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p-SEMISIMPLE NEUTROSOPHIC QUADRUPLE BCI-ALGEBRAS AND
NEUTROSOPHIC QUADRUPLE p-IDEALS

G. MUHIUDDIN* AND YOUNG BAE JUN

ABSTRACT. Characterizations of neutrosophic quadruple BC'I-algebra are considered.
Conditions for the neutrosophic quadruple BC'I-set to be a p-semisimple BC'I-algebra
are provided. A condition for a subalgebra to be an ideal in neutrosophic quadruple BC'I-
algebra is given. Conditions for the set NQ(A, B) to be a neutrosophic quadruple closed
ideal and neutrosophic quadruple p-ideal are discussed. Characterizations of neutrosophic
quadruple p-ideal are considered.

1. INTRODUCTION

As a more general platform that extends the notions of classic set, (intuitionistic) fuzzy
set and interval valued (intuitionistic) fuzzy set, the notion of neutrosophic set is developed
by Smarandache ([[16], [17] and [18]]). Neutrosophic algebraic structures in BCK/BC1I-
algebras are discussed in the papers [3], [Z], (8, [91, [10], [12], [14], [15] and [20].
Smarandache [19] considered an entry (i.e., a number, an idea, an object etc.) which is
represented by a known part (a) and an unknown part (b7, cI,dF) where T, I, F' have
their usual neutrosophic logic meanings and a, b, ¢, d are real or complex numbers, and
then he introduced the concept of neutrosophic quadruple numbers. Neutrosophic quadru-
ple algebraic structures and hyperstructures are discussed in [1] and [2]. Jun et al. [11]
used neutrosophic quadruple numbers based on a set, and constructed neutrosophic quadru-
ple BCK/BC1TI-algebras. They investigated several properties, and considered ideal and
positive implicative ideal in neutrosophic quadruple BC K-algebra, and closed ideal in
neutrosophic quadruple BC'I-algebra. Given subsets A and B of a neutrosophic quadru-
ple BCK/BCI-algebra, they considered sets NQ(A, B) which consists of neutrosophic
quadruple BCK/BCT-numbers with a condition. They provided conditions for the set
NQ(A, B) to be a (positive implicative) ideal of a neutrosophic quadruple BC K -algebra,
and the set NQ(A, B) to be a (closed) ideal of a neutrosophic quadruple BCI-algebra.
They gave an example to show that the set {6} is not a positive implicative ideal in a neu-
trosophic quadruple BC K -algebra, and then they considered conditions for the set {0} to
be a positive implicative ideal in a neutrosophic quadruple BC K -algebra.
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In this paper, we consider characterizations of neutrosophic quadruple BC'I-algebra,
and give conditions for the neutrosophic quadruple BC'I-set to be a p-semisimple BC'I-
algebra. We provide a condition for a subalgebra to be an ideal in neutrosophic quadruple
B(C1-algebra, and provide conditions for the set NQ(A, B) to be a neutrosophic quadru-
ple closed ideal and neutrosophic quadruple p-ideal. We disuss characterizations of neu-
trosophic quadruple p-ideal.

2. PRELIMINARIES

A BCK/BC1I-algebra is an important class of logical algebras introduced by K. Iséki
(see [S] and [6]) and was extensively investigated by several researchers.
By a BCI-algebra, we mean a set S with a special element 0 and a binary operation *
that satisfies the following conditions:
M (Vz,y,2 € 5) ((x+y) * (zx2)) * (zxy) = 0),
(D (Va,y € S) ((z * (z xy)) xy = 0),
I (Vz e S) (z*xz=0),
V) Vz,ye ) (xxy=0,yxx=0 = z=y).
If a BC'I-algebra S satisfies the following identity:

then S is called a BCK-algebra. Any BCK /BCI-algebra S satisfies the following con-
ditions:

