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ON m-EXPANSIVE AND m-CONTRACTIVE TUPLE OF OPERATORS IN
HILBERT SPACES

NAEEM AHMAD

ABSTRACT. In this paper we introduce and studied the concept of joint m-expansive and
joint m-contractive tuples of commuting operators of a Hilbert space.

1. INTRODUCTION

In this paper H will denote a infinite-dimensional Hilbert space on K = C (the complex
plane). N is the set of positive integers and Z; = NU{0}. Let B(#) be the set of bounded
linear operators from # into itself. An operator S € B(#) we denote by A(S) and R(S)
the null space and the range of S respectively. For S € B(H) , we set

On(S) = Y (~1) <”7)S*ﬂ'sj. (1.1)
0<j<m J
J. Agler and M. Stankus introduced the class of m-isometry on Hilbert space [1} 2 3]. An
operator S € B(H) is said to be m-isometric operator for some integer m > 1 if it satisfies
the operator equation 6,,,(S) = 0.
Notice that the defining property 6,,,(S) = 0 of an m-isometric operator is equivalently

formulated that
> (7t =0 e,

0<k<m

The Concept of m-isometric operators on Hilbert and Banach spaces has attracted much
attention of various authors (see [8, 19, (10, [11} [12} [13} [17} 21} 22} [19]. A generalization of
m-isometries to m-expansive and m-contractive operators on Hilbert spaces spaces has
been presented by several authors. We refer the reader to [4} 15,164 7, [14} [15} |18} 20} 23] for
recent articles about these subjects.

Definition 1.1. ([14]) An operator S € B(H) is said to be
(i) m-expansive (m > 1)if 6,,(S) <O0.
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(ii) m-hyperexpensive (m > 1), if 0;(S) <0fork =1,2,...,m.
(iii) Completely hyperexpansive if 6,,(S) < 0 for all m.

Definition 1.2. ([15]) An operator S € B(H) is said to be
(i) m-contractive (m > 1) if 6,,(S) > 0.
(ii) m-hypercontractive (m > 1),if 6;(S) > 0fork =1,2,...,m.
(iii) Completely hypercontractive if 6,,(S) > 0 for all m.
The study of tuple of commuting operators on Hilbert space has consider by many
authors in the recent years. In [16] the authors introduced the concept of m-isomeric

tuple of commuting operators as follows: Let S = (S;,---,54) € B(H)¢ be tuple of
commuting operators. S is said to be m-isometric tuple if

> (1)’6( > k!'s*ﬁsﬁ) =0,
0<k<m || =k Al

where 8 = (f1,--- ,8a) € Z% and ! = B! - - B4!.

2. MAIN RESULTS

In this section, we introduce and study the concepts on m-expansive and m-contractive
tuples of operators on a Hilbert space.

LetS = (Sy,-++,Sq) € B(H)? and set

k! .
v(s) = > (1>’“< > 7S ﬁsﬁ) @.1)
0<k<l o=k
and
Qs.a)= e, = S 0 (M) Bistar). e
) ) k /8!
0<k<l |Bl=k
Clearly,
U (S) >0« Qi(S,2) >0 VzeH,
and
\I/l(S) <0 <= QZ(S,.’IJ) <0 VxeH,
Definition 2.1. Let S = (S1,---,S4) € B(H)? be a commuting tuple of operators and

m € N. We said that

1
2
3

S is joint m-expansive if ¥,,,(S) < 0 for some integer m.
S is joint m-hyperexpansive tuple if ¥;(S) <0 foreach k=1,2,---,m.
S is joint completely hyperexpansive tuple if U, (S) < 0 forall k£ € N.

5

(1)

(2)

(3)

(4) S is joint m-contractive if ¥, (S) > 0 for some integer m.

(5) S is joint m-hypercontractive if ¥ (S) > 0 foreach £k =1,2,--- m.
(6)

6) S is joint completely hypercontractive if S is joint k-contractive
for all positive integer k.
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When d = 1, Definition 2.1 coincides with Definition[T.1] and Definition [T.2}

Remark. Observe that
k!
WSy o) = Y (0 X LIstl). v,
0<k<l |B=k
Then ;
!
(1) S is m — expansive tuple < Z (—1)’“( Z giHSﬁmQ) <0, VzeH,
0<k<l |81=k
and

(2) S is m — contractive tuple <= Z (—1)}“(
0<k<l

k!
> GlIs%al) 20, voen
|8l=k "~

Remark. (i) LetS = (S, --,54) € B(H) be a commuting tuple of operators. Then S
is a joint expansive tuple if
lzl® < D ISiell?, (YxeH) (2.3)
1<j<d
and it is a joint -contractive tuple if
> > > [1Sl?, (Vo e X). (2.4)
1<j<d

