ANNALS OF COMMUNICATIONS IN MATHEMATICS
Volume 3, Number 4 (2020), 252-260

ISSN: 2582-0818

(© http://www.technoskypub.com

FUZZY STABILITY RESULTS DERIVING FROM QUADRATIC FUNCTIONAL
EQUATION

K. TAMILVANAN, G. BALASUBRAMANIAN AND K. LOGANATHAN*

ABSTRACT. We establish the generalized Hyers-Ulam stability of the 4 variable quadratic
functional equation
¢(2’U1 +ovgtvstug) =¢(v1 vz tovs)+ ¢ (v1 Lo :tv3)+¢(v1 + vo + v4)
+¢ (£v1) — ¢ (Fv2) — ¢ (fvs) — ¢ (£va)

in Fuzzy Normed Spaces using two different methods.

1. INTRODUCTION AND PRELIMINARIES

Stability of some functional equations within the framework of fuzzy normed spaces
or random normed spaces has been investigated. While is it true that a function which
about fulfills a functional equation, Hyers theorem become generalized via Aoki for ad-
ditive mappings and through Rassias for linear mappings with the aid of thinking about
an unbounded Cauchy difference. Eventually, the stability problems for several sorts of
functional equations in numerous spaces were appreciably studied by using many authors
[l 134144 16l 181 9L 110k 114 [13L (154164 (17, [18]].

The well-known functional equation inside the field of stability of functional equation
is the quadratic functional equation

fet+y) + fl@—y) =2f(z) +2f(y). (1.1
The function f(x) = 22 is the solution of the functional equation .

A generalization of the Rassias theorem turned into acquired by means of Gavruta
through changing the unbounded difference via a wellknown control function the purpose
of this paper is to have a look at the opportunity of changing the most powerful norm
within the essential theorem, with an arbitrary continuous norm, so that it will attain a sta-
bility end result for fuzzy normed spaces over discipline with valuation Rassias changed
into the primary to show that there exists a completely unique linear mapping fulfilling
all through the actually field. Numerous outcomes for the Hyers-Ulam-Rassias stability of
many functional equations had been proved via numerous researchers [2} 15, 7, |12} [14} [19].
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In this current work, authors establish the Hyers-Ulam stability results of the 4 variable
functional equation

¢(2U1 ﬁ:Ug:l:U3:|:U4) :¢(U1iv3iv4)—|—¢(vliv2 :|:113)+¢(1]1 :|:’U2:|:1]4)
+¢ (£v1) — ¢ (£v2) — ¢ (£v3) — ¢ (+va) (1.2)

in Fuzzy normed spaces using direct and fixed point methods.

Definition 1.1. Let M be a real linear space. A function H : M x R — [0, 1] is said to be
fuzzy norm on M if for all v,w € M and a,b € R.

(N1) H@w,a)=0 for a<0;

(N3) v=0 iff H(v,a)=1foralla > 0;

(N3) H(av,b) :H(v,%) if a#0;

(Ny) H@w+w,a+b)>min{H(v,a), Hw,b)};

(Ns) H(v,-) is a non-decreasing function on R and lim,_, o, H(v,a) = 1.
(Ng) Forwv # 0, H(v,-)is continuous on R.

The pair (M, H) is called a fuzzy normed linear space.

Theorem 1.1. [The Alternative of fixed point] Suppose that for a complete generalized
metric space (M, d) and a strictly contractive mapping T : M — N with Lipschitz con-
stant L. Then, for each given element v € M either
(BI) (T"v, T" ) = +oco0, Vn >0, or
(B2) there exists natural number ng such that:
i) d(T", T""v) < oo Vn > ng;

ii) The sequence (T"v) is convergent to a fixed point w* of T

iii) w* is the unique fixed point of T in the set N = {w € M;d(T™v,w) < oo},

iv) d(w*,w) < Ard(w, Tw)Vw € L.

Throughout the upcoming sections, we consider M, (Z, H') and (N, H) are Linear
space, Fuzzy normed space and Fuzzy Banach space respectively. For the notational con-
venient, we define ¢ : M — N by

D¢(U1,Uz,v3,1}4) = ¢(2U1 i’UQ iU3 i’U4) — (b(vl i?]3 i’U4) — ¢(1}1 i’UQ ivg) — (15(1}1 iUg i’U4)
—¢ (£v1) + ¢ (Fv2) + ¢ (£v3) + ¢ (£v4)

for all vy, v, v3,v4 € M.

