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POSITIVE SOLUTIONS TO A DERIVATIVE DEPENDENT p-LAPLACIAN
EQUATION WITH RIEMANN-STIELTJES INTEGRAL BOUNDARY
CONDITIONS

SESHADEV PADHI, JAFFAR ALI AND JOHN R. GRAEF*

ABSTRACT. This paper is concerned with the existence of two nontrivial positive solu-
tions to a class of boundary value problems involving a p-Laplacian of the form

(@p(a")) +9(Mf(tz,2') =0, te(0,1),
2(0) — az’ (0) = afa],
2(1) + bz’ (1) = Ble],
where &, (z) = |x|P~22 is a one dimensional p-Laplacian operator with p > 1, a and b
are real constants, and « and [ are given by the Riemann-Stieltjes integrals
1 1
alal = [ e(da@), sl = [=was),
0 0
with A and B functions of bounded variation. The approach used is based on fixed point
index theory. The results obtained in this paper are new in the literature.

1. INTRODUCTION

In this paper, we discuss the existence of positive solutions to the nonlinear boundary
value problem (BVP) with p-Laplacian

(@, (z") + g(t)f(t,x,2") =0, te(0,1), (1.1)
together with the non-local boundary conditions

2(0) — az’ (0) = afz],

/ (1.2)
z(1) + bz (1) = Blz],
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where a and b are constants, « and § are linear functionals on C[0, 1]) defined by the
Riemann-Stieltjes integrals

a[x]:/o H(t)dA(), B[x]:/o +(t)dB(1), (13)

A and B are functions of bounded variation, not both of which are identically zero. Here,
dA and dB can be signed measures. In , the function ®,(z) = |xz[P~?z is a one-
dimensional p-Laplacian operator with p > 1, and the inverse operator ®, is defined by
O, (2) = @y(x) = |2[? 2z with L + . = 1.

Riemann-Stieltjes integrals play an important role in the literature, and as given in (I.3)),

they include a variety of non-local boundary conditions such as:
alz] = Ax(n), A >0, n € (0,1);
l

a[m]:Z)\jx(uj), MNeER j=1,2,....,0<m <m<-- <<l
j=1

1
alx] :/ z(t)h(t)dt, h € C((0,1),R).
0
If p = 2, then (1.1)) reduces to the second order ordinary differential equation

z +g)f(t,z,2') =0, te(01). (1.4)

Equation together with the boundary conditions has been studied by many au-
thors in the literature, for example, see [2, 7, [12| [13| [16]. In a recent paper, Yang and
Wang [14] used the Avery-Peterson fixed point theorem to study the existence of at least
three positive solutions to the p-Laplacian equation (I.T)) together with integral boundary
conditions of the type

’

z(0) —ax (0) = /0 g1(8)x(s)ds, (1.5a)

2(1) + bz (1) :/0 g2(s)z(s)ds, (1.5b)

where a, b > 0 and p > 1. For BVPs with a p-Laplacian, we may refer the reader
to [l 13, 15019, 10} 110 (150 [17, (18] and the references cited therein. The main tools used
in the above-cited papers are the upper-lower solution method, Krasnosel’skii’s fixed point
theorem, the Avery-Peterson fixed point theorem, the Leggett-William fixed point theorem,
and fixed point index theory. Webb [12] and Webb and Infante [13] proved that the fixed
point index approach is one of the most efficient methods to study the existence of multiple
positive solutions of the problem (T.4) together with the boundary condition (I.2)).

We note that the integrals on the right hand side of (I.5) are particular cases of the
Riemann-Stieltjes integrals a[z] and 3[x] defined in (1.3). There does not appear to be any
results in the literature on the existence of positive solutions of BVP (I.I)-(I.2). In this
paper, we shall use the method adopted in [[14] to obtain an equivalent integral equation,
and then use the fixed point index approach to study (L.1)—(T.2).

In order to obtain our existence results, we shall use the following hypotheses through-
out this paper.

