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POSITIVE SOLUTIONS FOR NONLINEAR CAPUTO-HADAMARD
FRACTIONAL RELAXATION DIFFERENTIAL EQUATIONS

ABDELOUAHEB ARDJOUNI* AND AHCENE DJOUDI

ABSTRACT. We study the existence and uniqueness of positive solutions of the nonlinear
fractional relaxation differential equation
D¢ (t) +wz (t) = f(t,z(t), 1<t<e,
{ z (1) =20 >0,

where D¢ is the Caputo-Hadamard fractional derivative of order 0 < o < 1. In the
process we convert the given fractional differential equation into an equivalent integral
equation. Then we construct an appropriate mapping and employ the Schauder fixed point
theorem and the method of upper and lower solutions to show the existence of a positive
solution of this equation. We also use the Banach fixed point theorem to show the existence
of a unique positive solution. Finally, an example is given to illustrate our results.

1. INTRODUCTION

Fractional differential equations with and without delay arise from a variety of applica-
tions including in various fields of science and engineering. In particular, problems con-
cerning qualitative analysis of linear and nonlinear fractional differential equations with
and without delay have received the attention of many authors, see [1]-[12]], [15] and the
references therein.

Zhang in [15] investigated the existence and uniqueness of positive solutions for the
nonlinear fractional differential equation

{ Dz (t) = f(t,z(t), 0 <t <1,
z(0) =0,

where D¢ is the standard Riemann Liouville fractional derivative of order 0 < v < 1 and
f:1]0,1] x [0,00) — [0, 00) is a given continuous function. By using the method of the
upper and lower solution and cone fixed-point theorem, the author obtained the existence
and uniqueness of a positive solution.
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The nonlinear fractional differential equation

CD (t) = f(t,x(t)) +¢ D Lg (t,z (t)), 0 <t < T,
{ Z‘(O):@l > 0, 33/(0):92 >0,

has been investigated in [7]], where © D® is the standard Caputo’s fractional derivative of
orderl < oo < 2,¢9,f :[0,7] x [0,00) — [0,00) are given continuous functions, g is
non-decreasing on = and 6 > ¢ (0, 6;1). By employing the method of the upper and lower
solutions and Schauder and Banach fixed point theorems, the authors obtained positivity
results.

In [8], Chidouh, Guezane-Lakoud and Bebbouchi discussed the existence and unique-
ness of the positive solution of the following nonlinear fractional relaxation differential
equation

D (t) +wz (t) = f (t,z (t)), 0 <t < 1,
{ x(0) =29 >0,
where 0 < o < 1,w > 0and f : [0, 1] x [0,00) — [0, 00) is a given continuous function.
By using the method of the upper and lower solutions and Schauder and Banach fixed point
theorems, the existence and uniqueness of solutions have been established.

Ahmad and Ntouyas in [1] studied the existence and uniqueness of solutions to the

following boundary value problem

CD{ll (qu(t) -9 (t7ut)) = f(t7ut)7 te [13 b]a

u(t) =o(t), te [l —r1],
Dfu(l) =n€eR,

where ©f and C‘Df are the Caputo-Hadamard fractional derivatives, 0 < «, < 1. By
employing the fixed point theorems, the authors obtained existence and uniqueness results.

In this paper, we extend the results in [8]] by proving the positivity of solutions for the
nonlinear fractional relaxation differential equation

fx(t)+wet)=f(tz({), 1<t <e,
{ x (1) =z >0,

where ©¢ is the Caputo-Hadamard fractional derivative of order 0 < o < 1, w > 0,

f:[1,€] x [0,00) — [0,00) is a given continuous function. To show the existence and

uniqueness of the positive solution, we transform (1.1} into an integral equation and then

by the method of upper and lower solutions and use the Schauder and Banach fixed point

theorems.

This paper is organized as follows. In section 2, we introduce some notations and
lemmas, and state some preliminaries results needed in later sections. Also, we present
the inversion of and the Banach and Schauder fixed point theorems. For details on
the Banach and Schauder theorems we refer the reader to [[14]. In Sections 3 and 4, we
give and prove our main results on positivity and we provide an example to illustrate our
results.

(1.1)

2. PRELIMINARIES

Let X = C ([1, €]) be the Banach space of all real-valued continuous functions defined
on the compact interval [1, e], endowed with the maximum norm. Define the cone

E={reX:2()>0,Vtele]}.
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We introduce some necessary definitions, lemmas and theorems which will be used in
this paper. For more details, see [10].

Definition 2.1 ([[10]). The Hadamard fractional integral of order o > 0 for a continuous
function z : [1,4+00) — R is defined as

o (t) = ﬁ /lt <log z)al x(s)%, > 0.

Definition 2.2 ([10]). The Caputo-Hadamard fractional derivative of order o > 0 for a
continuous function  : [1, +00) — R is defined as

o 1 ¢ AN " ds
Ta(t) = m/l <logs) ] (:v)(s)?, n—1<a<n,

where 6" = (t%)n, n e N,

Lemma 2.1 ([10]). Letn —1 < a <n,n € Nandz € C™ ([1,T]). Then

aryQ _ = x(k)(l) 1 k
(07D77) (t)—x(t)—gm(ogt) :

Lemma 2.2 ([10]). Forallp > 0andv > —1,
1t A ds T(v+1)
— log - logs)/— = ——— 1 7 __(log t)H V.
oo [, (o) omr S = gy em

Definition 2.3 ([13]]). The two-parameter function of the Mittag-Leffler type is defined by
the series expansion

n

> z
Eavﬁ(z)—2m7a>o,ﬂ€(c,z€(c

n=0
For 8 = 1, we obtain the Mittag-Leffler function in one parameter

n

z
E == 7 2 .
(,(z) ngor(n 1),a>0,z€C

Lemma 2.3 ([13])). The generalized Mittag-Leffler function E,, g (—x) with © > 0 is com-
pletely monotonic if and only if 0 < o < 1 and 8 > «. In other words, it yields

dn
(D" wEa,B (—x) > 0foralln € N.

Obviously, 0 < E, g (—z) < % wherez > 0,0 < a <1landpB > a.

The following lemma is fundamental to our results.
Lemma 2.4. Let x € C ([1,€]), o' exists, then x is a solution of (1) if and only if
x(t) = 2o Es (—w (log t)™)

t a—1 @
+/ (log t> Eq o <w <log t) >f(s,a:(s)) ﬁ, 1<t<e (21
1 s s S

Proof. Tt is easy to prove by the Laplace transform. (I

Lastly in this section, we state the fixed point theorems which enable us to prove the
existence and uniqueness of a positive solution of (L.1).
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Definition 2.4. Let (X, ||.||) be a Banach space and A : X — X. The operator A is a
contraction operator if there is an A € (0, 1) such that z,y € X imply

[ Az — Ay[| < Mz —y]|.

Theorem 2.5 (Banach [14]]). Let KC be a nonempty closed convex subset of a Banach space
X and A : K — K be a contraction operator. Then there is a unique x € IC with Ax = x.

Theorem 2.6 (Schauder [14]]). Let KC be a nonempty bounded, closed and convex subset
of a Banach space X and A : K — IC be a completely continuous operator. Then A has a
Jixed point in K.

3. EXISTENCE OF POSITIVE SOLUTIONS

In this section, we consider the results of existence problem for many cases of (I.I)). We

express (2.1) as
x (t) = (Az) (1), (3.1)
where the operators A : £ — X are defined by

(Az) (t) = 20Eq (—w (logt)®)

+1Kt(bgi)a_lEma(—mj<bgz)a)f(&m($)ij

We need the following lemmas to establish our results.

Lemma 3.1. Assume that f : [1,€] x [0,00) — [0, 00) is continuous. Then, the operator
A : € — & is completely continuous.

