PFBI of X and

assume that ¢ is a PFSA of X and 9X9 O 9. Let j € X. Then

(9X9 UIX %9)(j) = {OXD) (), (9X * 9)(j)} > (9X9)(j) > 9().

Thus (9 X9 UPX x4) 2 o and 9 is a PFBI of X. O

Theorem 4.5. If X is a ZSNSS(zero symmetric near-subtraction semigroup) and D is a
PFBI of X then n Xm C wand 9 X9 O 0.

Proof. Let w be a PFBI of X. Then 7 X7 N7 X x 7w C 7. Clearly w(0) > n(j). Thus
(7 X)(0) > (7 X)(j) Vj € X. Since X isaZSNSS, 7 X7 C 7 X xm. Sor XmNrX*71 =
X7 Cm,

and let ) be a PFBI of X. Then 9 X JUYX x D 9. Clearly ¥(0) < ¥(j). Thus (9X)(0) <
(9X)(j) ¥j € X. Since X is aZSNSS, 91X 9 D 90X x9. So v XIUIX 9 = 9X9I D 9.
Which is the required result. O

Theorem 4.6. Let D = (w,0) be a PFBI of a ZSNSS X. Then w(jkl) > N{n(j),7(1)}
and w(jkl) < V{r(j),7(D)}.
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Proof. Assume that 7 is a PFBI of ZSNSS X. BY Theorem 3.19 7 X7 C 7. Let j, k,l €
X. Then
w(jkl) > (nX7)

—

jkl)
(mX)(x), 7(y)}

And

= A VX)), 0()}

Thus 9(jkl1) < V{9(5),9(1)}. O

Theorem 4.7. Let Dy = (m1,91) and Dy = (72, 92) be any two PFBI of X. Then D1N D5
is also a PFBI of X.

Proof. Let m; and 75 be any two PFBI of X. Let j, k € X. Then
(mNm2)(j — k) = Mmi(j — k), m2(j — k)}
> M), T (k) M2 (5), ma (k) 1}
= MMm1(), m2 ()} Mo (), 2 (k) }}
= M (m Nm2)(f), (m Ne) (k)
Let j € X. Choose z,y, j, k, | € X such that j' = zyz = jl — j(k — ). Since 71 and 75
are PFBI of X, we have

=MV AMm@)m(z)} Vo mp<m())

i =zyz 3 =jl—j(k—1)
—A{ Vo Mma(z),m(2)},  V m} <m()).
i =zyz 3’ =jl—j(k—1)

Now
= M((m Nm2) X (w1 N2))(§), (1 N ) X % (m ) (57)}

—/\{ Vo M(mnm)(2), (mNm2)(2)} Vo (mnm)(0)}

),
_/\{ Vo AAm(@), ma(@)}, Al (2), 2(2)}}7 / V( )/\{Wl(l)’ﬂz(l)}}
i =wyz 5 =jl—j (k1
—/\{A{ V AMm@),m@)}) Vo mOhA{ Vo AMma(z),m(2)}

§ =zyz 3 =jl—j(k—1) i =zyz
V m2(1)}}
3’ =jl—j(k—1)
< /\{Wl( i), m2(5)}
= (m N72) (7).
Thus 71 N 75 is a PFBI of X. and
(U1 UD2)(F — k) = V{I1(j — k),92(j — k)}
< V{\/{ﬁl(j)ﬁl(k)}aV{ﬂ2(j)7792(k)}}
= V{V{91(5),92(4)}, V{01 (k), 92 (k) } }
= V{(¥h U2)(4), (V1 UD2)(k)}.
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Letj € X. Choose z,y,j,k,l € X,> j = xyz = jl — j(k — ). Since 91 and 9, are
PFBI of X, we have
=V{ A V{th(x), ()}, A i} =)

i =zyz i’ =jl—j(k—1)
=V{ A V{ta(2).92(2)}, A P2} = 020)).
i =wyz i’ =jl—j(k—1)
Now / )
= V{((91 U)X (91 U2))(5 ), (V1 Ud2) X * (91 U2))(j )}
=VL A AOUIE U@L A 0]
j =xyz 7 =jgl—j5(k-1
=V{ A VIVUi(2), O2(2)}, Vida(2), D2(2)} ), /\( )v{m(w,ﬁzm}
Jj =zyz g =jl—5(k—1
=ViVE A V() 0i(2)), /\( )ﬁl(l)},v{ N V{da(2), da(2)}
j =zyz 7 =jgl—j(k—-1 j =xyz
A 9a(D)}}
i’ =jl—j(k—1)
> V{91(4), V=2(4)}
= (V1 Ud2) ().
Thus 91 U Y5 is a PFBI of X. O
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