(A1) f € C([0,1] x [0,00) X R, [0,00)), g € C(]0,1],]0,00)), and g does not vanish
identically on any subinterval of [0, c0);
(A2) 0<all] <1land0 < B[1] < 1;
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(A3) There exists a constant ¢ > 0 and a continuous function py : (0,1) — [0, c0)
such that

flt,z,2") <pg(t) for 0<t<1, p<z<oo, —oo<a <oc;
(A4) We have

o, /g(r)pf(r)dr < 00,
0

O —u

2, prg(r)pf(r)dr) dfdA(s)
—al]

ad, (Ofp g(T)pf(r)dr> 4 Ofl
1

—I—/(I)q /g(r)pf(r)dr ds < oo
for s < p, and

b®, (f g(r)w(r)dr) + gl‘ jl" P, ( fgg(r)pf(r)dr) d0dB(s)
1

S

+/1<I>q /g(r)pf(r)dr ds < o0

rs > p.

(A5) Q, fg(r)pf(r)dr) dsdB(t) >0 and

O . O— 5'7

J
0
tf‘I)q (fg(r)pﬂr)dr) dsdA(t) > 0.

Throughout this work, we consider the Banach space X = C'(]0, 1]) equipped with the
norm
llzller = max{||z[|co, ||2']loc}
where
lolloe = max, [o()]
Section [2|in this paper contains some basic results for our problem. Our main results

and their proofs are in Section [3| and the last section contains some further discussion and
some examples to illustrate the applicability of our results.

2. PRELIMINARIES

In this section, we provide results similar to the those obtained in [14]. The proofs of
our Lemmas are similar to the those of Lemmas 2.1-2.5 in [14]]. Lemmas 2.1-2.5
in [14] are similar to lemmas in [8] and [15]. However, for completeness sake, we do
include proofs of our lemmas.

Lemma 2.1. Assume that
1—al[l] 20 and 1-p[1]#0. (2.1)
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Then for any given y € X, the BVP
- (q)p(x/))/ =y(t) fora.e. t €(0,1), (2.2)
2(0) — az’ (0) = afz],

, 2.3)
z(1) + bz (1) = Blz],

has solutions given by

a®qy (o) +§j<bq <¢_0 - Ofgy(r)dr> ds dA(t) /t (_ /5 )
z(t) = + [ @4 | po— [ y(r)dr | ds
0

1—afl]
0
(2.4)
and
b®q (ng - fly(?”)dr> +f1f1<1>q (qgo — jy(r)dr) ds dB(t)
z(t) = — 0 011 B[] 0

- /1<I>q (cbo —/Sy(r)dr) ds, (23)

0

where ¢q satisfies the integral equation

a®,(do) = /1/1<1>q <¢0 - /Sy(r)dr) ds dA(t) — /1<1>q (0 - jy(r)dr) ds

t 0
1

_ G:ZHD {bcbq <¢0 —/y(r)dr> +0/1/1¢>q (0 —O/y(r)dr) ds dB(t)] :

0 t

Proof. Integrating (2.2) from 0 to ¢, we have

Z (t) = @, ((;S_O - / y(s)ds) , 2.7)

0
where ¢ = (Dp(x/ (0)). Integrating (2.7) from ¢ to 1, we obtain

1 s
xz(t) = xz(1) — /q>q (qbo - /y(r)dr) ds. (2.8)

t 0
Substituting the second boundary condition in (2.3) into 2.8) gives

z(t) = —bx’(l) + Blx] — /‘I>q (d)g - /y(r)dr) ds. (2.9)

t 0
Multiplying both sides of (2.9) by dB(¢) and integrating from 0 to 1, we obtain

b’ (1)8[1] + f f 3, <q§o - Ofy<r>dr> dsdB()

o= FiT-1

(2.10)
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Using the above value of [z] in (2.9), we obtain

11 _ s
be (1) + [ [ @, (qﬁo - fy(r)dr) dsdB(t) 1 s
0t 0 -
- — o - .
x(t) =] / q | P0 /y(r)dr ds
t 0
@2.11)
Using with ¢ = 1 in (2.T1)), we obtain 2.3).
Next, we integrate (2.7) from 0 to ¢ to obtain
t s
z(t) = z(0) —l—/(I)q bo —/y(r)dr ds. (2.12)
0 0

Multiplying both sides of (2.12) by dA(t), integrating from O to 1, and using the first
boundary condition in (2.3), we have
1t _ s
az (0)a[l] + [ [ D, (gbo - fy(r)dr) dsdA(t)
00 0
1 — afl]
Since ' (0) = ®,(¢o) (from (2.7)), using the above value of a[z] in the boundary condi-
tion 2(0) — az (0) = afz], we obtain
_ 1t _ s
y6n) + [ [, (0 Jutryar) asaae
00 0
1 — afl]
Using the above value of z(0) in (2.12)) yields (2.4).