Proof. By Lemma 2.3 and taking into account that f is continuous nonnegative function,
we get that A : £ — £ is continuous. The function f : [1,¢e] x B, — [0, c0) is bounded,
then there exists p > 0 such that

0< f(tx(t) <p,
where B, = {z € £ : ||z|| < n}. We obtain
|(Az) (1) = |0 Ea (—w (logt))

t ¢ a—1
+/ <1og> Eyo
1 S
1 t
- I'(a) /1
t
J

(1062) ) s 5o &

<w
) v (o) %
)al 20

t
A CHIG
s s
) t ds p (logt)®
P [ (gl) %<
=TT () ("gs s =" Ta+D
Thus, p
< e Em—
ol < 0+

Hence, A(B,,) is uniformly bounded.
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Now, we will prove that .A(Bn) is equicontinuous. Let x € B,, then for any ¢1,t2 €
[1,¢], to > t1, we have

|(Az) (t2) — (Az) (t1)]

to t a—1
+ / <log 2) Foa <
1 S
t1 ¢ a—1
—/ <log 1) Eoo <—w
1 S

t1 a—1 a— to a—1
I4 131 23 ds P / to ds
S log ) —(g2) Ty P og2) ¥
T, (Ogs (g) T \%s)

14 « to “ e} to “
+ NCES) ((logtl) + <log f1> (logta)™ + <log t1> )
< z0|Eq (—w (logte)®) — Eq (—w (lo t)a)|+72p log 22 )
S Zo Lo (—w (l0g T2 a(—w(logty T(at1) Ogt1 .

As t; — t9 and taking into account that the function E, (—w (logt)®) is continuous on
[1, e], the right-hand side of the previous inequality is independent of = and tends to zero.
Thus that A(B,,) is equicontinuous. So, the compactness of .4 follows by Ascoli Arzela’s
theorem. O

Now for any z € [a,b] C R*, we define respectively the upper and lower control
functions as follows

H(t,x)= sup f(t,y), h(t,x) = inf f(ty).

a<y<z z<y<b

It is clear that these functions are nondecreasing on [a, b].

Definition 3.1. Let7,z € £, a < z < T < b, satisfying
Z(t) > 20E, (—w (logt)")

+ /j (log Z)al Faa (—w (log i)a) H (7 () 2, 1

z (t) < 2oBq (—w (logt)*)

t a—1 @
+ / (log t) Eua (—w (log t) ) h(s,z(s)) @, 1 <t<e
1 s s s

IN
~
IN
o

and

IN
IN
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Then the functions  and z are called a pair of upper and lower solutions for the equation
(1.

Theorem 3.2. Assume that f : [1,¢e] x [0,00) — [0,00) is continuous, and T and x are
respectively upper and lower solutions of (1), then the problem (I.1) has at least one
positive solution.

Proof. Let
K={ze& z(t)<z(@)<zT(t),te[lel}.
As £ C &€ and K is a nonempty bounded, closed and convex subset. By Lemma [3.1]

A : K — £ is completely continuous. Next, we show that if « € IC, we have Ax € K. For
any z € I, we have x < z < 7, then

(Az) (t) = 2o Eo (—w (log t)®)

+ /lt <1og i)al Fao (w <10g z>a> F(5,2(6) %

< 2B, (—w (logt)®)

7 (1), (3.2)
and
(Az) (t) = 2o Eq (—w (logt)®)

f (mgz)“l B (—u (108 ) ) (a9 s

> xoby (—’LU (log t)a)

+ /j (log Z)a_l Eoa (—w <log i)a) h(s,z(s))ds

>z (t). (3.3)

Thus, from (3.2) and (3:3), we obtain that Az € K. We now see that all the conditions
of the Schauder fixed point theorem are satisfied. Thus there exists a fixed point x in /C.
Therefore, the problem (I.1) has at least one positive solution z in . (I

Corollary 3.3. Assume that f : [1,e] x [0,00) — [0, 00) is continuous, and there exist
A1, Ao > 0 such that

A < ft,x) < Ag, (t,2) € [1,€] X [0,4+00). (3.4)
Then the problem (I1) has at least one positive solution x € &, moreover
z(t) > 20Eq (—w (logt)™) + A1 (log )" En,a+1 (—w (logt)®), (3.5)
and
z(t) < zoEq (—w (logt)”) + A2 (log )" Eg,a+1 (—w (logt)®) . (3.6)

Proof. From (3.4) and the definition of control functions, we have

Now, let
DT (t) + wT (t) = A2, T(1) = xo. (3.8)
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The above equation (3.8) has a positive solution

T (t) = 20 Eu (—w (logt)®) 4 A /lt (10g Da_l Eao (_w <log z)‘“) %

= 20E, (—w (logt)®) + A2 (logt)” By a+1 (—w (logt)®).
Taking into account (3.7), we have

T(t) = 2B (—w (log 1)) + Ao /1 <1Og z)a_lEava (_w <1ogi)a> 2

> 20E, (—w (logt)™)

+ /lt <10g i)al o <w (log z)&) H (5,7 (s)) %.

It is clear that 7 is the upper solution of (I.T).
Now, let
Yz (t) +wz(t) =M, z(1) = zo.
which has also a positive solution

z(t) = 20Eq (—w (logt)®) + A /lt (10g Z)al o (_w <log z)"‘) %
= 0By (—w (logt)*) + Ay (10gt)* Eg a1 (—w (logt)®).

By (3.7) and the same way that we used to search the upper solution, we conclude also
that z is the lower solution of (I.I). Therefore, from Theorem [3.2] we conclude that the
problem (L.I) has at least one positive solution z € £ which verifies the inequalities (3.3)

and (3:6). O

Corollary 3.4. Assume that f : [1,¢e]x [0, 00) — [a, 00) is continuous where a is a positive
constant such that
a< lim f(tx)<+oo, (3.9)
r—+00

then the problem (I_1) has at least one positive solution x in E.

Proof. By (3.9), there exist positive constants N and R such that

f(t,x) < Nforanyx > R, t € [1,¢]. (3.10)
Let C = max f (t,x). Then, by (3.10), we have
1<t<e,0<z<R

a< f(t,x) < N+Cforanyxz >0, te[l,e].

Thus, from Corollary 3.3} the problem (T.I) has at least one positive solution z in £ which
satisfies the following inequalities

z(t) > 2oEq (—w (logt)”) + a (logt)® Eq,a+1 (—w (logt)®),
and
z(t) < 2oEq (—w (logt)®) + (N + C) (logt)® Eg.a41 (—w (logt)®) .
O

Corollary 3.5. Assumethat f : [1,¢e]x[0,00) — [a, ) is continuous where a is a positive
constant and there exist ¢, d > 0, such that

max {f (t,z): (t,z) € [l,e] x [0,d]} < I (a+1) — xo. 3.11)
Then the problem (I1) has at least one bounded positive solution x in E.
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Proof. By (3.11)), we have
a< f(t,x) <cl(a+1)—x¢ forany (t,z) € [1,e] x [0,d].
Hence, from Corollary [3.3] we conclude directly that the problem (T.T) has at least one

positive solution x in & satisfying
0<z<e

Proposition 3.6. Assume that f : [1,¢e] x [0,00) — [a,00) is continuous where a is a
positive constant such that

t
o< lim max 207 o oo (3.12)
z—+o0 1<t<e x

Then the problem (I.1) has at least one bounded positive solution x in £.

Proof. Since (3.12) is verified, there exist positive constants M/ and R such that
ft,z) <Mz foranyx > R, t € [1,e].
a< f(t,x) < Mz+C foranyxz >0, t€[l,e].

Then, we have

H(t,x) < Mx+C foranyxz >0, t € [l,e]. (3.13)
Consider the following equation
DT () +wz (t) =Mz +C, T(1)=xo, (3.14)

which has the following positive solution
Z(t) = xoEq (—w (logt)®)

+ /lt (log Dal Fuu (—w <1og i)a> (MZ (s) + C) %.

Let us define the operator A : £ — £ as follows
AZ (t) = zoE, (—w (log t)®)

t a—1 e
+/ <log t) Eua <—w (log t) ) (Mz (s)+C) @, (3.15)
1 S S S

which is completely continuous from Lemma [3.1]
Denote
Q. ={Fe€&:||T—wvl| <r<oo},
where vg (t) = C (logt)” Eq o+1 (—w (logt)®) and r satisfies

zol (a +1)° + MC
"FTa+)T(a+l) - M)

For any T € 2,., we have

en O
||x”*r+r(a+1)
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Then
|(AZ) (t) — vo ()]

2o Eo (—w (logt)®) + /lt (log z)al o (_w <1og z)O‘) M7 (s) %

< 29 Eq (—w (logt)”) + M |[Z]| (log )" Ea,a41 (—w (logt)®)

c
M (r + F(a+1)>
I'la+1)

< z0+ (logt)™.

Thus
Mr L+ MC <
C(a+1) T(a+1)° "~
According to the Schauder fixed point theorem, the operator .4 has at least one fixed point

in Q,.. Hence, the problem (3.14) has at least one positive solution in €2,., and by (3.13),
we have

Z(t) > xoEq (—w (logt)®)

t a—1 a
—|—/ <10g t) Eoy.o (—w <log t) > H (5,7 (s)) @, T € Q.
1 s s s

Obviously, Z is the upper solution of (II)), and by Corollary [3.3] we conclude also that
z(t) = zoEa (—w (logt)?) + a (logt)® Eg,a+1 (—w (logt)?),

is the lower solution of (T.T)). From Theorem[3.2] the problem (I.I]) has at least one positive
solution z in £. |

||.Af* ’U0|| S ZTo —+

4. UNIQUENESS OF POSITIVE SOLUTIONS
In this section, we shall prove the uniqueness of the positive solution using the contrac-
tion mapping principle.

Theorem 4.1. Assume that f : [1,e] X [0,00) — [0,00) is continuous and there exists
L > 0 such that

|f (t,z1) — f(t,x2)| < L|zy — x2| foranyt € [1,€], x1, 22 € [0,00), 4.1)

with
L

I'(a+1)
Then the problem (I1) has a unique positive solution z € K.

Proof. From Theorem [3.2] it follows that (I.I) has at least one positive solution in K.
Hence, we need only to prove that the operator A defined in (3.1)) is a contraction on K. In
fact, since for any x1,zo € K, @.I)) and (#.2) are verified, then we have

[(Az1) (8) = (Azz) (¢)]

< [ (o) B (o (08 ) Y1 ) s a1

L|jxy — 22

<1 (4.2)

“TI'(a+1)
L

< ——m—— — .
= F(O(—f—l) ||I1 IQH
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Thus,

L
— < — .
[ Azy — Azs|| < o) 21 — a2
Hence, the operator A is a contraction mapping by {@.2). Therefore, by the contraction
mapping principle, we conclude that the problem (I.1)) has a unique positive solution z €
K. d

Finally, we give an example to illustrate our results.

Example 4.1. We consider the following nonlinear fractional relaxation differential equa-
tion

1 1 t—1
D7z (t)+x(¢) (—|—2>,1<t<e7

T24t\z(H)+1 4.3)
z(1)=1,
where 1/5 1 land f (¢, ) ! (-1 + 2 |. Since f is continuous
a= w=1,1z= )= — [ —= )
5 s 40 ) 2+t .’E+1

and

2 2
— < ftx)<=
2+e_f(’x)_3’

for (t,2) € [1,e] x [0,00), hence by Corollary (4.3) has a positive solution which
verifies z (t) < x (t) < T (t) where
2
T (t) = Eys (* (log t)1/5) + 3 (log t)1/5 E1/56/5 (* (log t)1/5) ;

and
2
z(t)=Eys (— (log t)1/5) + re (log t)1/5 Ei/56/5 (— (log t)1/5> )

are respectively the upper and lower solutions of (4.3). Also, we have
L

I'a+1)

then by Theorem[4.1] (.3)) has a unique positive solution which is bounded by z and Z.

~0.397 < 1,

5. CONCLUSION

In the current paper, we have studied the existence and uniqueness of positive solutions
for nonlinear Caputo-Hadamard fractional relaxation differential equations. We have pre-
sented the existence and uniqueness theorems for the problem under some sufficient
conditions due to the Schauder and Banach fixed point theorems and the method of upper
and lower solutions. The main results have been well illustrated with the help of an exam-
ple. Our results in this paper have been extended some wellknown results. It seems that
the results of this paper can be extended to cover the case of delay fractional relaxation
differential equations.
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