(i) If d = 2, let S = (S1,S2) € B(H)? be a commuting pair of operators. Then S is a
joint 2-expansive pair if

l]1* < 2(|Sa2l|* + 1S22*) — (ISF2l” + [|S32[|* + 2[181 S2z|®) (¥ 2 € H), (2.5)
and it is a joint (2, p)-contractive pair if
1" = 2(|S12l* + S22 |”) — (1572 ]1” + [|S32]|* + 2]181522]*) (V= € H). (2.6)

(i) Let S = (S1, -+, S4) € B(H)? be a commuting tuple of operators. Then S is a joint
2-expansive tuple if

lolP <2 ¥ Isiel? - (X Isialte2 3 Isisial?) vaen @)
1<j<d 1<j<d 1<j<k<d
and it a is joint 2-contractive tuple if

la?>2 3 ||ij||2—( ELETES sjskxn?) Vren. 28)

1<5<d 1<5<d 1<j#k<d

Remark. Since the operators S1,- - ,Sq are commuting, every permutation of joint m-
expansive tuple is also joint m-expansive tuple.

The following examples show that there exists a joint (m, p)-expansive (resp. joint (m, p)-
contractive) operator which is not (m, p)-isometric tuple for some positive integer m.

Example 2.2. Let H = C3 be equipped with the norm

-

2
Iy, 2)l2 = <|x|2 e |z|2)
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and consider

1 11 0 0 1
S;=(1 1 1 |eBC®and So=[ 0 1 0 | ecB(C?.
1 1 1 1 00
Then the pair S = (51, S2) is a joint 2-expansive pair on (H = C3, ||.||2).

In fact, obviously 5155 = 5557 and a simple computation shows that

U p u 2 U 2 u 2
2‘81 v +2||S2 | v —(‘Sf v ‘S% v —|—2‘
w 2 w 2 w 2 w 2
2
= (92—1—1—32) u+v+w
U 2
> |
However S is not a 2-isometric tuple.
Proposition 2.1. Let S = (Sy,---,Sq) € B(H)? be a tuple of commuting operators.
Then for all positive integer m, andx € H, we have
Qmi1(S, 2) = Qum(S, 2) = Y Qm(S,Skx). (2.9)

Proof.

1<k<n

By taking into account Equation (2.4), a straightforward calculation shows that
Qm+1 (a Sa .’E)

- (M) X s

0<k<m+1 |8|=k

= et S () + (7)) X s

|B|=Fk
_~_(_Um+1 Z (m+‘1> Hsﬂ ”2
|Bl=m+1 B!
kE+1)!
= Qu(S.a)— > (—1)’“(7;) > (;!)HS%HQ
Oshsm=1 |8=k+1
LD <m;1> 18722
|8|=m+1
- KB+ - +ﬁn)
= Qi 5 () 2 72
ngzg;"*l g Bg’;ﬂ il Bat -

[(Br+ -+ Bn) ,
+(—=1)mH! m (sl
5—277;“ B! Bl B!

5152

u

w

2

)
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= Qn (87 x )
k kU%
- 1) Bl Bal- Bl
1<j<n 0<k<m—1 1Bl=k4+1 712 n

: ||Sj(sfl : Sﬁflsﬁ? S

'8,
1)m+t Z Z _ompy
1S5%d 182 m+1ﬁl' Bal- - Bq!
ISS7 - S TSE - S ?
= Qm<S7m)

- Y Y e}

1<j<d 0<k<m—1

> BNSQSIHF

|Bl=k

DY Z IISQSIHQ

1<j<d |8]=

= Qs ¥ (X co(}) X Glssel

1<j<n *0<k<m |B8l= k

= Qm(S, 2)— > Qm(S; S),

1<j<d
and so the equality (2.5) is satisfied . O

Example 2.3. Let H be an hilbert space and I3 the identity operator. Then (513, I3, I3) €
B(H)?3 is a joint 2-contractive of operators which is not a 2-isometric tuple..

It is well-known that the class of m-isometric tuple is a subset of the class of (m + 1)-
isometric tuple. The following example shows that the class of joint m-expansive tuple
and joint m + 1-expansive tuple are independent.

Example 2.4. Let S = (I3, I%, I/) € B(H)>. A simple computation shows that
(1) S is a joint 1-expansive tuple but not a joint 2-expansive tuple.

(2) S is a joint 2-contractive tuple but not a joint 1-contractive tuple.

The following theorem gives some sufficient conditions under which a joint m-expansive
tuple of operators in Hilbert space is a joint m-hyperexpansive tuple for m > 2.

Theorem 2.2. Let S = (S, -+ ,Sq) € B(H)? be a commuting tuple of operators. If S is
a joint m-expansive tuple and satisfies the following conditions

(1) Sjl-cj — 0 strongly forall j € {1,--- ,d},

(2) S;WU.(S)S; < S32Wk(S)S? forallje {1, - ,d}andk € {1,--- ,m —1},
then S is a joint m-hyperexpansive tuple.