Finally, since

alx] = (2.13)

z(0) =

’

1

(1)=&, | o — /y(r)dr ) (2.14)
0

from (2.10), we obtain

volaje, (60— [utryar) + [ [ #, (60~ fotriar ) dsanie
Bla] = — 2 0! 0 (2.15)

1-p01]
By (2.4), we have

B 1t B s
o) + [ [, (60 Jutryar) asaa) :
00 0 r
z(1) = = afi] + /<I>q Po — /y(r)dr ds
0 0

(2.16)
Using (2.14)—(2.16)) in the boundary condition z:(1) + bz’ (1) = S[x], we obtain (2.6). This
completes the proof of the lemma. (]

Lemma 2.2. Let hold and y € CI0,1] with y > 0. Then there exist constants
1 - P

le (O, fy(s)ds) and p € (0,1) such that is satisfied for oo = 1 := [ y(r)dr.
0 0
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=)

Proof. For any 6 € [0, 00), set

A(0) = /1/1<I>q ( /S )dr) dsdA(t) —l—/l(I)q (0 - /Sy(r)dr) ds
0t 0
1 1 1 s
[béq (9—/y(r)dr) —i—o//q)q (H—O/y(r)dr> ds dB(t)

then A() can be rewritten as

o +/j%(9

ol o)
ool oe)
‘)

dsdA(t

+ S:ZH |:b‘bq (9 /y —|—/ ( /y(r)dr) ds dB(t)} .
0 0 t

Notice that \(6) is continuous on the continuity of ®, and y. Furthermore,

A(0) < 0 and

A (/y(r)dr) =a®, (0/ y(r)d?") JrO/O/(I)q (/y(r)dr) dsdA(t)

0 s

+(1- a[l])/lCPQ (/ly(r)dr) ds
0

S

(1 —af1)) o
T [b(I)q(O) +//<I>q (/y(r)dr) ds dB(t)

> 0.

S

Then, by the monotonicity of A, there exists a unique constant ! € <0, J y(s)ds) such that
0

A(l) = 0, that is, (2.6) is satisfied for # = ¢, = I, and there exists a constant p € (0,1)
P

such that I = [ y(r)dr. O
0

Remark. For ¢y = = f y(r)dr, we can rewrite the solution x(t) of the BVP
given in ([2.4) and (2.3) as

o (fy(r)dr>+0fg‘¢>q (fy )dsdA(t) ,

z(t) = AV -1 +/<I>q (/py(r)dr) ds

0 s
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b, (}y(r)dr) —i—ofltfl(I)q (iy(r)dr) dsdB(t) 1 s
z(t) = & = A] & +/<I>q /y(r)dr ds
respectively.
In what follows, we consider the cone K in X defined by
K ={x € X :2z(t) > 0and z(t) is concave on [0, 1], a[z] > 0, and S[z] > 0} .
Now if we define an operator 7' : K’ — K by
P 1 s P
a®, (f g(r)f(r,z(r), x’(r))dr) +[ [ @, (f g(r)f(r,x(r), a:’(r))dr) dOdA(s)
0 00 9
1 — afl]
+0f@q (f g(r)f(r,x(r),x’(r))dr) ds, 0<s,t<p,
Tx(t)= 1 ’ 11 0
b, (fg(r)f(r,w(r)am’(f))df> +0ff‘1’q <f g(T)f(ﬂx(T),x’(?"))d?“) dfdB(s)
1— B[]
+ !@q <fg(r)f(r,x(r),x’(r))dr> ds, p<st<1,

(2.17)
then in view of Remark a function z(t) is a solution of BVP (1.1)—(1.2)) if and only if
x(t) is a fixed point of the operator T" given in (2.17).