(Ve e S)(zx0=2x), 2.1
(Vo,y,z€S)(z<y = axx2<yx*z zxy < zx*x), (2.2)
(Vo,y,2€ 8) (z*xy)*x 2= (z*2) *y), (2.3)
(Ve,y,z € S) (zx2) x (y*x2) < xxvy) (2.4)

where ¢ < yifand only if z x y = 0.
Any BC'I-algebra S satisfies the following conditions (see [4]):

(Vo,y € S)(z* (z* (x*xy)) =z *xy), (2.5)
(Vo,y € S)(0x (z*xy) = (0% z) x (0 xy)), (2.6)
(Vo,y € S)(0* (0% (z*y)) = (0xy) * (0*x)). (2.7)

A BC1I-algebra S is said to be p-semisimple (see [4]) if 0 % (0« z) = x forall z € S.
Every p-semisimple BC'I-algebra S satisfies (see [4]):

(Va,y,z € S)((wx 2) * (y x 2) =z xy). (2.8)
A BC(C-algebra S is p-semisimple if and only if the following assertion is valid.
(Va,y € S)(w* (xxy) =y). (2.9)

An element ¢ in a BC'I-algebra S is said to be minimal (see [4]) if the following asser-
tion is valid.

Ve eS)(zxa=0 = x=a). (2.10)

A nonempty subset S of a BC'K/BCI-algebra S is called a subalgebra of S if xxy € S
forall z,y € S. A subset [ of a BCK/BC1I-algebra S is called an ideal of S if it satisfies:
0el, (2.11)
VeeS)(Vyel)(zxyel = ze€l). (2.12)
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A subset I of a BC'I-algebra S is called a closed ideal (see [4]) of S if it is an ideal of
S which satisfies:

(Ve S)xel = 0xxel). (2.13)

A subset I of a BCI-algebra S is called a p-ideal (see [21]]) of S if it satisfies (2.11))
and

(Ve,y,ze S)(yel,(xxz)x(yxz) el = xel). (2.14)

We refer the reader to the books [4} [13]] for further information regarding BCK/BCI-
algebras, and to the site “http://fs.gallup.unm.edu/neutrosophy.htm” for further information
regarding neutrosophic set theory.

We consider neutrosophic quadruple numbers based on a set instead of real or complex
numbers.

Definition 2.1 ([L1]). Let S be a set. A neutrosophic quadruple S-number is an ordered
quadruple (a, 2T, yI, zF') where a,x,y,z € S and T, I, F have their usual neutrosophic
logic meanings.

The set of all neutrosophic quadruple S-numbers is denoted by NQ(S), that is,
NQ(S) :={(a,2T,yl,zF) | a,z,y,z € S},

and it is called the neutrosophic quadruple set based on S. If S is a BCK/BCI-algebra, a
neutrosophic quadruple S-number is called a neutrosophic quadruple BC K / BCI-number
and we say that NQ(.S) is the neutrosophic quadruple BC K/ BC1I-set.

Let S be a BCK/BCI-algebra. We define a binary operation ® on NQ(S) by

(a,2T,yl, zF) ® (b,uT,vI,wF) = (a*b, (x*xu)T, (y*xv)I,(z*xw)F)
for all (a,zT,yl, zF), (b,uT,vI,wF) € NQ(S). Given a1, as, a3, as € S, the neutro-
sophic quadruple BCK/BCI-number (a1, a2T,asl,asF’) is denoted by a, that is,
a= (ala a2T7 (13], a4F)7

and the zero neutrosophic quadruple BC'K/ BCI-number (0, 07,01, 0F) is denoted by 0,
that is,

0 = (0,07,0I,0F).
We define an order relation “<”” and the equality “=" on NQ(.S) as follows:
Iy, <y fori=1,2 34,
IT=ysx =y fori=12734
forall Z,5 € NQ(S). Itis easy to verify that “<” is an equivalence relation on NQ(5).

Theorem 2.1 ([11]). If S isa BCK/BCI-algebra, then (NQ(S); ®,0) isa BCK/BCI-
algebra.

