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m-POLAR CUBIC SET THEORY APPLIED TO BCK/BCI-ALGEBRAS

G. MUHIUDDIN∗ AND AHSAN MAHBOOB

ABSTRACT. In this paper, by combinig the notions of m-polar fuzzy structures and inter-
val valued m-polar fuzzy structures, the notion of m-polar cubic structures is introduced
and applied on the ideal theory of BCK/BCI-algebras. In this respect, the notions of
m-polar cubic subalgebras and m-polar cubic (commutative) ideals are introduced and
some essential properties are discussed. Characterizations of m-polar cubic subalgebras
and m-polar cubic (commutative) ideals are considered. Moreover, the relations among
m-polar cubic subalgebras, m-polar cubic ideals and m-polar cubic commutative ideals
are obtained.

1. INTRODUCTION

Imai and Iséki presented the BCK/BCI-algebras [13, 14] in 1966, which is an exten-
sion of set-theoretic difference and propositional calculus. Since then, a lot of research
has emerged on the theory of BCK/BCI-algebras, with a particular focus on the ideal the-
ory of BCK/BCI-algebras. Different types of ideals were examined in various methods in
BCK/BCI-algebras (see, for example, [15, 16, 27, 28, 31]).

By combining the notions of fuzzy sets and interval valued fuzzy sets, Jun et al. [21]
introduced the notion of cubic sets (see [22, 23, 24] for related ideas and results on cubic
ideals in BCK/BCI-algebras). Thereafter, the notion of cubic ideals was introduced in
different algebraic structures and studied by several authors, for instance, Muhiuddin et al.
[32, 33], Senapati et al. [38, 39, 40], Gaketem et al. [11], Gulistan [12], Yaqoob et al. [42],
and many others.

In 2014, Chen et al. [8] presented the m-polar fuzzy set, an expansion of the bipolar
fuzzy set. The m-polar fuzzy models provide the framework with more accuracy, versatil-
ity and compatibility when more than one varibles needs to be taken. The m-polar fuzzy
algebraic structures study began with the concept of m-pF lie subalgebras introduced by
Akram et al. [1]. After that, the theory of m-pF lie ideals was introduced by Akram et al.
[1] in lie subalgebras. A concept given by [10] for the m-pF subgroups. Al-Masarwah et.
al [3] proposed the concepts of m-pF ideals and m-pF commutative ideals on BCK/BCI-
algebras. To make this paper self-readable, readers are suggested to read [6, 34, 35, 36, 37].
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In this paper, by combinig the notions of m-polar fuzzy sets and interval valued m-
polar fuzzy sets, the notion of m-polar cubic structures is introduced and applied on the
ideal theory of BCK/BCI-algebra. In this respect, we introduce the notions of m-polar
cubic subalgebra, m-polar cubic ideals and m-polar cubic commutative ideals. We prove
that m-polar cubic ideals are m-polar cubic subalgebrsa but the converse statement is not
valid and an example is given in this support. We provide a condition under whichm-polar
cubic subalgebra becomes anm-polar cubic ideals. Moreover, we prove thatm-polar cubic
commutative ideals arem-polar cubic ideals but the converse implication is not true and an
example is given in this aim. Also, a condition under which m-polar cubic ideal becomes
an m-polar cubic commutative ideal is provided.

2. PRELIMINARIES

An algebra (Ã; ∗, 0) of type (2, 0) is said to be a BCI-algebra if:
(K1) ((ϑ ∗ ℓ) ∗ (ϑ ∗ ϱ)) ∗ (ϱ ∗ ℓ) = 0,
(K2) (ϑ ∗ (ϑ ∗ ℓ)) ∗ ℓ = 0,
(K3) ϑ ∗ ϑ = 0,
(K4) ϑ ∗ ℓ = 0 and ℓ ∗ ϑ = 0 ⇒ ϑ = ℓ,
∀ ϑ, ϱ, ℓ ∈ Ã.
If a BCI-algebra Ã satisfies the condition:
(K5) 0 ∗ ϑ = 0, ∀ ϑ ∈ Ã,
then Ã is a BCK-algebra, .

Any BCK/BCI-algebra Ã has the following properties:
(π1) ϑ ∗ 0 = ϑ,
(π2) (ϑ ∗ ℓ) ∗ ϱ = (ϑ ∗ ϱ) ∗ ℓ,
(π3) ϑ ≤ ℓ⇒ ϑ ∗ ϱ ≤ ℓ ∗ ϱ and ϱ ∗ ℓ ≤ ϱ ∗ ϑ,
(π4) 0 ∗ (ϑ ∗ ℓ) = (0 ∗ ϑ) ∗ (0 ∗ ℓ),
(π5) 0 ∗ (0 ∗ (ϑ ∗ ℓ)) = 0 ∗ (ℓ ∗ ϑ),
(π6) (ϑ ∗ ϱ) ∗ (ℓ ∗ ϱ) ≤ (ϑ ∗ ℓ),
(π7) ϑ ∗ (ϑ ∗ (ϑ ∗ ℓ)) = ϑ ∗ ℓ,
(π8) 0 ∗ (0 ∗ ((ϑ ∗ ϱ) ∗ (ℓ ∗ ϱ))) = (0 ∗ ℓ) ∗ (0 ∗ ϑ),
(π9) 0 ∗ (0 ∗ (ϑ ∗ ℓ) = (0 ∗ ℓ) ∗ (0 ∗ ϑ),
where ϑ ≤ ℓ⇔ ϑ ∗ ℓ = 0 ∀ ϑ, ϱ, ℓ ∈ Ã. Note that (Ã,≤) is a partially ordered set.

A set Z (̸= ∅) of Ã is said to be a subalgebra of Ã if ϑ ∗ ℓ ∈ Z ∀ ϑ, ℓ ∈ Ã and it is
called an ideal of Z if 0 ∈ Z and ∀ ϑ, ϱ ∈ Ã, ϑ ∗ ϱ ∈ Z, ϱ ∈ Z implies ϑ ∈ Z. Further, Z
is called commutative ideal of Ã if 0 ∈ Z and ∀ ϑ, ϱ, ω ∈ Z, ((ϑ∗ω)∗ (ϱ∗ω)) ∈ Z, ϱ ∈ Z
implies ϑ ∈ Z.

We mean an interval defined by [r−, r+] where 0 ≤ r− ≤ r+ ≤ 1 by an interval
number r̃. D[0, 1] denotes the set of all interval numbers. For the intervals [r−ı , r

+
ı ],

[s−ı , s
+
ı ] ∈ D[0, 1], ı ∈ I , we define

(a) min{[r−ı , r+ı ], [s−ı , s+ı ]} = [min(r−ı , s
−
ı ),min(r+ı , s

+
ı )];

(b) max{[r−ı , r+ı ], [s−ı , s+ı ]} = [max(r−ı , s
−
ı ),max(r+ı , s

+
ı )];

(c) [r−ı , r
+
ı ] ≤ [s−ı , s

+
ı ] ⇔ r−ı ≤ s−ı and r+ı ≤ s+ı ;

(d) [r−ı , r
+
ı ] = [s−ı , s

+
ı ] ⇔ r−ı = s−ı and r+ı = s+ı .
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Assume that Ã is a BCK/BCI-algebra. A mapping Ψ̃P : Ã → D[0, 1] is referred to as

an interval valued fuzzy set (IVFS) in Ã, where Ψ̃P (ϑ) = [Ψ̃P
−
(ϑ), Ψ̃P

+
(ϑ)] ∀ ϑ ∈ Ã,

Ψ̃P
−

and Ψ̃P
+

are fuzzy sets of Ã with Ψ̃P
−
(ϑ) ≤ Ψ̃P

+
(ϑ), ∀ ϑ ∈ Ã.

Definition 2.1. A cubic set CS on Ã is a structure

CS = {(ϑ, Ψ̃P (ϑ), Φ̃P (ϑ)) | ϑ ∈ Ã}

which is denoted by CS = (Ψ̃P , Φ̃P ), where Ψ̃P is an IVFS and Φ̃P is a FS in Ã.

Definition 2.2. A mapping Φ̃P : Ã → [0, 1]m is reffered to as an m-polar fuzzy set (mpF
set) of Ã and is described as:

Φ̃P (ϑ) = (ϖ̃1 ◦ Φ̃P (ϑ), ϖ̃2 ◦ Φ̃P (ϑ), . . . , ϖ̃m ◦ Φ̃P (ϑ))

where ϖ̃ı ◦ Φ̃P (ϑ) represents the i-th degree of membership of ϑ.

Define an order “ ≤ ” on [0, 1]m as pointwise i.e.,

ϑ ≤ ϱ⇔ ϖ̃ı(ϑ) ≤ ϖ̃ı(ϱ) ∀ 1 ≤ ı ≤ m.

The ı-th projection mapping is represented as ϖ̃ı : [0, 1]
m → [0, 1]. We mean (ℓ, ℓ, ..., ℓ)

by ℓ̃ ∈ [0, 1]m. Thus, the smallest and greatest elements in [0, 1]m are 0̃ and 1̃.

Definition 2.3. A mapping Ψ̃P : Ã → D[0, 1]m is reffered to as an interval valued m-polar
fuzzy set (IVmPF set) of Ã and is described as:

Ψ̃P (ϑ) = (ϖ̃1 ◦ Ψ̃P (ϑ), ϖ̃2 ◦ Ψ̃P (ϑ), . . . , ϖ̃m ◦ Ψ̃P (ϑ)),

where ϖ̃ı ◦ Ψ̃P represents the i-th degree of membership of ϑ.
That is

Ψ̃P (ϑ) = ([ΨP−
1 (ϑ),Ψ

P+

1 (ϑ)], [Ψ
P−
2 (ϑ),Ψ

P+

2 (ϑ)], . . . , [Ψ
P−
m(ϑ),ΨP+

m(ϑ)]),∀ ϑ ∈ Ã

where ΨP−
ı and ΨP+

ı are fuzzy sets of Ã with ΨP−
ı (ϑ) ≤ ΨP+

ı (ϑ), ∀ ϑ ∈ Ã and 1 ≤
ı ≤ m.

On D[0, 1]m, a pointwise order is defined as follows:

ϑ ≤ ϱ⇔ ϖ̃ı(ϑ) ≤ ϖ̃ı(ϱ), ∀ 1 ≤ ı ≤ m.

The ȷ-th projection mapping is represented as ϖ̃ı : D[0, 1]m → D[0, 1]. We mean
{[Θ, θ], [Θ, θ], ...., [Θ, θ]} when we say [̃Θ, θ] ∈ D[0, 1]m. Thus, the smallest and greatest
elements in D[0, 1]m are [̃0, 0] and [̃1, 1].

3. m-POLAR CUBIC SUBALGEBRAS

mpC subalgebras in BCK/BCI-algebras are described and characterised in this section.

Definition 3.1. Let Ã be a BCK/BCI-algebra. An m-polar cubic set CS (briefly, mpCS) is
a structure

CS = {(ϑ, Ψ̃P (ϑ), Φ̃P (ϑ)) | ϑ ∈ Ã}
which is denoted by CS = (Ψ̃P , Φ̃P ), where Ψ̃P is an IVmPFS and Φ̃P is an mpFS in Ã.

Definition 3.2. An mpCS CS = (Ψ̃P , Φ̃P ) of Ã is called an mpC subalgebra (briefly,
mpCSub) if:

(C1) ( ∀ ϑ, ϱ ∈ Ã) Ψ̃P (ϑ ∗ ϱ) ≥ Ψ̃P (ϑ) ∧ Ψ̃P (ϱ),
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(C2) ( ∀ ϑ, ϱ ∈ Ã) Φ̃P (ϑ ∗ ϱ) ≤ Φ̃P (ϑ) ∨ Φ̃P (ϱ),
that is,

(C1)
(
∀ ϑ, ϱ ∈ Ã, 1 ≤ ı ≤ m

)
ϖ̃ı ◦ Ψ̃P (ϑ ∗ ϱ) ≥ ϖ̃ı ◦ Ψ̃P (ϑ) ∧ ϖ̃ı ◦ Ψ̃P (ϱ),

(C2)
(
∀ ϑ, ϱ ∈ Ã, 1 ≤ ı ≤ m

)
ϖ̃ı ◦ Φ̃P (ϑ ∗ ϱ) ≤ ϖ̃ı ◦ Φ̃P (ϑ) ∨ ϖ̃ı ◦ Φ̃P (ϱ).

Example 3.3. Conseder a BCK-algebra Ã = {0, ϑ, ϱ, ℓ} with the following table.
* 0 ϑ ϱ ℓ
0 0 0 0 0
ϑ ϑ 0 0 ϑ
ϱ ϱ ϑ 0 ϱ
ℓ ℓ ℓ ℓ 0

TABLE 1. Cayley table for ∗-operation

Let [̂ω, φ] =
(
[ω1, φ1], [ω2, φ2], . . . , [ωm, φm]

)
, [̂Θ, θ] =

(
[Θ1, θ1], [Θ2, θ2], . . . , [Θm, θm]

)
∈

D[0, 1]m and ȷ̂ = (ȷ1, ȷ2, ..., ȷm), ε̂ = (ε1, ε2, ..., εm) ∈ [0, 1]m be such that [̂ω, φ] ≥
[̂Θ, θ] and ȷ̂ ≥ ε̂. Now define an mpCS CS = (Ψ̃P , Φ̃P ) on Ã as:

* Ψ̃P Φ̃P

0 [̂ω, φ] =
(
[ω1, φ1], [ω2, φ2], . . . , [ωm, φm]

)
(0, 0, ..., 0)

ϑ [̂Θ, θ] =
(
[Θ1, θ1], [Θ2, θ2], . . . , [Θm, θm]

)
(0, 0, ..., 0)

ϱ
(
[0, 0], [0, 0], . . . , [0, 0]

)
ε̂ = (ε1, ε2, ..., εm)

ℓ
(
[0, 0], [0, 0], . . . , [0, 0]

)
ȷ̂ = (ȷ1, ȷ2, ..., ȷm)

TABLE 2. Table for the membership values

It is straightforward to show that CS = (Ψ̃P , Φ̃P ) is a 3pCSub of Ã.

Lemma 3.1. If CS = (Ψ̃P , Φ̃P ) is an mpCSub of Ã, then

Ψ̃P (0) ≥ Ψ̃P (ϑ) and Φ̃P (0) ≤ Φ̃P (ϑ) ∀ ϑ ∈ Ã.

Proof. Let ϑ ∈ Ã. Then, we have

ϖ̃ı ◦ Ψ̃P (0) = ϖ̃ı ◦ Ψ̃P (ϑ ∗ ϑ)

≥ ϖ̃ı ◦ Ψ̃P (ϑ) ∧ ϖ̃ı ◦ Ψ̃P (ϑ)

= ϖ̃ı ◦ Ψ̃P (ϑ),

and

ϖ̃ı ◦ Φ̃P (0) = ϖ̃ı ◦ Φ̃P (ϑ ∗ ϑ)

≤ ϖ̃ı ◦ Φ̃P (ϑ) ∨ ϖ̃ı ◦ Φ̃P (ϑ)

= ϖ̃ı ◦ Φ̃P (ϑ),

as required. □

Definition 3.4. Let CS = (Ψ̃P , Φ̃P ) be any mpCS . For [̂Θ, θ] =
(
[Θ1, θ1], [Θ2, θ2], . . . ,)

∈ D[0, 1]m and ε̂ = (ε1, ε2, ..., εm) ∈ [0, 1]m define a level set U(Ψ̃P ; [̂Θ, θ], ε̂) as
follows:

U(Ψ̃P ; [̂Θ, θ], ε̂) = {x ∈ Ã | ϖ̃ı ◦ Ψ̃P (x) ≥ [Θı, θı] and ϖ̃ı ◦ Φ̃P (x) ≤ εı ∀ 1 ≤ ı ≤ m}.
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Theorem 3.2. An mpCS CS = (Ψ̃P , Φ̃P ) is anmpCSub of Ã⇔ each (∅ ≠)U(Ψ̃P ; [̂Θ, θ], ε̂)

is a subalgebra of Ã, ∀ [̂Θ, θ] =
(
[Θ1, θ1], [Θ2, θ2], . . . , [Θm, θm]

)
∈ D[0, 1]m and ε̂ = (ε1, ε2, ..., εm) ∈ [0, 1]m.

Proof. (⇒) Take any ϑ, ϱ ∈ U(Ψ̃P ; [̂Θ, θ], ε̂). Therefore ϖ̃ı ◦ Ψ̃P (ϑ) ≥ [Θı, θı], ϖ̃ı ◦
Φ̃P (ϑ) ≤ εı and ϖ̃ı ◦ Ψ̃P (ϱ) ≥ [Θı, θı], ϖ̃ı ◦ Φ̃P (ϱ) ≤ εı. As CS = (Ψ̃P , Φ̃P ) is an
mpCSub of Ã, so we have

ϖ̃ı ◦ Ψ̃P (ϑ ∗ ϱ) ≥ ϖ̃ı ◦ Ψ̃P (ϑ) ∧ ϖ̃ı ◦ Ψ̃P (ϱ)

≥ [Θı, θı] ∧ [Θı, θı]

= [Θı, θı]

and

ϖ̃ı ◦ Φ̃P (ϑ ∗ ϱ) ≤ ϖ̃ı ◦ Φ̃P (ϑ) ∨ ϖ̃ı ◦ Φ̃P (ϱ)

≤ εı ∨ εı
= εı.

Therefore ϑ ∗ ϱ ∈ U(Ψ̃P ; [̂Θ, θ], ε̂).
(⇐) Assume that U(Ψ̃P ; [̂Θ, θ], ε̂) is subalgebra of Ã, ∀ [̂Θ, θ] =(

[Θ1, θ1], [Θ2, θ2], . . . , [Θm, θm]
)
∈ D[0, 1]m and ε̂ = (ε1, ε2, ..., εm) ∈ [0, 1]m. On con-

trary, let ϖ̃ı ◦ Ψ̃P (ϑ∗ϱ) < ϖ̃ı ◦ Ψ̃P (ϑ)∧ ϖ̃ı ◦ Ψ̃P (ϱ) and ϖ̃ı ◦ Φ̃P (ϑ∗ϱ) > ϖ̃ı ◦ Φ̃P (ϑ)∨
ϖ̃ı ◦ Φ̃P (ϱ) for some ϑ, ϱ ∈ Ã. So there exist [̂δ, γ] = ([δ1, γ1], [δ2, γ2], ..., [δm, γm]) ∈
D[0, 1]m and ℓ̂ = (ℓ1, ℓ2, ..., ℓm) ∈ [0, 1]m such that ϖ̃ı ◦ Ψ̃P (ϑ ∗ ϱ) < [δı, γı] ≤
ϖ̃ı ◦ Ψ̃P (ϑ) ∧ ϖ̃ı ◦ Ψ̃P (ϱ) and ϖ̃ı ◦ Φ̃P (ϑ ∗ ϱ) > ℓı ≥ ϖ̃ı ◦ Φ̃P (ϑ) ∨ ϖ̃ı ◦ Φ̃P (ϱ)

for each 1 ≤ ı ≤ m implies ϑ, ϱ ∈ U(Ψ̃P ; [̂Θ, θ], ε̂) but ϑ ∗ ϱ /∈ U(Ψ̃P ; [̂Θ, θ], ε̂),
which is not possible. Therefore ϖ̃ı ◦ Ψ̃P (ϑ ∗ ϱ) ≥ ϖ̃ı ◦ Ψ̃P (ϑ) ∧ ϖ̃ı ◦ Ψ̃P (ϱ) and
ϖ̃ı ◦ Φ̃P (ϑ ∗ ϱ) ≤ ϖ̃ı ◦ Φ̃P (ϑ) ∨ ϖ̃ı ◦ Φ̃P (ϱ), ∀ ϑ, ϱ ∈ Ã and 1 ≤ ı ≤ m. Hence
CS = (Ψ̃P , Φ̃P ) is an mpCSub of Ã. □

4. m-POLAR CUBIC IDEALS

In this section, the concept of mpC ideal in BCK/BCI-algebras is described, and associ-
ated properties of mpC ideals and mpC subalgebras are discussed.

Definition 4.1. An mpCS CS = (Ψ̃P , Φ̃P ) is called an mpC ideal (briefly, mpCI) if:

(C3) ( ∀ ϑ ∈ Ã) Ψ̃P (0) ≥ Ψ̃P (ϑ) and Φ̃P (0) ≤ Φ̃P (ϑ),
(C4) ( ∀ ϑ, ϱ ∈ Ã) Ψ̃P (ϑ) ≥ Ψ̃P (ϑ ∗ ϱ) ∧ Ψ̃P (ϱ),
(C5) ( ∀ ϑ, ϱ ∈ Ã) Φ̃P (ϑ) ≤ Φ̃P (ϑ ∗ ϱ) ∨ Φ̃P (ϱ),

that is,

(C3) ( ∀ ϑ ∈ Ã, 1 ≤ ı ≤ m) ϖ̃ı◦Ψ̃P (0) ≥ ϖ̃ı◦Ψ̃P (ϑ) and ϖ̃ı◦Φ̃P (0) ≤ ϖ̃ı◦Φ̃P (ϑ),
(C4)

(
∀ ϑ, ϱ ∈ Ã, 1 ≤ ı ≤ m

)
ϖ̃ı ◦ Ψ̃P (ϑ) ≥ ϖ̃ı ◦ Ψ̃P (ϑ ∗ ϱ) ∧ ϖ̃ı ◦ Ψ̃P (ϱ),

(C5)
(
∀ ϑ, ϱ ∈ Ã, 1 ≤ ı ≤ m

)
ϖ̃ı ◦ Φ̃P (ϑ ∗ ϱ) ≤ ϖ̃ı ◦ Φ̃P (ϑ) ∨ ϖ̃ı ◦ Φ̃P (ϱ).

Example 4.2. Consider a BCI-algebra Ã = {0, ϑ, ϱ, ℓ} with the following table.
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* 0 1 ϑ ϱ ℓ
0 0 0 ϑ ϱ ℓ
1 1 0 ϑ ϱ ℓ
ϑ ϑ ϑ 0 ℓ ϱ
ϱ ϱ ϱ ℓ 0 ϑ
ℓ ℓ ℓ ϱ ϑ 0

TABLE 3. Cayley table for ∗-operation

Now define an 3pC set CS = (Ψ̃P , Φ̃P ) on Ã as:

* Ψ̃P Φ̃P

0 ([0.6, 0.7], [0.5, 0.8], [0.3, 0.4]) (0.3, 0.1, 0.2)
1 ([0.5, 0.6], [0.3, 0.5], [0.2, 0.3]) (0.3, 0.2, 0.1)
ϑ ([0.2, 0.4], [0.1, 0.2], [0.1, 0.2]) (0.3, 0.3, 0.2)
ϱ ([0.3, 0.4], [0.2, 0.3], [0.1, 0.2]) (0.6, 0.4, 0.2)
ℓ ([0.2, 0.4], [0.1, 0.2], [0.1, 0.2]) (0.6, 0.4, 0.2)

TABLE 4. Table for the membership values

It is simple to show that CS = (Ψ̃P , Φ̃P ) is a 3pCI of Ã.

Lemma 4.1. Let CS = (Ψ̃P , Φ̃P ) be an mpCI of Ã and ϑ, ϱ ∈ Ã such that ϑ ≤ ϱ. Then

Ψ̃P (ϑ) ≥ Ψ̃P (ϱ) and Φ̃P (ϑ) ≤ Φ̃P (ϱ).

Proof. Let ϑ, ϱ ∈ Ã such that ϑ ≤ ϱ. Then we have

ϖ̃ı ◦ Ψ̃P (ϑ) ≥ ϖ̃ı ◦ Ψ̃P (ϑ ∗ ϱ) ∧ ϖ̃ı ◦ Ψ̃P (ϱ)

= ϖ̃ı ◦ Ψ̃P (0) ∧ ϖ̃ı ◦ Ψ̃P (ϱ)

= ϖ̃ı ◦ Ψ̃P (ϱ).

and

ϖ̃ı ◦ Φ̃P (ϑ) ≤ ϖ̃ı ◦ Φ̃P (ϑ ∗ ϱ) ∨ ϖ̃ı ◦ Φ̃P (ϱ)

= ϖ̃ı ◦ Φ̃P (0) ∨ ϖ̃ı ◦ Φ̃P (ϱ)

= ϖ̃ı ◦ Φ̃P (ϱ).

□

Lemma 4.2. Let CS = (Ψ̃P , Φ̃P ) be an mpCI of Ã and ϑ, ϱ, ℏ ∈ Ã such that ϑ ∗ ϱ ≤ ℏ.
Then

Ψ̃P (ϑ) ≥ Ψ̃P (ϱ) ∧ Ψ̃P (ℏ) and Φ̃P (ϑ) ≤ Φ̃P (ϱ) ∨ Φ̃P (ℏ).

Proof. Let ϑ, ϱ, ℏ ∈ Ã such that ϑ ∗ ϱ ≤ ℏ. Then, we have

ϖ̃ı ◦ Ψ̃P (ϑ) ≥ ϖ̃ı ◦ Ψ̃P (ϑ ∗ ϱ) ∧ ϖ̃ı ◦ Ψ̃P (ϱ)

≥ ϖ̃ı ◦ Ψ̃P ((ϑ ∗ ϱ) ∗ ℏ) ∧ ϖ̃ı ◦ Ψ̃P (ℏ) ∧ ϖ̃ı ◦ Ψ̃P (ϱ)

= ϖ̃ı ◦ Ψ̃P ((ϑ ∗ ϱ) ∗ ℏ) ∧ ϖ̃ı ◦ Ψ̃P (ℏ) ∧ ϖ̃ı ◦ Ψ̃P (ϱ)

= ϖ̃ı ◦ Ψ̃P (0) ∧ ϖ̃ı ◦ Ψ̃P (ℏ) ∧ ϖ̃ı ◦ Ψ̃P (ϱ)

= ϖ̃ı ◦ Ψ̃P (ℏ) ∧ ϖ̃ı ◦ Ψ̃P (ϱ)
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and

ϖ̃ı ◦ Φ̃P (ϑ) ≤ ϖ̃ı ◦ Φ̃P (ϑ ∗ ϱ) ∨ ϖ̃ı ◦ Φ̃P (ϱ)

≤ {ϖ̃ı ◦ Φ̃P ((ϑ ∗ ϱ) ∗ ℏ) ∨ ϖ̃ı ◦ Φ̃P (ℏ)} ∨ ϖ̃ı ◦ Φ̃P (ϱ)

= ϖ̃ı ◦ Φ̃P ((ϑ ∗ ϱ) ∗ ℏ) ∨ ϖ̃ı ◦ Φ̃P (ℏ) ∨ ϖ̃ı ◦ Φ̃P (ϱ)

= ϖ̃ı ◦ Φ̃P (0) ∨ ϖ̃ı ◦ Φ̃P (ℏ) ∨ ϖ̃ı ◦ Φ̃P (ϱ)

= ϖ̃ı ◦ Φ̃P (ℏ) ∨ ϖ̃ı ◦ Φ̃P (ϱ).

Hence Ψ̃P (ϑ) ≥ Ψ̃P (ϱ) ∧ Ψ̃P (ℏ) and Φ̃P (ϑ) ≤ Φ̃P (ϱ) ∨ Φ̃P (ℏ). □

Theorem 4.3. Every mpCI of BCK-algebra Ã is an mpCSub of Ã.

Proof. Let CS = (Ψ̃P , Φ̃P ) be any mpCI and ϑ, ϱ ∈ Ã. As ϑ ∗ ϱ ≤ ϑ in Ã, so by above
Lemma 4.1, ϖ̃ı ◦ Ψ̃P (ϑ) ≤ ϖ̃ı ◦ Ψ̃P (ϑ ∗ϱ) and ϖ̃ı ◦ Φ̃P (ϑ) ≥ ϖ̃ı ◦ Φ̃P (ϑ ∗ϱ). Therefore,
we have

ϖ̃ı ◦ Ψ̃P (ϑ ∗ ϱ) ≥ ϖ̃ı ◦ Ψ̃P (ϑ)

≥ ϖ̃ı ◦ Ψ̃P (ϑ ∗ ϱ) ∧ ϖ̃ı ◦ Ψ̃P (ϱ)

≥ ϖ̃ı ◦ Ψ̃P (ϑ) ∧ ϖ̃ı ◦ Ψ̃P (ϱ)

and

ϖ̃ı ◦ Φ̃P (ϑ ∗ ϱ) ≤ ϖ̃ı ◦ Φ̃P (ϑ)

≤ ϖ̃ı ◦ Φ̃P (ϑ ∗ ϱ) ∨ ϖ̃ı ◦ Φ̃P (ϱ)

≤ ϖ̃ı ◦ Φ̃P (ϑ) ∨ ϖ̃ı ◦ Φ̃P (ϱ).

Hence CS = (Ψ̃P , Φ̃P ) is an mpCSub of Ã. □

Remark. Converse of above Theorem is not true in general.

Example 4.3. Consider a BCK-algebra Ã = {0, ϑ, ϱ, ℓ} with the following table:

* 0 ϑ ϱ ℓ
0 0 0 0 0
ϑ ϑ 0 ϑ 0
ϱ ϱ ϱ 0 0
ℓ ℓ ℓ ℓ 0

TABLE 5. Cayley table for ∗-operation

Now define an 3pC set CS = (Ψ̃P , Φ̃P ) on Ã as:

* Ψ̃P Φ̃P

0 ([0.7, 0.8], [0.3, 0.5], [0.2, 0.3]) (0.3, 0.1, 0.2)
ϑ ([0.5, 0.6], [0.1, 0.3], [0.1, 0.2]) (0.3, 0.2, 0.3)
ϱ ([0.3, 0.4], [0.1, 0.1], [0.1, 0.1]) (0.3, 0.3, 0.2)
ℓ ([0.6, 0.7], [0.3, 0.4], [0.1, 0.3]) (0.6, 0.4, 0.2)

TABLE 6. Table for the membership values
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It is easy to verify that CS = (Ψ̃P , Φ̃P ) is a 3pCSub of Ã but not a 3pCI of Ã beacuse
[0.6, 0.5] = (π1 ◦ Ψ̃P )(ϑ) ≱ π1 ◦ Ψ̃P (ϑ ∗ ℓ) ∧ π1 ◦ Ψ̃P (ℓ) = [0.7, 0.6].

Theorem 4.4. Let CS = (Ψ̃P , Φ̃P ) be an mpCSub of Ã. Then CS = (Ψ̃P , Φ̃P ) is an
mpCI ⇔ ∀ ϑ, ϱ, ℏ ∈ Ã such that ϑ ∗ ϱ ≤ ℏ implies Ψ̃P (ϑ) ≥ Ψ̃P (ϱ) ∧ Ψ̃P (ℏ) and
Φ̃P (ϑ) ≤ Φ̃P (ϱ) ∨ Φ̃P (ℏ).
Proof. (⇒) Follows from Lemma 4.2.

(⇐) Let CS = (Ψ̃P , Φ̃P ) be an mpCSub of Ã such that for all ϑ, ϱ, ℏ ∈ Ã, ϑ ∗ ϱ ≤ ℏ
implies Ψ̃P (ϑ) ≥ Ψ̃P (ϱ) ∧ Ψ̃P (ℏ) and Φ̃P (ϑ) ≤ Φ̃P (ϱ) ∨ Φ̃P (ℏ). As ϑ ∗ (ϑ ∗ ϱ) ≤ ϱ, so
by hypothesis

Ψ̃P (ϑ) ≥ Ψ̃P (ϑ ∗ ϱ) ∧ Ψ̃P (ϱ) and Φ̃P (ϑ) ≤ Φ̃P (ϑ ∗ ϱ) ∨ Φ̃P (ϱ).

Hence CS = (Ψ̃P , Φ̃P ) is an mpCI of Ã. □

Theorem 4.5. An mpCS CS = (Ψ̃P , Φ̃P ) is an mpCI of Ã ⇔ each non-empty level
subset U(Ψ̃P ; [̂Θ, θ], ε̂) is an ideal of Ã, ∀ [̂Θ, θ] =

(
[Θ1, θ1], [Θ2, θ2], . . . , [Θm, θm]

)
∈ D[0, 1]m and ε̂ = (ε1, ε2, ..., εm) ∈ [0, 1]m.

Proof. (⇒) Suppose that ϑ ∗ ϱ, ϱ ∈ U(Ψ̃P ; [̂Θ, θ], ε̂). Then ϖ̃ı ◦ Ψ̃P (ϑ ∗ ϱ) ≥ [Θı, θı],
ϖ̃ı ◦ Φ̃P (ϑ ∗ ϱ) ≤ εı and ϖ̃ı ◦ Ψ̃P (ϱ) ≥ [Θı, θı], ϖ̃ı ◦ Φ̃P (ϱ) ≤ εı ∀ 1 ≤ ı ≤ m. Since
CS = (Ψ̃P , Φ̃P ) is an mpCI of Ã, so we have

ϖ̃ı ◦ Ψ̃P (ϑ) ≥ ϖ̃ı ◦ Ψ̃P (ϑ ∗ ϱ) ∧ ϖ̃ı ◦ Ψ̃P (ϱ)

≥ [Θı, θı] ∧ [Θı, θı]

= [Θı, θı]

and

ϖ̃ı ◦ Φ̃P (ϑ) ≤ ϖ̃ı ◦ Φ̃P (ϑ ∗ ϱ) ∨ ϖ̃ı ◦ Φ̃P (ϱ)

≤ εı ∨ εı
= εı.

Therefore ϑ ∈ U(Ψ̃P ; [̂Θ, θ], ε̂).
(⇐) Suppose that U(Ψ̃P ; [̂Θ, θ], ε̂) is ideal of Ã, ∀ [̂Θ, θ] =(

[Θ1, θ1], [Θ2, θ2], . . . , [Θm, θm]
)

∈ D[0, 1]m and ε̂ = (ε1, ε2, ..., εm) ∈ [0, 1]m. If

ϖ̃ı ◦ Ψ̃P (0) < ϖ̃ı ◦ Ψ̃P (ϑ) and ϖ̃ı ◦ Φ̃P (0) > ϖ̃ı ◦ Φ̃P (ϑ) for some ϑ, ϱ ∈ Ã. Choose
̂
[δ, Φ̃P ] = ([δ1, γ1], [δ2, γ2], ..., [δm, γm]) ∈ D[0, 1]m and ℓ̂ = (ℓ1, ℓ2, ..., ℓm) ∈ [0, 1]m

such that ϖ̃ı◦Ψ̃P (0) < [δı, γı] ≤ ϖ̃ı◦Ψ̃P (ϑ) and ϖ̃ı◦Φ̃P (0) > ℓı ≥ ϖ̃ı◦Φ̃P (ϑ) for each
1 ≤ ı ≤ m implies ϑ ∈ U(Ψ̃P ; [̂Θ, θ], ε̂) but 0 /∈ U(Ψ̃P ; [̂Θ, θ], ε̂), a contradiction. So
ϖ̃ı◦Ψ̃P (0) ≥ ϖ̃ı◦Ψ̃P (ϑ) and ϖ̃ı◦Φ̃P (0) ≤ ϖ̃ı◦Φ̃P (ϑ) ∀ ϑ ∈ Ã and 1 ≤ ı ≤ m. Again,
if ϖ̃ı◦Ψ̃P (ϑ) < ϖ̃ı◦Ψ̃P (ϑ∗ϱ)∧ϖ̃ı◦Ψ̃P (ϱ)} and ϖ̃ı◦Φ̃P (ϑ) > ϖ̃ı∨◦Φ̃P (ϑ∗ϱ)ϖ̃ı◦Φ̃P (ϱ)

for some ϑ, ϱ ∈ Ã. Choose
̂
[δ, Φ̃P ] = ([δ1, γ1], [δ2, γ2], ..., [δm, γm]) ∈ D[0, 1]m and

ℓ̂ = (ℓ1, ℓ2, ..., ℓm) ∈ [0, 1]m such that ϖ̃ı◦Ψ̃P (ϑ) < [δı, γı] ≤ ϖ̃ı◦Ψ̃P (ϑ∗ϱ)∧ϖ̃ı◦Ψ̃P (ϱ)

and ϖ̃ı ◦ Φ̃P (ϑ) > ℓı ≥ ϖ̃ı ◦ Φ̃P (ϑ ∗ ϱ) ∨ ϖ̃ı ◦ Φ̃P (ϱ) for each 1 ≤ ı ≤ m implies
ϑ ∗ ϱ ∈ U(Ψ̃P ; [̂Θ, θ], ε̂) and ϱ ∈ U(Ψ̃P ; [̂Θ, θ], ε̂) but ϑ /∈ U(Ψ̃P ; [̂Θ, θ], ε̂), which is
a contradiction. So ϖ̃ı ◦ Ψ̃P (ϑ) ≥ ϖ̃ı ◦ Ψ̃P (ϑ ∗ ϱ) ∧ ϖ̃ı ◦ Ψ̃P (ϱ) and ϖ̃ı ◦ Φ̃P (ϑ) ≤



m-POLAR CUBIC SET THEORY APPLIED TO BCK/BCI-ALGEBRAS 315

ϖ̃ı ◦ Φ̃P (ϑ ∗ ϱ) ∨ ϖ̃ı ◦ Φ̃P (ϱ) ∀ ϑ, ϱ ∈ S and 1 ≤ ı ≤ m. Hence CS = (Ψ̃P , Φ̃P ) is an
mpCI of Ã □

5. m-POLAR CUBIC COMMUTATIVE IDEALS

The notion of mpC commutative ideal of BCK/BCI-algebras is defined in this section.
Some connections between mpC subalgebras, mpC ideals, and mpC commutative ideals
are studied.

Definition 5.1. An mpCS CS = (Ψ̃P , Φ̃P ) of Ã is called an mpC commutative ideal
(briefly, mpCCI) if it satisfies (C3) and the following conditions:

(C6) ( ∀ ϑ, ϱ ∈ Ã) Ψ̃P (ϑ ∗ (ϱ ∗ (ϱ ∗ ϑ))) ≥ Ψ̃P ((ϑ ∗ ϱ) ∗ ℏ) ∧ Ψ̃P (ℏ),
(C7) ( ∀ ϑ, ϱ ∈ Ã) Φ̃P (ϑ ∗ (ϱ ∗ (ϱ ∗ ϑ))) ≤ Φ̃P ((ϑ ∗ ϱ) ∗ ℏ) ∨ Φ̃P (ℏ),

that is,

(C6) ϖ̃ı ◦ Ψ̃P (ϑ ∗ (ϱ ∗ (ϱ ∗ ϑ))) ≥ ϖ̃ı ◦ Ψ̃P ((ϑ ∗ ϱ) ∗ ℏ) ∧ ϖ̃ı ◦ Ψ̃P (ℏ),
(C7) ϖ̃ı ◦ Φ̃P (ϑ ∗ (ϱ ∗ (ϱ ∗ ϑ))) ≤ ϖ̃ı ◦ Φ̃P ((ϑ ∗ ϱ) ∗ ℏ) ∨ ϖ̃ı ◦ Φ̃P (ℏ),

∀ ϑ, ϱ, ℏ ∈ Ã and 1 ≤ ı ≤ m.

Example 5.2. Consider aBCK-algebra Ã of Example 3.3. Let [ωj , φj ], [Θj , θj ], [δj , γj ] ∈
D[0, 1]m be such that [ωj , φj ] ≥ [Θj , θj ] ≥ [δj , γj ] ∀ j ∈ {1, 2, ...,m}. Now define an
mpCS CS = (Ψ̃P , Φ̃P ) on Ã as:

∗ Ψ̃P Φ̃P

0 ([ω1, φ1], [ω2, φ2], . . . , [ωm, φm]) (0.3, 0.3, ..., 0.3)
ϑ ([Θ1, θ1], [Θ2, θ2], . . . , [Θm, θm]) (0.3, 0.3, ..., 0.3)
ϱ ([δ1, γ1], [δ2, γ2], . . . , [δm, γm]) (0.3, 0.3, ..., 0.3)
ℓ ([δ1, γ1], [δ2, γ2], . . . , [δm, γm]) (0.3.0.3, ..., 0.3)

It is straightforward to verify that CS is an mCCI of Ã.

Theorem 5.1. Every mpCCI of BCK-algebra Ã is an mpCI of Ã.

Proof. Let CS = (Ψ̃P , Φ̃P ) be any mpCCI of Ã and ϑ, ϱ, ℏ ∈ Ã. Then, we have

ϖ̃ı ◦ Ψ̃P (ϑ) = ϖ̃ı ◦ Ψ̃P (ϑ ∗ (0 ∗ (0 ∗ ϑ)))

≥ ϖ̃ı ◦ Ψ̃P ((ϑ ∗ 0) ∗ ϱ) ∧ ϖ̃ı ◦ Ψ̃P (ϱ)}

= ϖ̃ı ◦ Ψ̃P (ϑ ∗ ϱ) ∧ ϖ̃ı ◦ Ψ̃P (ϱ)}.
and

ϖ̃ı ◦ Φ̃P (ϑ) = ϖ̃ı ◦ Φ̃P (ϑ ∗ (0 ∗ (0 ∗ ϑ)))

≤ ϖ̃ı ◦ Φ̃P ((ϑ ∗ 0) ∗ ϱ) ∨ ϖ̃ı ◦ Φ̃P (ϱ)

= ϖ̃ı ◦ Φ̃P (ϑ ∗ ϱ) ∨ ϖ̃ı ◦ Φ̃P (ϱ).

Hence CS = (Ψ̃P , Φ̃P ) is an mpCI of Ã. □

Corollary 5.2. Every mpCCI of Ã is an mpCSub of Ã.

Remark. In general, converse of Theorem 5.1 does not hold.

Example 5.3. Consider a BCK-algebra Ã = {0, ϑ, ȷ, ϱ, ℓ} with the following table.
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* 0 ϑ ȷ ϱ ℓ
0 0 0 0 0 0
ϑ ϑ 0 ϑ 0 0
ȷ ȷ ȷ 0 0 0
ϱ ϱ ϱ ϱ 0 0
ℓ ℓ ℓ ϱ ȷ 0

TABLE 7. Caley table for ∗-opertaion

Let ̂[ς, δ] = ([ς1, δ1], [ς2, δ2], . . . , [ςm, δm]), [̂ψ, ϕ] = ([ψ1, ϕ1], [ψ2, ϕ2], . . . , [ψm, ϕm]), [̂ρ, σ] =

([ρ1, σ1], [ρ2, σ2], . . . , [ρm, σm]) ∈ D[0, 1]m and Θ̂ = (Θ1,Θ2, ...,Θm), θ̂ = (θ1, θ2, ..., θm), γ̂ =

(γ1, γ2, ..., γm) ∈ [0, 1]m be such that ̂[θ, δ] ≥ [̂ψ, ϕ] ≥ [̂ρ, σ] and Θ̂ ≤ θ̂ ≤ γ̂. Now define
an mpCS CS = (Ψ̃P , Φ̃P ) on Ã as:

* Ψ̃P δ

0 ̂[ς, δ] = ([ς1, δ1], [ς2, δ2], . . . , [ςm, δm]) Θ̂ = (Θ1,Θ2, ...,Θm)

ϑ [̂ψ, ϕ] = ([ψ1, ϕ1], [ψ2, ϕ2], . . . , [ψm, ϕm]) θ̂ = (θ1, θ2, ..., θm)

ȷ [̂ρ, σ] = ([ρ1, σ1], [ρ2, σ2], . . . , [ρm, σm]) γ̂ = (γ1, γ2, ..., γm)

ϱ [̂ρ, σ] = ([ρ1, σ1], [ρ2, σ2], . . . , [ρm, σm]) γ̂ = (γ1, γ2, ..., γm)

ℓ [̂ρ, σ] = ([ρ1, σ1], [ρ2, σ2], . . . , [ρm, σm]) γ̂ = (γ1, γ2, ..., γm)

TABLE 8. Table for membership values

It is easy to verify that Ψ̃P is an mpCI of Ã but not an mpCCI of Ã beacuse [ρ1, σ1] =

(π1 ◦ Ψ̃P )(ȷ) = (π1 ◦ Ψ̃P )(ȷ ∗ (ϱ ∗ (ϱ ∗ ȷ))) ≱ π1 ◦ Ψ̃P ((ȷ ∗ ϱ) ∗ 0) ∧ π1 ◦ Ψ̃P (0) =

(π1 ◦ Ψ̃P )(0) = [θ1, δ1].

Theorem 5.3. Let CS = (Ψ̃P , Φ̃P ) be an mpCI of Ã. Then CS = (Ψ̃P , Φ̃P ) is an mpCCI
⇔ ∀ ϑ, ϱ ∈ Ã,

Ψ̃P (ϑ ∗ (ϱ ∗ (ϱ ∗ ϑ))) ≥ Ψ̃P (ϑ ∗ ϱ) and Φ̃P (ϑ ∗ (ϱ ∗ (ϱ ∗ ϑ))) ≤ Φ̃P (ϑ ∗ ϱ).

Proof. (⇒) Let CS = (Ψ̃P , Φ̃P ) be an mpCCI of Ã. Then ∀ ϑ, ϱ, ℏ ∈ Ã, we havễϖı ◦ Ψ̃P (ϑ ∗ (ϱ ∗ (ϱ ∗ ϑ))) ≥ ϖ̃ı ◦ Ψ̃P ((ϑ ∗ ϱ) ∗ ℏ) ∧ ϖ̃ı ◦ Ψ̃P (ℏ)
and

ϖ̃ı ◦ Φ̃P (ϑ ∗ (ϱ ∗ (ϱ ∗ ϑ))) ≤ ϖ̃ı ◦ Φ̃P ((ϑ ∗ ϱ) ∗ ℏ) ∨ ϖ̃ı ◦ Φ̃P (ℏ)
Taking ℏ = 0, so

ϖ̃ı ◦ Ψ̃P (ϑ ∗ (ϱ ∗ (ϱ ∗ ϑ)) ≥ ϖ̃ı ◦ Ψ̃P ((ϑ ∗ ϱ) ∗ 0) ∧ ϖ̃ı ◦ Ψ̃P (0)

≥ ϖ̃ı ◦ Ψ̃P (ϑ ∗ ϱ) ∧ ϖ̃ı ◦ Ψ̃P (ϑ ∗ ϱ)

= ϖ̃ı ◦ Ψ̃P (ϑ ∗ ϱ),
and

ϖ̃ı ◦ Φ̃P (ϑ ∗ (ϱ ∗ (ϱ ∗ ϑ)) ≤ ϖ̃ı ◦ Φ̃P ((ϑ ∗ ϱ) ∗ 0) ∨ ϖ̃ı ◦ Φ̃P (0)

≥ ϖ̃ı ◦ Φ̃P (ϑ ∗ ϱ) ∨ ϖ̃ı ◦ Φ̃P (ϑ ∗ ϱ)

= ϖ̃ı ◦ Φ̃P (ϑ ∗ ϱ).
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(⇐) Let CS = (Ψ̃P , Φ̃P ) be an mpCI such that ∀ ϑ, ϱ, ℏ ∈ Ã with ϑ ∗ ϱ ≤ ℏ implies
Ψ̃P (ϑ∗ (ϱ∗ (ϱ∗ϑ))) ≥ Ψ̃P (ϑ∗ϱ) and Φ̃P (ϑ∗ (ϱ∗ (ϱ∗ϑ))) ≥ Φ̃P (ϑ∗ϱ). By assumption,
we have

ϖ̃ı ◦ Ψ̃P (ϑ ∗ (ϱ ∗ (ϱ ∗ ϑ))) ≥ ϖ̃ı ◦ Ψ̃P (ϑ ∗ ϱ)

≥ ϖ̃ı ◦ Ψ̃P ((ϑ ∗ ϱ) ∗ ℏ) ∧ ϖ̃ı ◦ Ψ̃P (ℏ)
and

ϖ̃ı ◦ Φ̃P (ϑ ∗ (ϱ ∗ (ϱ ∗ ϑ))) ