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HESITANT INTUITIONISTIC FUZZY SOFT B-IDEALS OF BCK-ALGEBRAS

G. MUHIUDDIN AND M. BALAMURUGAN*

ABSTRACT. In this paper, we establish the concept of hesitant intuitionistic fuzzy soft
ideals and hesitant intuitionistic fuzzy soft b-ideals are introduced and investigated. Also,
the power-m, and p-multiply are defined in the hesitant intuitionistic fuzzy soft set theory
to BCK-algebras. Finally, the newly introduced notions of the complement of a hesitant
intuitionistic soft set (ideals and b-ideals) are discussed.

1. INTRODUCTION

Zadeh [[19]] introduced the concept of fuzzy sets. The idea of intuitionistic fuzzy sets
was first exhibited by Atanassov [1]] as an explanation of the notion of fuzzy sets. The
notions of BCK/BCl-algebras [5] were exhibited by Imai and Iseki in 1996 explained the
concept of set-theoretic difference and propositional calculus. Iskei [4] et. al initiated the
conception of the ideal theory of BCK-algebras. Zhang et. al [20] presented on p-ideals of
BCl-algebra.

Molodtsov [1L1]] firstly proposed a new mathematical tool named soft set theory to deal
with doubt and inaccurate. Jun [6] originated soft BCK-algebras. Maji et al. [10, [12]
introduced intuitionistic fuzzy soft sets. Jun et. al [9] establish the conception of fuzzy soft
set theory applied to BCK/BClI-algebras. Torra [18] popularized the concepts of hesitant
fuzzy sets which are very useful to clear all human indecision in day to day life. The
hesitant fuzzy set is very good devices to behave confused, which can be accurately and
perfectly described in terms of the opinions of decision-makers.

Jun et al. [7] suggest the concept of hesitant fuzzy set theory applied to BCK/BCI-
algebras. Babitha et al. [2] introduced hesitant fuzzy soft sets. Jun et al. [8] pro-
posed hesitant fuzzy soft subalgebras and ideals in BCK/BCI-Algebras. Balamurugan et
al. [3] introduced intuitionistic fuzzy soft ideals in BCK/BCI-algebras. Muhiuddin et al.
[14) 17, 155 116] introduced various concept are applied to BCK/BCI-algebras.

In this paper, we employ the notions of hesitant intuitionistic fuzzy soft sets to ideals
and b-ideals in BCK/BCI- algebras. We brought the concept of hesitant intuitionistic fuzzy
soft ideals and hesitant intuitionistic fuzzy soft b-ideals, and its related properties are exam-
ined. We provide conditions for a hesitant intuitionistic fuzzy soft b-ideal to be a hesitant
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intuitionistic fuzzy soft ideal. Finally, we focus complement of hesitant intuitionistic fuzzy
soft b-ideals, and complement of hesitant intuitionistic fuzzy soft ideals.

2. PRELIMINARIES

Definition 2.1. An algebra (X; %, 0) of type (2, 0) is said to be a BCK-algebra if for every
x,y, 2z € X satisfies

BCK-I) ((zxy)* (xx2))x(z2*xy) =0,

(BCK-ID) (z * (z xy)) xy) =0,

(BCK-III) z * x = 0,

(BCK-IV) 0 x z = 0,

BCK-V)zxy=0andyxxz=0 = z=y.

Let (X;*,0) or simply X express a BCK-algebra unless is specified.

A BCK-algebra ’ X satisfies the following conditions for every x,y, z € X,
Dzxx0=uz;

(D (z*xy)*xz = (T *2) *y;

Dz <yimplyzr*z<yxzandz*xy < 2 *x;

IV) (z*2)* (y*2) <z *y;

where ¢ < y ifand only if x x y = 0.

Definition 2.2. [4]. A nonempty subset A is said to be an ideal of X if for every z,y € X
satisfies

(11)0 € A,

(IL)xrxy € Aandy € Aimply x € A.

Definition 2.3. Let A is a fuzzy ideal of X. Then the fuzzy set A™ with members operation
rrmis defined by rgpm (z) = (rg(x))™ forallz € X.

Definition 2.4. [11]]. A couple (F, A) is called a soft set over X < F' : A — P(X).
For every a € A, F[a] may be set of a -common elements of (F, A). Clearly, every set
implies soft set but a soft set is not a set.

Definition 2.5. [2]]. Let X be a fixed set and F act a set of factors. Let H F'(X) denote the
set of all hesitant fuzzy soft set over X and A C E, where I : A — HF(X).

In general, for every a € A, F [a] is a hesitant fuzzy set in X and it is called a
fuzzy value set of factor a. Clearly, F [a] can be written as a hesitant fuzzy set such
that Fla] := {(z,hpo (@) : * € X and a € A} where hj(, (2) reveal the degree of

members operation respectively. If for every z € X, h Fla] (x) is a crisp subset of X, then

F[a] will be degraded to be a standard soft set.

3. HESITANT INTUITIONISTIC FUZZY SOFT B-IDEALS

In this section, hesitant intuitionistic fuzzy soft ideals and hesitant intuitionistic fuzzy
soft b-ideals of BCK-algebras are studied and a few of its results are given.

Definition 3.1. An ideal A is said to be a b-ideal of X if for every x, y, z € X satisfies
(BI-1) 0 € A,
(BI2) (z*xz2)xyc Aandy € A=z € A.

Definition 3.2. A hesitant intuitionistic fuzzy set on an initial universe set X is an object
of the system F' := {(x,h1,(x),h2,. (7)) : © € X} where hy, : X — HIF(X) and
ha. : X — HIF(X).
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Definition 3.3. A hesitant intuitionistic fuzzy set F' := {(z, hi (z),hep(2)) : 2 € X}is
called a hesitant intuitionistic fuzzy ideal of Xif for every x,y € X satisfies

(HIFI-I) hlﬁ (0) > hli(.’ﬁ) and hgﬁ (O) < hgﬁ (QC),

(HIFI-2) hy _(x) > m{hi.(z *y), h1.(y)},

(HIFI-3) hy_ (x) < M{ha (2 *y), ha.(v)}-

Definition 3.4. A hesitant intuitionistic fuzzy set ' := {(z, hi (z),hop(2)) : 2 € X}is
called a hesitant intuitionistic fuzzy b-ideal of X if for every x, y, z € X satisfies
(HIFBI-1) 1 . (0) > hy . () and ho , (0) < ha, (),

(HIFBL-2) hy  (x) > m{h1 ((z * 2) *x y), h1.(y) },

(HIFBL-3) hy (7) < M{ha,((z * 2) * y), ha, (y)}-

Definition 3.5. Let HIF(X) be the set of all hesitant intuitionistic fuzzy soft setin X. A
pair (F, A) is called a hesitant intuitionistic fuzzy soft set if ' : A — HIF(X), where
HIF(X) denotes the set of all hesitant intuitionistic fuzzy subsets of X.

Definition 3.6. Let (F', A) be a hesitant intuitionistic fuzzy soft set over X and A C E. We
say that (F', A) is a hesitant intuitionistic fuzzy soft ideal if the hesitant intuitionistic fuzzy
set Fla] := {(z, hig (@), by (2) © @ € X and o € A} is a hesitant intuitionistic
fuzzy ideal over X.

Definition 3.7. Let (F, A) be a hesitant intuitionistic fuzzy soft set over X and A C E.
We say that (F', A) is a hesitant intuitionistic fuzzy soft b-ideal if the hesitant intuition-
istic fuzzy set Fla] = {(x hiy, (2),he,, (#) : @ € X and a € A} is a hesitant
intuitionistic fuzzy b-ideal over X.

Example 3.8. A set X = {0, a, b, c} has the Cayley table given below:

W N = O %
W N = OO0
[\S 2N S i eviNen) B
—_ O = O
SO O oW

Then X is a BCK-algebra. Consider act as a factors A C E = {ay,ay}. Let (F, A) be a
hesitant intuitionistic fuzzy soft set over X.

R 0 1 2 3
op  [0.7,0.11 [0.7,0.1] [0.3,0.2] [0.3,0.2]
ag [0.5,0.01] [0.5,0.01] [0.2,0.1] [0.2,0.1]

Then F[oy] and Fla] are a hesitant intuitionistic fuzzy set over X. Therefore o]
and Flas] are a hesitant intuitionistic fuzzy b-ideal based on factors aq and oo over X
respectively. Hence (F', A) is a hesitant intuitionistic fuzzy soft b-ideal over X.