We say that (NQ(S); ®,0) is a neutrosophic quadruple BCK / BCI-algebra, and it is
simply denoted by NQ(.5).

Let S be a BCK/BC1I-algebra. Given a,b € S and nonempty subsets A and B of S,
consider the sets

NQ(a,B) :={(a,aT,yl,zF) € NQ(S) |y, z € B},
NQ(A,b) := {(a,2T,bI,bF) € NQ(S) | a,x € A},
NQUA, B) := {(a,2T,yT, 2F) € NQ(S) | a, € Ay, = € B},
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NQ(A*, B) := | JNQ(a, B),

a€cA

NQ(A,B") == | NQ(A,b),
beB
and
NQ(AUB) := NQ(A,0) UNQ(0, B).

The set NQ(A, A) is denoted by NQ(A).

3. p-SEMISIMPLE NEUTROSOPHIC QUADRUPLE BC'I-ALGEBRAS AND IDEALS

Definition 3.1. Given nonempty subsets A and B of S, if NQ(A, B) is a (closed) ideal
(resp., p-ideal) of a neutrosophic quadruple BC'I-algebra NQ(S), we say NQ(A, B) is a
neutrosophic quadruple (closed) ideal (resp., neutrosophic quadruple p-ideal) of NQ(S).

Theorem 3.1. Let N Q(S) be the neutrosophic quadruple set based on a set S. Then
(NQ(S); ®,0) is a neutrosophic quadruple BCI-algebra if and only if the following as-
sertions are valid.

(Vi, 5,2 € NQ(S)) (o9 0 (30 2) 0 (20§) =0), 3.1)
V&, 7€ NQ(S) (0§ =0,70z=0 =7 =7), (3.2)
(Vi € NQ(S)) (0 = &). (3.3)

Proof. Assume that (NQ(S); ®,0) is a neutrosophic quadruple BCI-algebra. Then two
conditions (3:1) and (3:2) are clearly true. Note that

T0i=0, 3.4

@o@eg)oy=0 (3.5)
forall Z,7 € NQ(S). Hence

(e ((@E0)o0=0 (3.6)

for all Z € NQ(S), and it follows from (3-1)), (3-4) and (3.6) that
0=((20(Z60)e(@Eef)e (o @Ee0)
=0 @E00)600) e (6 (Z00)
=00 (@06 (F00)).
Using (3.2), we have 7 ® (& ® 0) = 0 for all # € NQ(S). Also we have (+ ©®0) ® 7 =

(Z® (7)) ©&=0by @4) and (33). Therefore (3.3) is valid by using (3-2).
Conversely, suppose that the neutrosophic quadruple set NQ(.S) based on a set .S satis-
fies three conditions (3-1)), (3.2) and (3.3). It is sufficient to show that two conditions (3.4)

and (3.3) are true. Let , 5 € NQ(S). Using (3.3) and (3.1)), we have
P0i=@07)00=(7c0)o(#c0)e0c0)=0
and
(20 (E))eT=((Fe0)o(Fo)) e [Ho0)=0.
Therefore (NQ(S); ®,0) is a neutrosophic quadruple BCI-algebra. O

We consider conditions for the neutrosophic quadruple BCI-set NQ(S) to be a p-
semisimple neutrosophic quadruple BC'I-algebra.
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Theorem 3.2. If S is a p-semisimple BCI-algebra, then (NQ(S); ®,0) is a p-semisimple
neutrosophic quadruple BC'I-algebra.

Proof. Let S be a p-semisimple BCI-algebra. Then (NQ(S);®,0) is a neutrosophic
quadruple BCI-algebra (see Theorem2.1). For any & = (21, 22T, x31, 24 F) € NQ(S),
we have

00 00z) = (0% (0x%x1), (0% (0% x2))T, (0% (0% 23))1, (0% (0% 24))F)
= (21, 22T, 231,24 F) = Z.
Hence (NQ(S); ®, 0) is a p-semisimple neutrosophic quadruple BCI-algebra. O

Theorem 3.3. If the neutrosophic quadruple set NQ(S) based on a BCI-algebra S sat-
isfies the following assertion

(Vi€ NQ(S)(00z=0 = &=0), (3.7)
then (NQ(S); ®,0) is a p-semisimple neutrosophic quadruple BCI-algebra.