2. STABILITY RESULTS FOR (1.2)): DIRECT METHOD

Theorem 2.1. Let p € {—1,1} be fixed and let Y : M* — Z be a mapping such that for
some ¢ > 0 and (;—;)w <1

H (T (5%v,5%v,5%v,5%v) , 1) > H Y (v,v,v,v),7) YoeM,7>0 (2.1)
and

llm Hl (T(54PPU17 5‘PPU27 5‘PP’U3, 5<va4)7 52Lpp7_) = 1
p—o0

for all vy,va,v3,v4 € M and all 7 > 0. Suppose an even mapping ¢ : M — N satisfies
the inequality

H(D¢(U1,UQ,’[}3,'U4),T) Z H, (T(Ul,UQ,Ug,’U4),T) (22)
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forall T > 0 and all v1,vs,v3,v4 € M. Then the limit

Qo(v) = H — Tim 2070)

p—oo  H2¥P

exists for all v € M and the mapping Q2 : M — N is a unique quadratic mapping such
that

H ($(v) = Qa(v),7) 2 H (Y(v,v,0,0),7 | 5> =< |) (2.3)
forallv € M and all T > 0.

Proof. Consider ¢ = 1. Replacing (v, va,v3,v4) by (v,v,v,v) in (2.2), we get

H (¢(5v) — 25¢(v),7) > H (Y(v,v,0,v),7) Vv e M,r>0. (2.4)
From that (2:9)
H <¢(55211) — o(v), ;) >H (Y(v,v,v,v),7) YveM,7>0. (2.5)

Interchanging v by 57 in (2.5), we obtain

p+1 ,
H (M — ¢(5%v), 52) > H (Y(5Pv,5Pv,5Pv,5Pv), 1) Vv e M, >0.

52
(2.6)
Using (2.1), (N3) in (2.6) we get

+1
H <¢(5pv) — ¢(5"v), ;) >H (T(v,v,v,v), ;) Yoe M, 7>0. (2.7)

52
It is easy to show that from (2.7), we have
¢(57*1v)  ¢(5Pv) T ' -
H( e s g ) 2 H | Tvow), o (2.8)

holds for all v € M, 7 > 0. Switching 7 through ¢?7 in (2.8), we have

P(57* 1) ¢(5Pv) <P '
(52(p+1) T e 5D >H (T(v,v,v,v),7) YveM,7t>0. (29)

It is easy to show that

(57 g5 t) g5
(52:) —¢(v) = e 5(2(l+11))) - (521v)

for all v € M. From (2.9) and (2.10), we have
p—1 ! ! 1 !
H <¢(5pv) — ¢(U)7Z T > > min{H (¢(5 ) G ) :1=0,1,2,3}

52p 52(i+1) 52(+1) 520’ 52(1+1)
1=0

(2.10)

ZH,(T(’U,’U,’U,’U),T) Yve M, 7> 0. (2.11)

Interchanging v by 5%v in (2.11)) and utilizing (2.1), (N3), we reach
-1

p
H <¢<5”+qv> o) S~ e ) > H' (Y(5%,5%,5%,5%),7)

52(p+q) 529 l—o 52(1+1)
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2 H, (T(U,’U,’U,’U), glq)
and so

(5" 1) P(5%) *Z !

3070) 5 >H (Y(v,v,v,v),7) Vv e M,7>0.

52(l+1) -
l=q

2.12)

and all p, ¢ > 0. Replacing 7 by W in (2.12), we get
EI(ESY

H (¢(5P+qv) . ¢(5q'U)’T> 2 Hl <T(’U,’U7’U,’U), Z:T> Yo € M,T > 0.

T 1 _J
w5 T
2.13)
andall p,g > 0. As0 < ¢ < 5%and > }_, (5%)l < 00, the Cauchy criterion for conver-
gence and (N5 ) implies that {¢(552ppv) } is a Cauchy sequence in (N, H). Since (N, H) is a
fuzzy Banach space, this { d)(;;;”) } converges to some point Q2(v) € N. So one can define
Qs: M — N by
._ _ ¢(5v)
QQ(,U) =H — pli)ngo 52;0

for all v € M. Since ¢ is even. Letting p = 0 in ( , we obtain

oP ,

H o v>—¢(’0),7’ >H T(v,v,v,v),% Yv e M, >0.
52p ZP 1_ ¢
1=0 F20+D)

(2.14)
Passing the limit as p — oo in (2.14)) and utilizing (Ng), we have
H (¢<’U> - QQ(v)a T) > H/ (T(Ua v,v, U)a 7-(52 - C))
forallv € M and all 7 > 0. Now we claim that ()» is quadratic. Replacing (v1, ve, vs3,v4)
by (5Pvy, 5Pve, 5Pv3, 5Py ) in (2.2)) respectively, we have

H ( =T D (5vy, 5Pv, 5Pv3, 5Pv4) ) > (Y(5P01, 5702, 5Pv3, 5P04), 57 7)

for all v € M and all 7 > 0. Since
lim H (T (5701, 502, 5703, 5Pvs), 52P7) = 1

p—0o0

Q- fulfils @ Therefore, Q2 : M — N is quadratic. Next, to show the uniqueness
of @2, let Ry be another quadratic function which fulfilling 2.3). Fix v € M, clearly
Q2(5Pv) = 5%Qy(v) and Ra(5Pv) = 5P Ry(v) Vv € M, p > 0. From (2.3), we have

H(Qa(v) — Rav), 7 £Q2(5pv R2(5pv)’7)

2p 52p
, 52P)r(52 —
> H (T(v,v,v,v% ()T(C))
2P
: : (5*)r(5°=¢) _
forall v € M and all 7 > 0. Since lim,_, o 3ep = 00, we have

lim H <T(v,v,v,v),(52p)7(52_g)> =1.

p—ro0 2¢P

Thus H(Q2(v) — Ra(v),7) = 1forallv € M and all 7 > 0, and so Q2(v) = Ra(v). In
similar manner, we can obtain the stability results for ¢ = —1. U
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Corollary 2.2. Suppose that the function ¢ : M — N satisfies the inequality
H'(n,7),
H(D (o, v, 00, v2),7) > g: (77||”01||“;L Hvzll“:r ||’U3H“:r Hv4||“,a7) :
(a(1lenl1e + llosli® + foslie + lfuslfo+

el ol flos 1 - o), 7),

for all vi,ve,v3,v4 € M and all T > 0, where 1, a are constants with n > 0. Then there
exists a unique quadratic mapping Qo2 : M — N such that

H'(n,] 24| 1),
H(p(v) — Qa(v),7) > H’ (4n||v|\“, | 52 — 59 | T) : a# 2,
H' (5n|vl[*,| 52 =5 [ 7);  a# 13,
forallv € M and all T > 0.

3. STABILITY RESULTS FOR (I.2)):FIXED POINT METHOD

For to prove the stability result, we define the following 6; is a constant such that

5 if 1=0;
6, = ’
: {1 it 1=1;

and x is the set such that x = {s/s: M — N, s(0) = 0}.
Theorem 3.1. Let ¢ : M — N be a mapping for which there exists a function T : M* —
N with condition

lim H' (T(&Pvl,epvg,epvg,epmy921’7) =1 VYouy,vg,v3,v4€ M, 7>0, (3.1

p—00
and fulfilling the inequality
H(D¢(v1,v2,v3,v4),T) > HI(T(Ul,’I)Q,’l}g,’l)4),T) Yoy, v9,v3,v4 € M, T > 0.

(3.2)
If there exist L = L[] such that v — ~v(v) = Y (&, %, £, %) has the property
/ 1 /
H (L027(9ﬂ)),7> =H (y(v),7) YveM, >0, (3.3)
i

then there exist unique quadratic function Qo : M — N fulfilling the functional equation

(Z.2) and

, 1-1
H(p(v) — Qa(v),7) > H (1 — L'y(v),7> Yvoe M, 7> 0.

Proof. Let d be a general metric on y such that
d(t,s) = inf {p € (0,00)[H(t(v) = 5(v),7) = H (3(v),p7),v € M7 >0}

It is easy to see that (), d) is complete. Define T : x — x by Tt(v) = —912 t(6iv) Yve M,
1
fort,s € x, we obtain

d(t,s) = p = H (t(v) — s(v),7) > H (y(v), pr)
-~ H (t(al”) ‘9(9”’),7> > H (v(6y0), po?7) (3.4)

= H(Tt(v) = Ts(v),7) = H (y(0v),pb}7)

o o
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= H(Tt(v) — Ts(v),7) > H (v(v), pL7)
= d(Tt(v), Ts(v)) > pL
= d(Tt,Ts,7) > Ld(t,s) Vt,s€x.
So, T'is strictly contractive mapping on x with Lipschitz constant L, switching (v, va, vs, v4)
by (v,v,v,v) in (3.2), we have
H (¢(50) — 25¢(v),7) > H (Y(v,v,v,v),7) Vv e M, 7> 0. (3.5)
Using (N3) in (3.3), we reach

# (25 o) 2o (TU20 ) wenmrso 6o

with the help of (3.3)) when [ = 0, it follows from that

=1 (280~ oor) 2 B (Ea()7)

= d(T¢,¢) <L =L'=L"" (3.7)

Replacing v by ¢ in (3.5), we get
H ((;S(v) — 256 (%) ,T) >H (T (
when [ = 1, it follows from (3.7), we reach
= H (6(v) =256 (5 ) .7) = H (3(0),7)

=d(¢,T¢) <1=L"= L' (3.8)

Then from (3.7) and (3.8), we can conclude
= d(¢,T¢) < L' ! < o0.

Now, from Theoremﬂ;flin both cases, it follows that there exists a fixed point Q5 of 7" in

x such that
P
Qa(v) = H — 1im 2070

p—oo  O2P

v v v v

5’5’5’5)’7) Yve M, >0,

Vve MandT > 0.

Replacing (v1,va,v3,,v4) by (67 01,0702, 07 v, 07v4) in (3.2), we arrive

]. !’
H (WDQS(val,vag,ﬁfvg,ﬁfm)ﬁ) >H (T(Gful,vag,ﬂfvg,ﬁfm),ﬂfpﬂ
1

for all 7 > 0 and all vy, ve,vs,v4 € M. By similar procedure of Theorem@ we show
that the function Q2 : M — N is quadratic and it fulfils (T.2). By Theorem[I.1} as Q> is
unique fixed point of 7" in the set

A ={¢ € x/d($,Q2) < oo}

So that, Q7 is a unique function such that
H($(v) — Q2(v),7) = H (y(v),pr) Vv e M, 7>0.
Again utilizing Theorem[I.1] we reach
1
d(¢,Q2) < ——d(¢,T¢)
1-L
Llfl

1-L

= d(¢7 QQ) S
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Llfl
1-L

o H(6(0) — Qa(v).7) > H' (7@) ,7) Vo e M. 7> 0.

Corollary 3.2. Suppose a function ¢ : M — N fulfils the inequality
H'(3,7),
H(D¢(v1,va,v3,v4),7) > g;(nnvlnaj|UQ||a:_||U3|a(j_'w”a’;)?
(n(Ilolte +fvsl1® + llvsl[2 + lleall2+

o] 4 ezl - [fes] 4 - [Jea] ), 7).

for all vi,v9,v3,v4 € M and 7 > 0, where n, a are constants with 7 > 0. Then there
exists a unique quadratic mapping Qs : M — N such that

H (n.37)
H(p(v) = Qa(v),7) = § H (4n||v]|*, 7 | 52 — 5 |); a2,
H (5nlfv|[*e, 7 |52 — 5% |);  a#2.
forallv e M and T > 0.

Proof. Setting

n,
T(Ula UQ,U37U4) < 77(2;:1 ||'UmHa)7
4 4
N s vml|* 4 3y om|[*),
for all vy, vs,v3,v4 € M. Then

H/(n’apr)v
1 (X 001,02, 0, 0001).0777) = S H (0 Sy llom7,0877)
/ @ a 2—4a
H' (9( oy ol + Ty [om]]9), 652 )p7>.

— 1 as p— oo,

=q— 1 as p— oo,
— 1 as p— oo.
Thus, (2.1) is holds. But we get
v U UV
:T(7a737u7>
1w) 5555

has the property

/

1 /
H (Lezv(le),T> >H (y(v),7) Yve M, >0.
i

Hence,
Wown - (0(5552)
H'(n,7),

’

= H/ (%WHUHG»T%
H (5%77||v||4“,7).
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Now,
H 9—"2,7),
1 c
H <927(9w),7—> =< H % (%) HH;UH“,T) ,
l /
H' (3 (%) 6wl 7)

= H (67 *y(v),7),
H' (015 (0), 7).
Next, from the following cases for the conditions (i) and (ii).
Case(i):L =52 for a=0 if [=0.

-2

H($(v) = Qa(v),7) = H' (Ka(0).7) = H' (25m.7) = H' (1,247).

Case(ii)::L = (1) for a=0 if I=1

HW@%MJﬂﬂfﬁlﬂmﬂzH(l&2W>2H@,Mﬂ
Case(iii):L = (5)*72 for a<2 if 1=0.
152 5 ”)

dn|lol|, (5% = 59)) .

, 1-1
H(60) - Qa(0).7) 2 # (- a(07) =

’

PR
t

7

()

S

=

=

)

Case(iv):L = (5)°=* for a>2 if =1

, 1-1 ) 9a "
HWW-Qﬁ%ﬂZH(ﬁJﬂ@J)2H<S¥%fﬂT70
H (

dnllo]|*, 7(5* = 5%)) .
Case(v):L = (5)4=2 for a<21 if 1=0.

, Ll—l , 54(1—2 5,'7H,U||4a
HO0) - Qa(0).1) > H (F=pr(0r) = 1 (P i)
> H' (5n||v||*e, 7(52 — 57)).
Case(vi::L = (5)>7%* for a> 1 if I=1.

Llfl

524 se]|*
1 — 52—4a Hda T

syllof[**, (5% — 5)) .

H() - Qalo)r) = '

H
|
h
=
=
N———
IV

x T

—

4. CONCLUSION

In this work, we investigated Hyers-Ulam stability results for the quadratic functional
equation (I.2). In section 2, we examined Hyers-Ulam stability results of the quadratic
functional equation (T.2) in fuzzy normed space by utilizing direct method. In section 3,
we obtained Hyers-Ulam stability results of the quadratic functional equation (T.2)) in fuzzy
normed space by utilizing fixed point method.
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