Proof. As S is a joint m-expansive tuple, it follows that

) 5)

0<k<m |Bl=k
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A computation shows that

it Y k(”“)( Z s*ﬁsﬁ) my 5 Ml gagp
2

0

v

1<k<m-—1 \B|—m

k
) ) B 5 e
|

Iy + k

1<k<m 1

lee|=k 1Bl=

m—1 k cwsas e (m—1 (F+ D! s
> <k|5ss Z(l)(k>zﬁhss

0<k<m—1 0<k<m-—2 |Bl=k+1

V.—1(8)

—1)™ *B QB
NEND i mgesg
|Bl=m
In view of the statement (2), we obtain

) < S S;( e < 1> ZS*BSﬁ)

1<j<d 0<k<m-—1 |B|=k

= Z S;\I’m—l(s)s

1<j<d
S Z S;Q\I/m_l(S)SJZ
1<j<d
<
< Z S*kJ\I}m 1 )S‘,
1<j<d
for every k = (ky,-- ,kq) € Z%. By the assumption in the statement (1) it follows that

U,,,—1(S) < 0. Repeating the process as above we can prove that
U (S) <0 vVie{l,2,---,m}.

This yields the conclusion that the operator S is a joint m-hyperexpansive tuple. (]

A similar argument to the one above proves the following theorem:

Theorem 2.3. Let S = (S, -+, Sq) € B(H)? be a commuting tuple of operators. If S is
a joint m-contractive tuple and satisfies the following conditions

(1) Sfj — 0 strongly forall j € {1,--- ,d},
(2) S;U.(S)S; > S52Wy(S)S7 forallj e {1,2,--- ,d} andk € {1,--- ,m —1},

then T is m-hypercontractive tuple.

Proposition 2.4. Let S = (S1,--- ,Sq) € B(H)? be commuting tuple of operators such
that S/R(S) (Sl/R(S)’ e ’Sd/w) is a joint 1-isometric tuple. The following prop-
erties hold.

(1) If S is joint m-expansive tuple, then S is m-hyperexpansive tuple.

(2) If S is joint m-contractive tuple, then S is a joint m-hypercontractive tuple.
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Proof. By we have forall k € {1,2,--- ;m}
Qr(S.,2) = Qe1(S,2) — Y Qua(S, Sjz), Vo eH.

1<j<d

If S is a joint isometric tuple on R(S), it is well known that S is an k-isometric tuple on
R(S) for k =1,--- ,m. Consequently,

Qi(S, z) = Qa(S, z) =... = Qm-1(S, =) = Q. (S, z) =0.
If S is a joint m-expansive tuple, then it is a joint (m—1)-expansive tuple. By repeating this
process we get obtain that S is joint k-expansive tuple for k = 1,2--- , m. Consequently,
S is joint m-hyperexpansive.
By the same argument as above, (2) is obtained. O
A point p1 = (p1,--- ,pq) € C? is said to be a joint approximate point of S =
(S1,- - ,Sq)) if there exists a unit sequence of vectors (£,,),, C H such that

The joint approximate point spectrum of S, denoted by o,,,(S) is defined by
Oap(S) := {1 = (1, , pa) € C / p is a joint approximate point spectrum of S }.

We denote by

B(CY) = {M(#l,"'aﬂd)GCd/HMb( D uﬂ) <1}
1<j<d
and

OB = (= (ua+ ) €€l = F ) =1

1<j<d

Proposition 2.5. Let S = (51, ,S4) € B(H)? be an m-expansive tuple for some
positive integer m. The following properties hold.

(1) Ifm is even, then the approximate point spectrum of S lies in the boundary of the unit
ball of (CY, |.||)

(2) Ifmis odd, then o,,(S) C C*\ B(C?) and N'(S) := m N(S;) = {0}.

1<j<d

Proof Let i = (1, -+ , jtq) € C%is in the approximate point spectrum of S, then there
exists a sequence (£,,),, C X such that for all n, |[|¢,|| = 1 and [[(S; — p;)&n|| — 0 as

n — —+o00. Thus for each integer 5, € N, lirf ||(SJ5’ - ufj)gnn = 0 and so that
n—-+0o0

Jim (8% = )6l =0 ¥ B= (B, Ba) € Z4.
Now it is easy to see that

HSﬁan2 — \,u|26 as n — oo.
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Since S is an (m, p)-expansive, it follows that
m k! o
0> ¥ (P X Sisral)
0<k<m la|=k

By taking n — oo in the last inequality, we obtain

m k!
0z B (i) Zhm
SkSm |a|=k
m k!
> Og; (—l)k(k) Z EW&
<k<m |B]=k
> (1= ul3)™
So,
(1= fulB)™ <o (2.10)

Now, we have that
(1) Ifmiseven,then0 < (1— ||ul[5)™ < 0 from (2.10), and so |x||2 = 1. Thus means

that 0, (S) C OB(C?) and so
D0 (S) C 74p(S) C IB(CY).

(2) Assume that m is odd. If |||z < 1, then 0 < (1 — [|u]|3)™ < 0 from (2.10), which is
a contradiction. Hence,
oap(S) C C1\ B(C?). In particular (0, - ,0) & 74,(S). Thus N'(S) = {0}. O
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