Proof. By Theorem L (NQ(S);®,0) is a neutrosophic quadruple BCI-algebra. Thus
0®(x®y):(0®a:)®(0®y) (3.8)
00(0e0oi)=00% (3.9)

forall Z,y € NQ(S). It follows from (34) that

00Ee00002)=00z)6 06 (0 (0@@))

=(0oroloi)=

Hence 7 (00 (00 7)) = 0forall 7 € NQ(S) by 7). Since 00 (06F) oz =0for
all # € NQ(S), it follows from (3.2) that 0 ® (0 ® &) = & for all Z € NQ(S). Therefore
(NQ(S); ®,0) is a p-semisimple neutrosophic quadruple BC'T-algebra. O

Corollary 3.4. If the neutrosophic quadruple set NQ(S) based on a BCI-algebra S
satisfies the following assertion

(V2§ € NQ(S)(E o (00§ =50 (007)), (3.10)
then (NQ(S); ®,0) is a p-semisimple neutrosophic quadruple BC'I-algebra.

Proof. By Theorem 2.1, (NQ(S);®,0) is a neutrosophic quadruple BCI-algebra. Let
e NQ(S )besuchthatO@x = 0. Then

i1=100=20000=0000%)=000=

by (33), (3-4) and (3-10). It follows from Theorem[3.3]that (NQ(S); ®, 0) is a p-semisimple
neutrosophic quadruple BC'I-algebra. ]

(el

In a neutrosophic quadruple BC'I-algebra, any subalgebra may not be an ideal as seen
in the following example.

Example 3.2. Consider a BC-algebra S = {0, 1, a} with the binary operation *, which
is given in TableT]
Then the neutrosophic quadruple BCT-algebra NQ(S) has 81 elements. If we take

B:={0,1,2,3,4,5,6,7,8,9,10,11,12,13, 14, 15}

Whgre R }
0=(0,07,0I,0F),1=(0,0T,0I,aF),2=(0,0T,al,0F),
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“ E)

TABLE 1. Cayley table for the binary operation “x

QR O %
[SEN ] Ren
Q O O+
o Q Q|8

=(0,0T,al,aF),4 = (0,aT,0I,0F),5 = (0,aT,0I,aF),
=(0,aT,al,0F),7 = (0,aT,al,aF),8 = (a,0T,0I,0F),
9 = (a,0T,0I,aF), 10 = (a,0T,al,0F), 11 = (a,0T,al,aF),
12 = (a,aT,0I,0F), 13 = (a,aT, 01, aF),
14 = (a,aT,al,0F), 15 = (a,aT,al,aF).
Then B is a subalgebra of NQ(S). But it is not an ideal of NQ(S). In fact, if we take
Z=(1,1T,0I,aF) € NQ(S) then

F©15=(1,1T,01,aF) ® (a,aT,al,aF) = (a,aT,al,0F) = 14 € B
Butz = (1,17,01,aF") ¢ B.

3
6

We provide a condition for a subalgebra to be an ideal in neutrosophic quadruple BC'I-
algebra.

Theorem 3.5. If NQ(S) is a neutrosophic quadruple BCI-algebra based on a p-semisimple
BC1I-algebra S, then every subalgebra of NQ(S) is an ideal of NQ(SS).

Proof. 1f S is a p-semisimple BCI-algebra, then (NQ(S); ®, 0) is a p-semisimple neutro-

sophic quadruple BC(C-algebra by Theorem Let NQ(S) be a subalgebra of NQ(S). It

isclearthat0 € NQ(S). Let #,§ € NQ(S) besuchthat7©g € NQ(S) andj € NQ(S).