Remark. From (2.17), we see that T'z(¢) > 0 for t € [0, 1], and
P

(Tw) (t) = D, /g(r)f(nx(r),x’(r))dr >0fort<p
and .
(Tz) (t) = -9, /g(r)f(r,:c(r),:c’(r))dr < 0fort > p.

Hence
T =T .
max Tu(t) = Tx(p)
For z € K, we may proceed along the lines of the proof of Lemma 2.2 in [6] to obtain
a Harnack type inequality as given in the following lemma.

Lemma 2.3. Let 2(t) > 0 be concave on [0, 1]. Then for any § € (0,1/2), we have

min _z(t) > § max z(t) = §||z||so-
te[5,1-06] 0<t<1

Now, we list few properties of the classical fixed point index for compact maps [4]. Let
K be a cone in a Banach space X. If Q2 is a bounded open subset of K (in the relative
topology), we denote by Q and 95 the closure and boundary relative to . When U is an
open bounded subset of X, we write Ux = U N K which is an open subset of K.
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Theorem 2.4. Let U be an bounded open set with Ux # ¢ and Uk # K. Assume that
T : Ux — K is a compact map such that x # Tz for x € OUg. Then the fixed point
index i (T, Uk ) has the following properties:

(1) Ifthere exists e € K \ {0} such that x # Tx + Xe for all © € OUk and all A > 0,
then i g (T, UK) =0.

@) IfFIIT)| < ||x|| for all x € OUk, thenix (T, Uk) =1

(3) Let V be openin X withV C Ug. Ifix(T,Ur) = 1 and i,(T, Vi) = 0, then
T has a fixed point in Ug \ Vi. The same results holds if ix (T, Ux) = 0 and
ix(T, Vi) =1

We end this section with the following important lemma that we will use in the proof of
our main result (Theorem [3.1] below).

Lemma 2.5. Let conditions (Al)—(AS5) hold. Then the mapping T defined in (2.17)) is
compact and continuous.

Proof. The verification of the continuity of 7' is straight forward and hence we omit the

details. Clearly, forx € K, Tx > 0 forall ¢t € [0,1]. Also, Tz is a concave function.
Since

a[Tz) :/0 Tx(t) dA(t)

L U Dy [ o116,y
0

(1 —«f1])
+//‘1>q g(r)f(r,z(r), 2’ (r))dr | dOdA(s)

1 ¢
I
0 0
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for0 <s,t < p,and

a[Tz) :/0 Tx(t) dA(t)

+0/1/1<1>q (jg(r)f(r,x(r),x’(r))dr) deB(s)]
T f[;][u) L/lt/l@q (/Sg(f')f(w(r),w’(r))dr) dsdA(t)]

p

and

s | [ (] ,
T L/t/@q (/Q(T)f(r,w(r),x (r))dr) dsdB(t)

p

>0

for p < s, t < 1 holds, we see that T(K) C K.
Next, we wish to prove that 7' : K — K is completely continuous. Let v > 0 be any
real number and set
Oy ={ze K:|zllcr <7}
then €2, is an bounded open set in K. Hence, by (A4), forany x € 2, and ¢ € [0,1], we
have

[T ]loc = Tz(p)

1 11 6
bd, (fg(r)f(r,x(r)w’(r))dr) —l—bffd)q (fg(r)f(r,x(r),m'(r))dr) dfdB(s)
1_

+/1<I>q (/Sg(r)f(r,x(r),x’(r))dr) ds

p
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2, (f o(r dr) n f‘f‘@ (f o(r)ps <r>dr> d6dB(s)
< 14

- 1-pB[1]
1 s
+/<I>q (/g(r)pf(r)dr) ds
for p < s, and
|T||oo = Tx(p)
P 1 s P
a?®, (fg(r)f(r,x(r),x’(r))dr) + [ [ 2, (fg(r)f(r,x(r),x’(r))dr) didA(s)
0 00 0

1 — afl]

—|—/t4>q (/pg(r)f(r,x(r),x’(r))dr) ds

S

& ([ om0 >+ff<1> (fg<r>pf<r>dr) d0dA(s)
o

—|—/ ( r)pg(r)dr | ds

for s < p. Also, from the facts that

IN

(Tz) (t) = D, /g(r)f(r,x(r),x’(r))dr) >0fort <p
and .
(Tx)l(t) =-9, (/Q(T)f(T,w(T),m/(T))dr) <O0fort > p,

we have

|(Tx)/(t)| <P, (/g(r)f(r,x(r)w’(r))dr) )

0
Thus, for p < sor s < p, we have from (A4), that ||Tz||c: < oo, which implies that T is

uniformly bounded. Next, for every € > 0, there existsa d € | 0, (f)p)) such
o 9(s)ps(

that for any t1, t2 € [0, 1] with [t — t2]| < J, we have

/tf ®q ( /0 s m(r>,x'(r>>dr) ds

< [t — 12 g </01g(r)f(raz(r)vfﬂ'(r))dr)

< 5, </01 g(r)pf(r)dr)

‘Tx(tg) — Tl‘(tl)| <
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< €.

Hence, T is equicontinuous.

The equicontinuity of {(T'z)’(¢)} can be shown in a similar fashion. Therefore, T is
relatively compact on (2., and hence compact on €),. Therefore, T : K — K is compact
and continuous. U

3. MAIN RESULTS

In this section, we shall apply Theorem to prove our main results. For any 6 €
(0,1/2) denote the three real numbers L, M7, and M> by

L=29, (/01 g(r)dr) , M; =min {6@1 </61_6g(r)dr> ,/06 2, </jg(r)dr> ds}
nd
a My = /115 Q, (/lsdg(r)dr> ds.

Theorem 3.1. Let § € (0,1/2) be any real number and assume that (A1)—(AS5). In addi-
tion, assume that

(A6) forany x € [0,00) and y € R, the mapping t — f(t,x,y) is decreasing.

(A7) foranyt € [0, 1], the mapping x — f(t,x,y) is increasing.

(A8) there exists constant r;, i = 1,2, 3, with

T2
0<T1<T2<§<T3

such that
(1= B[]
f(O,ri,y)<min{<I>p (T((1+£[ ), }forrl§y<rz,z—13
)
<e<Z2ana 2 <y<
fl=06,z,y) > @, (Ml)forrg z < and 5= 5

and

< <— —< <—
f,z,y) > @, (Mg) forro < 5 and 5 SUS

Then the BVP (I.1)~(I.2) has at least two positive solutions x1(t) and x5 (t) with 0 < r1 <
||$1|| < 7’2/(5 < ||.132|| <Trs.

Proof. We shall show that T satisfies all the conditions of Theorem 2.4} By Lemma [2.3]
T : K — K is compact and continuous. Set

Q, ={z €K :|lz||lc: <mi}i=1,2,3;

then for any = € 09,,, i = 1,2,3, we have 0 < z(t) < ||z|| = r;, ¢ € [0,1]. Hence,
—r; <2'(t) <r,i=1,3.
First we consider the case ¢ = 1 and 3. For z € 0€),.,, i = 1 and 3. we have

Tx|loo = Tx(t) =T
[Talloe = max Ta(t) = Ta(p)

1 11 6
bd, (fg(r)f(r,:v(r)w’(r))dr) —l—bffq)q (fg(r)f(r,x(r),m'(r))dr) df dB(s)
1-5[1]
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g(r)f(ryx(r), 2’ (r))dr | ds

=+
b\’_‘
Q’@*
S,

+ @, ( / o(r) (r,2(r), 2/ (r))dr
0

1

(1+0b) p
< G / 9(r) (. a(r), ' (r))dr
a+v . ,
< a / 9(r) F(0,2(r), 2'(r))dr
(1+0) 1 L' (r))dr
< s / 9(r) (0, 72,/ (1))d
<7T;
and
(T2)| < @y [ 9(r)F(0,2(r),2'(r)dr)

S T,

which implies that ||Tz||c1 < r; = ||z||c: for i = 1,3. This indicates that ||Tz||c1 <
||z||c1 for any z € 09, withi = 1,3. By Theorem[2.4](2), we have ix (T,9Q,,) =1, i =
1,3.
Next, for the case 1 = 2, we consider the set
Vi, = {x € K: min z(t) <r2}.
te[d,1-4]