Theorem 3.1. If (F', A) be hesitant intuitionistic fuzzy soft ideal over X, then (F, A) is a
hesitant intuitionistic fuzzy soft b-ideal over X.
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Proof. Let (F, A) be a hesitant intuitionistic fuzzy soft ideal of X. Then
(i) For every z € X and o € A, we have
hlﬁ‘[a] (0) = hli[a] (1’ * CL’)

> mih,, (@), ki, (@)

= hlﬁ[a] (x)7
hlﬁ‘[a] (0) Z h’lﬁ*[a] (x)
and
hQF[a (0) = h2ﬁ‘[a] (@ * x)

S M{h’zp[a] (SE), hQﬁ[a] ('I)}
= hzﬁ[a] (:E)7
hQF‘[a] (O) S hQF[a] (CC)
(ii) For every x,y € X and a € A, we have

Py, (2) = mihe, (@ y), ki, ()}
Since x 1mply x * 0 for every z € X, we have
Mgy, (@) =mihn,, (2% 0) xy). ki, ().
If we substitute z for 0, we have
hlﬁ[a] (x) > m{hlﬁ[a] ((.1? * Z) * y)v hlﬁ[a] (y)}
forevery x,y,z € X and o € A.
(iii) For every z,y € X and o € A, we have
hop,, (@) < M{ha, (@5 y)hay (1)}
Since x 1mp]y 0 for every x € X, we have
hopy, (@) = M{ha, ((x%0)%y) hoy (4)}.
If we substitute z for 0, we have
hop,, (@) <M{ho, (@ %2) %), hay, (1)}
forevery x,y,z € X and o € A.
Hence, (F', A) is a hesitant intuitionistic fuzzy soft b-ideal over X . O

Definition 3.9. Let (F, A) be hesitant intuitionistic fuzzy soft set over X. Then the
“power-m” operation on hesitant intuitionistic fuzzy soft set is defined as follows:

Flo] = {(z,h1 4., (@), h2p (@) 12 € X and o € A}
where m is any non-negative integer.

Definition 3.10. Let (', A)™ be a hesitant intuitionistic fuzzy soft set over X and A C E.
We say that (F, A)™ is a hesitant intuitionistic fuzzy soft b-ideal if F™[a] :=
{(z, P o (w), hap,, o (x) : x € X and o € A} is a hesitant intuitionistic fuzzy b-ideal
over X.

Theorem 3.2. If (F, A) is a hesitant intuitionistic fuzzy soft b-ideal over X based on factor
«, then (F'; A)™ is an intuitionistic fuzzy soft b-ideal over X based in the similar manner.

Proof. For every x € X and o € A, F™[a] is a hesitant intuitionistic fuzzy set in X
defined by (F, A)™ = {(#, h1,, ., (), h2; () 1 @ € X and a € A} where m is any
non-negative integer.
Let (F, A) be a hesitant intuitionistic fuzzy soft b-ideal of X. Then
(i) For every z € X and o € A. We have
M oy (0) = [P, (0)]™
= hlﬁ‘[a] (LL' * .’L')]m
Z m{h’lﬁ[a] (l.)7 h‘lﬁ[a] (x)}m
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= m{h, (@)™ b1, ()"}
— by (@), hlm @)}
My (0) 2 P (@)
and

By (0) = By, (O]
= [hop, (@ x2)]™
Y ey
— M{ha, (&)™ by (2)")
= M{hs,,, (@), 2y, (2))
h2 oy (0) < hap,, (@ )~
(ii) For every z,y, z € X and o € A, We have
oy (2) = [ ()]
> m{hi, (@ %2)*y) by, (W)}"
= mihn,,, (xx2)* )™ by ()™
hlﬁm[a] (.’E) 2 m{hlﬁm[a] (((E * Z) * y)7 hlﬁ*m[a] (y)}
(iii) For every z,y,z € X and o € A, We have
By (@) = [hap (@)™
< M{hgﬁ[a]((l‘*z) *y)’h2 (y)}m
= M{ihap, ((z % 2) xy)™, F[a( )"}
h2 g ) (@) < M{hzm w(@x2)xy) hap,,  (Y)}
Hence, (F, A)™ is a hesitant intuitionistic fuzzy soft b-ideal over X based on factor o €
A. O

Theorem 3.3. If (F, A) is a hesitant intuitionistic fuzzy soft ideal over X, then (F, A)™
is a hesitant intuitionistic fuzzy soft ideal over X.

ﬁvn[a]

Proof. Straightforward. d

Theorem 3.4. If (F', A)™ is a hesitant intuitionistic fuzzy soft b-ideal over X, then (F', A)™
is a hesitant intuitionistic fuzzy soft ideal over X.

Proof. Let (F , A)™ be a hesitant intuitionistic fuzzy soft b-ideal of X and let « € A be a
parameter. For every z,y,z € X,

() h g (@) = mlhay,, (@5 2) 5 y) by, ()

= m{hig,., (@ 2)* (y%0), by, ().
If we substitute z for 0, we have
h’lﬁm[a] ('I) Z m{h’lﬁm[a] ((‘T * 0) * (y * O)) thm [a] (y)}‘
Since z * 0 imply x, we have
h’lﬁm[a] ("L’) Z m{h’lﬁm[a] ((I’ * y)? h’lﬁyn[a] (y)}
forevery x,y € X and a € A.
(i) by, (1) < M{hag,, (5 2) %) oy, ()

= M{ha,,,  (x%2) % (y*0)),hap,, . (4)}
If we substitute z for 0, we have
h2F7n ]( ) < M{h’2pm[ ((x * O) * (y * O)) h’2F7n (y)}
Smce x x 0 imply z, we have
h‘2F7n ( ) < M{hQFnL[a ((x * y)’ h’Qﬁrn[a] (y)}
for everyg: y€ Xand o € A.
Hence, (F, A)™ is a hesitant intuitionistic fuzzy soft b-ideal over X. ]
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Theorem 3.5. If (F, A)™ is a hesitant intuitionistic fuzzy soft ideal over X, then (F', A)™
is a hesitant intuitionistic fuzzy soft b-ideal over X.

Proof. Straightforward. ]

Definition 3.11. If (13‘, A) be hesitant intuitionistic fuzzy soft set over X, then the “p-
multiply” operation on hesitant intuitionistic fuzzy soft set is defined as follows:
pFla] = {(x,hlpﬁ[ (z), h2, e () :x € Xand o € A}

Definition 3.12. Let p(F, A) be a hesitant intuitionistic fuzzy soft set over X and A C E.
We say that p(F,A) is a hesitant intuitionistic fuzzy soft b-ideal if pFla] :=
{(x.h1 ;. (2) b2, (x) @ € X and o € A} is a hesitant intuitionistic fuzzy b-ideal
over X.

Theorem 3.6. If (F, A) is a hesitant intuitionistic fuzzy soft b-ideal over X, then p(F, A)
is a hesitant intuitionistic fuzzy soft b-ideal over X.

Proof. Forevery z € X and a € A, pF [a] is a hesitant intuitionistic fuzzy set in X
defined by

pFlo] ={(z,h1 . (%), h . ()2 € Xandae A}.

Let (F', A) be a hesitant intuitionistic fuzzy soft b-ideal of X. Then
(i) For any z € X and o € A, we have

h1, 0, (0) = phag  (0)

h2 oFla] ( ) S thﬁ‘[a] (.13)
(ii) For any z,y,z € X and o € A, we have
h, ., (@) = [ph, (@)
= m{phi,, (x*2)*y), ph1, (¥)}
hlpﬁ[u] (x) > m{hlpﬁ[q] ((m * z) ) hlpF (o] (y)}
(iii) For any z, v,z € X and o € A, we have
h2, 10y (€) = [ph2y, (7)]
< M{pha, ((z*2) *y), phay  (y)}

h2pﬁ‘[a]< ) < M{thF [a] ((x * Z) ) thF[a] (y)}'
Hence, p(F', A) is a hesitant intuitionistic fuzzy soft b-ideal over X for every a € A. [

Definition 3.13. Let p(F, A) be a hesitant intuitionistic fuzzy soft set over X and A C E.
We say that p(F', A) is a hesitant intuitionistic fuzzy soft ideal if pF'[o] := {(2, h1 (@),
ha p (@) o€ Xanda € A} is a hesitant intuitionistic fuzzy ideal over X.
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Theorem 3.7. If (F, A) is a hesitant intuitionistic fuzzy soft ideal over X, then p(F, A) is
a hesitant intuitionistic fuzzy soft ideal over X.

Proof. Straightforward. O

4. COMPLEMENT OF HESITANT INTUITIONISTIC FUZZY SOFT B-IDEALS OF
BCK-ALGEBRAS

In this section, complement of hesitant intuitionistic fuzzy soft set (ideals and b-ideals)
are defined and presented.

Definition 4.1. Let (F', A) be a hesitant intuitionistic fuzzy soft set over X, then the com-
plement of hesitant intuitionistic fuzzy soft set (F, A) is defined by (F,A)° = (F° -A),
where F€ : ~A — HIF(X) is a mapping given by FC[a] = F[-a] for every o € —A.

Definition 4.2. Let (F', A)C be a hesitant intuitionistic fuzzy soft set over X and A C E.
We say that (F', A) is a hesitant intuitionistic fuzzy soft b-ideal if the hesitant intuitionistic
fuzzy set FC[a] == {(x, hie, (@) hape, (x) + © € X and a € —A} is a hesitant
intuitionistic fuzzy b-ideal over X.

Theorem 4.1. If (F, A) is a hesitant intuitionistic fuzzy soft b-ideal over X, then (F, A)°
is a hesitant intuitionistic fuzzy soft b-ideal over X.

Proof. Let (F, A) be a hesitant intuitionistic fuzzy soft b-ideal of X
(i) Letz € X and o € —A. Then
hlpc[a] (O) = [hlﬁ[ﬁa] (0)]
= [h1,_,, (%)
2 m{hlp[ﬁu] (.13), hlp[ﬁu] (.13)}
= m{hlpc[a] (z), hl}%C[u] (x)}

hlﬁC[a] (O) > hlﬁC[a] (.T)
and
h2 e, (0) = hay (0)

Fl-a]
< M{ihsg (x) hoy (2)}
= M{haye.,, (@), hape, (2)}
h2Fc[ ( ) < hzﬁC[a] (l‘)
(ii) For every z,y € X and o € = A, we have
Mo, (®) =hig  (2)
2 m{hlﬁ[ﬁa] ((.’L‘ * Z) * y)’ hlﬁ[ﬁu] (y)}
thc[ ( ) > m{hlﬁc[a]((m * Z) * y)a hlﬁc[ (y)}
(iii) For every z,y € X and o € — A, we have
ho e (®) = hap (%)
< M{iha, (&% 2)xy) hay ()}
hQFc[ ( ) < M{h2FC[ ((x * Z) ) thc[a (y)}

Hence, (F, A)C is a hesitant intuitionistic fuzzy soft b-ideal over X. O

al

Definition 4.3. Let (F, A)© be a hesitant intuitionistic fuzzy soft set over X and A C E.
We say that (F', A)€ is a hesitant intuitionistic fuzzy soft ideal if the hesitant intuitionistic
fuzzy set Fa] := {(2,h1,c (), h2c,, (¥) @ € X and a € A} is a hesitant
intuitionistic fuzzy ideal over X.
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Theorem 4.2. If (F, A) is a hesitant intuitionistic fuzzy soft ideal over X, then (F, A)°
is a hesitant intuitionistic fuzzy soft ideal over X.

Proof. Straightforward. (]

5. CONCLUSIONS

In this paper, we brought the notions of hesitant intuitionistic fuzzy soft ideal and hes-
itant intuitionistic fuzzy soft b-ideal of BCK-algebras. We have shown that the hesitant
intuitionistic fuzzy soft ideal is a hesitant intuitionistic fuzzy soft b-ideal. Also, we have
proved that the complement of hesitant intuitionistic fuzzy soft b-ideals. In our future, we
will execute interval-valued intuitionistic fuzzy soft theory to BCK-algebras.
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