Then0®© g € NQ(S)and (Z © ) ® (0© ) € NQ(S). Note that
(@Fopo@opor=(@EFopos)o0oy

=(@ope@Eel)e oy

=0.

Since (NQ(S); ®,0) is p-semisimple, we have 7 = (Z © ) ® (00 §) € NQ(S) by @
Therefore NQ(.S) is an ideal of NQ(S).

Lemma 3.6 ([11]). If A and B are (closed) ideals of a BCI-algebra S, then the set
NQ(A, B) is a neutrosophic quadruple (closed) ideal of NQ(S).

Recall that there exist ideals A and B in a BCT-algebra S such that NQ(A, B) isnot a
neutrosophic quadruple closed ideal of NQ(S) (see [L1, Example 3]).

We provide conditions for the set NQ(A, B) to be a neutrosophic quadruple closed
ideal of NQ(S).

Theorem 3.7. Let A and B be ideals of a BCI-algebra S. Then the set NQ(A, B) is
a neutrosophic quadruple closed ideal of NQ(S) if and only if the following assertion is
valid.

(Vae A,Vbe B)(0xa€ A, 0xb e B). 3.11)

Proof. Assume that NQ(A, B) is a neutrosophic quadruple closed ideal of NQ(S) for
any ideals A and B of a BC[I-algebra S. Let aj,as € A and by,by € B be such that
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(a1,a9T,b11,b5F) € NQ(A, B). Then
(0% a1, (0xaz)T, (0xb1)I,(0*b2)F)
= (0,07,0I,0F) ® (a1,a2T,b11, b2 F) € NQ(A, B),
and s0 0 x a1, 0 x az € Aand 0 x by, 0 % by € B. Therefore (3.11)) is valid.
Conversely, let A and B be ideals of a BCI-algebra S satisfying the condition (3.1T).

Then A and B are closed ideals of S. It follows from Lemma that NQ(A, B) is a
neutrosophic quadruple closed ideal of NQ(S). O

Corollary 3.8. Given an ideal A of a BCI-algebra S, the set NQ(A) is a neutrosophic
quadruple closed ideal of NQ(S) if and only if 0 x a € A forall a € A.

Theorem 3.9. For any ideals A and B of a BCI-algebra S, let m(A) and m(B) be the
set of all minimal elements of A and B with |m(A)| < oo and |m(B)| < oo, respectively.
Then the set NQ(A, B) is a neutrosophic quadruple closed ideal of NQ(S).

Proof. Foranya € A,b € Bandn,k € N, leta,, = 0%(0%a)™ and by, = 0% (0%b)*. Then
a, € m(A)and b, € m(B). Using (2.6) repeatedly, we have a,, = 0%(0xa)"™ = 0x(0xa™)
and b, = 0 % (0 % b)¥ = 0% (0 * b*). Hence

apxa”=(0x(0*xa"))*xa” =(0*xa")*x(0xa™)=0€ A
and

b % D" = (0% (0% b%)) x " = (0% %) (0% 0*) =0 € B.
Since A and B are ideals, it follows that a,, € A and b, € B. Since |m(A4)| < oo

and |m(B)| < oo, there exist p,q € N such that a, 4, = a, and by, = by, that is,
an * (0% a)? = a, and b, * (0 % b)? = by,. It follows that

ap =0x% (0% a)’ = (ap *x (0% a)?) xa, =a, *a, =0
and
by = 0% (0% b)7 = (bg * (0% b)) x b, = by, * by, = 0.

Thus a,—1%(0%a) = 0and by_1%(0%b) = 0, and so Oxa = ap—1 € Aand Oxb = by, € B.
Hence A and B are closed ideals of S. Therefore NQ(A, B) is a neutrosophic quadruple
closed ideal of NQ(SS). by Lemma /3.6 O

4. NEUTROSOPHIC QUADRUPLE p-IDEALS
In what follows, let S be a BC'I-algebra unless otherwise.

Question 1. If A and B are ideals of S, then is NQ(A, B) a neutrosophic quadruple
p-ideal of NQ(S)?