Then Q,, C V;,, C Q,,/5 and min,¢(s51_4) 2(t) = 7o for x € OV,,,. Further, by Lemma
23] we have for any x € K,

1 . T2
t) < — t) = —.
2570 S 5, o 70 =5
So for any = € 0V,.,, we obtain
. T2
= < < < —=. .
o te%flfia]x“) <a(t) < Oréltagxlx(t) <5 3.1

Thus, —72 <2’ < 22 ford <t <1-4. Lete(t) = 1fort € [0,1]. Then, it is clear that
e € K\ {0}. We claim that  # Tz + Xe for all x € OV,,, and all A > 0. To the contrary,
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suppose that there exists x*(t) € 9V, and A* > 0 such that
x*(t) = Ta*(t) + Ne(t).

Then,

= min_a*(t)= min_ Ta*(t) + \". 3.2
o= min 2"(t)= wmin To"(t)+ (3.2)

We consider three cases depending on the location of p in [0, 1], and obtain contradictions
in each case. First suppose that p € [d, 1 — 0]. Then we have, either min, (515 T2 (t) =
x*(0) or mingepsq—5) T2*(t) = 2*(1 — 6). If minges1—g) T2*(t) = 2*(9), then from
(3:2) we have

ro = min Tz*(t) + \*
te[6,1-6]

> Tz (9) + \*

}jéq (fp g(r) f(r,x*(r), a:*/(r))dr) dsdA(s)
00 9
1—a[l]

4 p
+O/‘I’q /Q(T)f(ﬁx*(r),w* (r))dr | ds + \*

)
/Mﬂﬂnfvwﬁw»m ds 4 A

v
9 O\g.
Q’@*

/y(r)f(l — 6,2 (r),z* (r))dr | ds+ \*.

%
o —
i
=]

Hence, for z* € 9V, using (3.1)) and (A8), we obtain the contraction that ro > 79 + A*.
If minge (51— T2*(t) = 2*(1 — 0), then from (3.2) we have
ro = min Tz*(t) + A"
te[d,1-4]
>Tz*(1-96)+ A"

1—p[1]
Jj@q <f g(r)f(r, x*(r),x*’(r))dr> dfdB(s)
1—p[]

+j¢Q/WWWWmeMT@+»



20 SESHADEYV PADHI, JAFFAR ALI AND JOHN R. GRAEF

> /1q>q /g(r)f(r,x*(r),x*’(r))dr ds + \*

1-6 -6

1 s
> / 2, / g(r) (1,2 (r), = (r))dr | ds 4+ \*
1-6 =5
> 1o+ Y,
which is a contradiction.
Next, suppose that p € [1 — §, 1]. Then from (3.2, we have

ro = min Tz*(t) + \*
te[s,1-46]
=Tz"(5) + \*
o

’

2/<IDq /pg(r)f(nx*(r),x* (r))dr | ds + \*
>

2, g(r)f(L=06,z%(r),z* (r))dr | ds + \*

>

0
)

[,
0 1—

Jou [ onra=sar e onar | s+ x5 <0)

0 )

> ro + A,

which again is a contradiction.
Finally, suppose that p € [0, §). From (3.2)), we have
ro = min Tz*(t) + A'e
te[d,1-46]
=Tz*(1—-9)+ \*

S

> /lcpq /g(r)f(r,z*(r),x*’(r))dr ds + \*
9 P

S

/1<I>q /g(r)f(r,x*(r),x*/(r))dr ds + \*
) )

/1<I>q /qg(r)f(l,m*(r),x*,(r))dr ds + \*
)

-8

a contradiction.

Hence, our claim holds, that is,  # Tz + Xe for all z € 0V, and all A > 0. By
Theorem a), we see that ix (T, V,.,) = 0, so by Theorem c), the operator 7" has two
fixed points 1 and x5 that in turn are positive solutions of the BVP (T.I)-(T.2) satisfying

x1, 22 € K with 71 < [|21]|ec < 72/0 < ||#2]|00 < 73. This completes the proof of the
theorem. 0
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By proceeding as in the lines of the proof of Theorem [3.I] we can prove the following
theorem; we omit the details.

Theorem 3.2. In addition to conditions (Al)—(A7) assume that
(A9): there exists constant r;, 1 = 1,2, 3 with

0<7‘1< 5 <r 2< 5 <73
such that
1-p3[1
£(0,ra,y) < min{(I)p (W) D, (TLz)} for —12)8 <y <)o,

fA=0,r,y) >, (M) for for —r;/6 <y <r;/d,i=1,3,
and
Friy) > ®, (AZ) for for —1:/8 <y <rifs, i=1,3

are satisfied. Then the BVP (-) (-) has at least two positive solution 1, 2 with 7+
|z1]loc <72 and % < |zalloe <

4. DISCUSSION AND EXAMPLES

As mentioned earlier, the Riemann-Stieltjes integrals «[z] and S[x] are quite general
and include a variety of nonlocal boundary conditions. For example:
() If afz] = az(n), 0 <n < 1and B[z] = Bz(u), 0 < u < 1, then condition (A2)
reducest00< a<land0 < fp <1,
(i) Ifafz] = - f’” atz(t)dt, 0 < m <y < land B[z] = ﬁ f:f atx(t) dt,
0 < p1 < pe < 1, a and B are positive constants, then (A2) becomes 0 <
aln +m2) <2and 0 < B +M2) < 2.
(iii) If afz] = afol t™x(t)dt and Blz] = Bfo t"x(t)dt, m,n > —1, then (A2) re-
ducest00<a<m+1and0<5<n+1
Example 4.1. Letp > 1 and ¢ > 1 be such that 1/p+ 1/¢ = 1. Let 6 € (0,1/2) and
assume that (A2) is satisfied. Set

(). ()

- T2 r3(1 = B[1])
=0 d =, | —————=
02 P(Mg>’an ¢3 P( (1+bL )’
where 1, 72, and r3 are chosen such that 0 < r; < 19 < 73/ < r3 and the inequalities

5)
i < 72251(5:)5 1,
7225((5—38) 3 —(146) ¢2)

4(14:’5) 2) 4.1)

2
r3 <

¢ > (45) max{¢z, 62}

are satisfied. Set

fl(x’y):(z)zl(2_1 ( >> 7225°

o) =g 201+ 30+ 6n) + (261 — 30— o) os (

w(x —ry) n y?
(7"2 — 7“1) 7225’
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m(x —rg) y?

— cos ,

(62— 3) <(r2/5 - r2)> + 7225

w(x —1ra/d) y?
(92 = ga) cos < (r3 — r22/5) ) T 72250

22

f3(z,y) Zé(5¢2 +3¢3) +

| = 00| =

fa(z,y) Zé(3¢2 +5¢3) +

and for 0 <t < 1, let

fl(’r7y)7 OSIST'l,
14+6—t z,y), 11 <x<r9,
f(t,zy) = LHI=D J (@9) 1 ’ 4.2)
2 f3($7y>7 T2 S x S T2/67

f4($7y>7 T2/5S$ST3.
It is easy to see that conditions (A6) and (A7) are satisfied. Using @), we have
1496 2 1-p[1
(+)[¢1+ T1}<¢1::¢p<r1( BH)>7

JOry) === 15 * 755 (1+0b)L
(5 2
f(oaT?ny) = (1 ;— ) |:(¢2 —23¢3) + 7;;5] < ¢37

F(L=6,2)> f(1—5,r5) :5(3(?@247“53) - 4,

e (362 + 93)
+ -
F(1L2) 2 f(Lra) = 52722 > 6y
for ro < < ry/4, so Theorem 3.1]can be applied to the BVP (L.I)—(1.2), with f given in

Next, we give a particular example to illustrate Theorem 3.1}

Example 4.2. Letp = 3,6 = 1/4, g(t) = 1,b = 1, and Blz] = $2(n), 0 < n < 1.

Then 6[1} _ %’ q = %’ L = 1’ ]\41 — mln{ﬁ?ﬁ} = %, and M2 = %2 Here
w—i<l.For0§t<l,let

(1+0) —

2
J R . YT
051 — To2d COS4TT + 7555, 0<z<1/4,

1212417 1212415 y>
(1+6—1) o9 — 1091 cosT(dr — 1) + =5, 1/4 <2 <1/2,

f(t,l‘,y)— 2 5
3264 — 896 cos T (2 — 1) + =55z, 1/2<x <2,

5056 — 896 cos 555 (& — 2) + o=, 2§x§352&43)

The conditions (A6) and (A7) are satisfied. Set r; = 1/4,r9 = 1/2 and r3 = 352; then
0<ry <ry<ry/d <rs,

and the conditions in (@) are satisfied.
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Since

511 1
1/4 MR T T
F0,r,y) =£(0,1/4,y) < ¢ _512+16><7225]

(1 — B[1])
=0, | ————~ —1/4<y<1/4
256 P\ for —1/d<y=<1/4,
5 123904
£(0,73,9) =£(0,352,y) < 5 592+ o ] — 3318.218
44 = @ — 352 <y <532
<77 ( 1+b )for 352 <y < 532,

FA=6,2,y) > f(1—68,ra,y) = £(3/4,1/2,) > 592 > 36 = ®, (TQ)

My
for —1/8 <y < 1/8, and
FL) 2 (L) = FL1/20) > 296 > 36 = @, 12
2
for —1/8 < y < 1/8, Theorem [3.1]can be applied to the BVP

’

(Pp(x) + f(t,2,2") =0, 0<t<1,
z(0) — az’ (0) = az(n), 0<n<l, (4.4)
z(1) +2' (1) = La(p), O<pu<l,
with f given in (4.3). By Theorem[3.1] the problem has at least two positive solutions
x1, xo with 1/4 < ||z1]] < 2and 2 < ||x2|| < 352.

Remark. The piecewise continuous function f given in (#.3) can also be replaced by
(1+6—1t) [128203375523 , 2753271348983 ,

t = -
f(t2,y) 2 3808115850 230794900
106156471625653 , _ 3950296709102 ¢
3808115350 631685975 7225

.5)

We can then apply Theorem [3.1]to the problem (@.4) with f given in (#.3)) to show that the
problem has at least two positive solutions z1, 2o with 1/4 < ||z1]] < 2and 2 < ||zz|| <
352.

In Example [.1] a general result was obtained for the existence of positive solutions of

(LI)—(L.2), with f givenin @#.2), p, ¢ > 1,0 <1y < r2 < r2/§ < r3, and the constants
d1, P2, ¢2, and ¢3 satisfying the inequalities in ( . We conclude this paper with example
for the case p = q¢ = 2.

Example 4.3. Consider the boundary value problem
g+ fltx,a)=0, 0<t<1,
2(0) — az’ (0) = afz], (4.6)
z(1) +2'(1) = Bla].
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Letg(t) = 1,b = 1, and Bz] = L2(n),0 < np < 1. Then, B[l] = L, ¢=2L =1,
My = 35, and My = 5. If we setry = 1/4,75 = 1/2, 73 = 1860, and
6%*6%COS47TIE+#;0, 0<xz<1/4,
4105 4103 2
(146—1¢) | o0 —or cosm(do—1)+ g5, 1/4<z<1/2

2 - 2
L5 B cosT(20 — 1)+ gh5,  1/2<2 <2,

2373 _ 449 v’
T—Tcoslgﬂrﬁ(fﬁ_2)+m7 2§x§1860,

then the inequalities
£(0,1/4,y) < 1—16 for —1/4<y<1/4,
£(0,1860,y) < 464.790784 < 465 for — 1860 <y < 1860,
F3/4,1/2,9) > % S16 for —1/8<y<1/8,

and
P22 20 for —1/8<y<1/8
imply that all the conditions of Theorem 3] are satisfied, so the BVP (4.6) with f given in
has at least two positive solutions 1, o with 1/4 < ||z1]] < 2and 2 < ||a2|| < 1860.
We can also replace the function f in (&.7) by
it y) = (I1+6—1) 114789441720137954 B 855116002574918627x3
2 334631973966780 1338527895867120
4027592955239820581 ,  449844227597169277 y?
2677055791734240 1338527895867120 + 8850
and Theorem [3.1] can be applied to problem @.6) with f is given in (#.8).

(4.8)
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