The following example shows that the answer to Question [I]is negative.

Example 4.1. Consider a BC'I-algebra S = {0, 1, a, b} with the binary operation *, which
is given in Table 2]

Then the neutrosophic quadruple BC'T-algebra NQ(.S) has 256 elements. Consider ideals
A=1{0,1} and B = {0, a} of S. Note that B = {0, a} is not a p-ideal of S. Then

is a neutrosophic quadruple ideal of NQ(S) where
0= (0,07,01,0F), 1= (0,0T,0I,aF),2 = (0,07, al,0F),
3=(0,0T,al,aF),4=(0,1T,01,0F),5 = (0,1T,0I,aF),
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“ E)

TABLE 2. Cayley table for the binary operation “x

S = O *
SN = OO
Q@ Q O Ol
_— O o QR
OO Qs

6= (0,1T,al,0F), 7 = (0,1T,al,aF),8 = (1,0T,01,0F),

9 = (1,07,0I,aF), 10 = (1,07, al,0F), 11 = (1,07, al, aF"),

12 =(1,1T,01,0F), 13 = (1,1T,01,aF),

14 = (1,17, al,0F), 15 = (1,17, al, aF).
If we take £ = (1,17, bI,bF) € NQ(S) and z = (b, bT,bI,bF) € NQ(S), then

(02 (T %) =(a,al,0I,0F)® (a,aT,0I,0F)
= (0,07,0I,0F) =0 € NQ(A, B).

Butz ¢ NQ(A, B), and so NQ(A, B) is not a neutrosophic quadruple p-ideal of NQ(.5).

We provide a condition for the set NQ(A, B) to be a neutrosophic quadruple p-ideal.
Theorem 4.1. Let A and B be ideals of S. If S is p-semisimple, then NQ(A, B) is a
neutrosophic quadruple p-ideal of NQ(5S).

Proof. 1f A and B are ideals of S, then NQ(A, B) is an ideal of NQ(S) (see Lemmal3.6),
andso0 € NQ(A,B). LetZ,7,Z € NQ(S)besuchthat (Z©2)© (§© 2) € NQ(A, B)
and § € NQ(A, B). Since S is p-semisimple, it follows from (2-8) that

(x1 % y1, (w2 *x y2) T, (23 * y3)I, (14 % ya) F)

= ((z1 % 21) * (y1 * 21), (22 * 22) * (y2 * 22))T,

(w3 * 23) x (y3 * 23)) L, (w4 * 24) * (ya * 24)) F)

= (21 % 21, (X2 % 22)T, (w3 * 23)1, (T4 % 24) F)©

(y1* 21, (y2 % 22)T, (y3 * 23)1, (ya * 24) F)

= ((z1, 22T, 23], 24 F) © (21, 22T, 231, 24 F))®

(1, 92T, y31,yaF) © (21, 22T, 231, 24 F'))

=(Z02) 0oz eNQA,B).
Hence z; xy; € Aand z; xy; € Bfori = 1,2 and j = 3,4. Since y1,92 € A
and y3,y4 € B, wehave x; € Aandx; € Bfori = 1,2and j = 3,4. Thus ¢ =
(z1,25T, 231, x4F) € NQ(A, B). Therefore NQ(A, B) is a neutrosophic quadruple p-
ideal of NQ(SS). O

Corollary 4.2. If A is an ideal of a p-semisimple BCI-algebra S, then NQ(A) is a
neutrosophic quadruple p-ideal of NQ(SS).
Corollary 4.3. [fa BCI-algebra S satisfies:

(Vo,y,z € S)((z xy) * 2 =z x (y * 2)), (4.1)

then NQ(A, B) is a neutrosophic quadruple p-ideal of NQ(S) for all ideals A and B of
S.
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Proof. Using (2.3) and (@.1)), we have
y* (@ (@xy)) = (yra)*(@wxy)=(y*(zxy)) *z
=((y*z)xy)xz=(y*xz)*(y*xz)=0
for all z,y € S. It follows from (II) and (IV) that « * (z x y) = y. Hence S is p-

semisimple, and therefore NQ(A, B) is a neutrosophic quadruple p-ideal of NQ(S) by
Theorem .11 O

Theorem 4.4. If A and B are p-ideals of S, then the set NQ(A, B) is a neutrosophic
quadruple p-ideal of NQ(S).

Proof. Assume that A and B are p-ideals of S. Obviously, 0 € NQ(A, B). Let & = (x,
I’QT, Ig[, SC4F), g = (yl; yQT, ygl, y4F) and Z = (Zl, ZQT, 2’3[, Z4F) be elements of
NQ(S) suchthat (2 ©2) © (§© 2) € NQ(A,B) and § € NQ(A, B). Then
(Z02)0[Hoz)=((z1*21)* (Y1 * 21), (w2 % 22) * (y2 * 22)) 7T,
(23 % 23) * (y3 * 23)) L, (w4 % za) * (ya % 24))F) € NQ(A, B),

which implies that (zq %271 )*(y1%21) € A, (za*29)*(yax22) € A, (w3%23)*(ysx23) € B
and (x4 % 24) * (ya * 24) € B. Since § € NQ(A, B), we have y1,y2 € A and y3,y4 € B.
It follows from (2:14) that 21,25 € A and x3, 74 € B. Hence T = (z1, 22T, 31, 24 F) €
NQ(A, B), and therefore NQ(A, B) is a neutrosophic quadruple p-ideal of NQ(S). O

Corollary 4.5. If A is a p-ideal of S, then NQ(A) is a neutrosophic quadruple p-ideal of
NQ(S).
Proposition 4.6. For any p-ideals A and B of S, the set NQ(A, B) satisfies the following
implication.

(Vi e NQ(9))(00 (00%) € NQ(A,B) = € NQ(A, B)). (4.2)

Proof. 1f0® (0 ® &) € NQ(A, B), then
06 (00 &) = (0,07,01,0F) ® ((0,07,01,0F) & (z1, 22T, w31, 24 F))
= (0,07,0I,0F) ® ((0 % z1), (0 % z2)T, (0 % x3)1, (0% 24)F)
= (0% (0%x1), (0% (0% 22))T, (0% (0% x3))I, (0% (0% x4))F)
€ NQ(A, B).
Hence (x1 *xx1) * (0% 21) = 0% (0xx1) € A, (z2 % z2) * (0% x2) = 0% (0*x22) € A,
(r3*xg)* (0xx3) = 0% (0xx3) € Band (x4 *xx4)* (0xx4) = 0% (0% 24) € B. Since

A and B are p-ideals of S, it follows from (2.14) that 21,22 € A and 3,24 € B. Hence
T = ($1,$2T7$3],$4F) ENQ(A7B> O

Corollary 4.7. For any p-ideal A of S, the set NQ(A) satisfies the following implication.
(Vi € NQ(9))(00 (00%) € NQ(A) = &€ NQ(A)). (4.3)
Theorem 4.8. Ler A and B be ideals of S. Then NQ(A, B) is a neutrosophic quadruple
p-ideal of NQ(S) if and only if the following assertion is valid.
(ZO2) o2 eNQAB) = 207€ NQ(A,B) 4.4)
Sforallz,y,z € NQ(S).
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Proof. Assume that NQ(A, B) is a neutrosophic quadruple p-ideal of NQ(S). Let z, 7, Z €

NQ(S)besuchthat (Z©® 2) ® (§ © Z) € NQ(A, B). Then
(Fog)oe@@oy)o(((Zez)o(oz) o (o)
=00(7e2)06((@E09) e ([Ho2)

000=0¢c NQ(A, B),

andso 2Oy € NQ(A, B) since NQ(A, B) is a neutrosophic quadruple p-ideal of NQ(.5).

Conversely, let A and B be ideals of S such that the set NQ(A, B) satisfies the condi-

tion @ Then NQ(A, B) is a neutrosophic quadruple ideal of NQ(S) by Lemma

andso0 € NQ(A, B). Let , 7,2 € NQ(S) be such that (Z® 2) ® (§ ® 2) € NQ(A, B)

and § € NQ(A,B). Then &z ® § € NQ(A, B) by @3), and thus Z € NQ(A, B).

Therefore NQ(A, B) is a neutrosophic quadruple p-ideal of NQ(.5). O

Corollary 4.9. Given an ideal A of S, the set NQ(A) is a neutrosophic quadruple p-ideal
of NQ(S) if and only if the following assertion is valid.

(F02) 0[Oz eNQA) = 76je NQA) (4.5)
Sforallz,7y,z2 € NQ(S).
Theorem 4.10. Let A and B be ideals of S such that
(Vz € S)(0* (0xx) € A (resp., B) = = € A (resp., B)). (4.6)
Then NQ(A, B) is a neutrosophic quadruple p-ideal of NQ(S).

Proof. Letx,y,z € S be such that (x x 2) x (y x z) € A (resp., B) and y € A (resp., B).
Then

(0% (0% ((zx 2) x (y x 2)))) * ((z*2) * (y* 2))
= (0 ((zx2) * (y*2))) = (0 ((z*2) * (y * 2)))
=0 € A (resp., B).

and so 0% (0 % ((z % 2) * (y x 2))) € A (resp., B) since A and B are ideals of S. Now we
have

= ((( z) = (((0%y) (0% 2)) * ) % (0% x)
=((0x(y*x2))x2)*(0*xxz)=((0%2)*(0xx))*(y=*2z)
=((0%(0*(0%2)))* (0xx)) * (y*2)

= ((0% (0% 2)) # (0 (0% 2))) * (y* 2)

= (0% ((0x2)* (0%2))) * (yx2) = (0% (0 (x5 2))) * (y * 2)
=0x*(yx2))«(0*(x*x2)) =0 (0x(0x(y*2))))*(0x(xxz2))
=(0x(0*(x*x2)))*(0x(0*x(y*x2)))=0x((0*(xx2))*(0=x(y=x2)))

=0x(0x ((z*2)*(yx*z))) € A (resp., B).

It follows from ([@.6) that = x y € A (resp., B). Hence x € A (resp., B). This shows that
A and B are p-ideals of S. Therefore NQ(A, B) is a neutrosophic quadruple p-ideal of
NQ(S) by Theorem[d.4] O

Corollary 4.11. Let A be an ideal of S such that
(Vz e S)(0x (0xx) € A=z € A). 4.7
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Then NQ(A) is a neutrosophic quadruple p-ideal of NQ(S).

5. CONCLUSION

In this paper, we consider characterizations of neutrosophic quadruple BCI-algebra,
and give conditions for the neutrosophic quadruple BC'I-set to be a p-semisimple BC'I-
algebra. Futhermore, we provide a condition for a subalgebra to be an ideal in neutrosophic
quadruple BC'I-algebra, and provide conditions for the set NQ(A, B) to be a neutrosophic
quadruple closed ideal and neutrosophic quadruple p-ideal. We hope that this work will
provide a deep impact on the upcoming research in this field and other related areas to
open up new horizons of interest and innovations. Indeed, this work may serve as a foun-
dation for further study of neutrosophic subalgebras in BCK/BCI-algebras. To extend
these results, one can further study the neutrosophic set theory of different algebras such as
MTL-algerbas, BL-algebras, M V-algebras, EQ-algebras, R0O-algebras and Q-algebras etc.
One may also apply this concept to study some applications in many fields like decision
making, knowledge base systems, medical diagnosis, data analysis and graph theory etc.
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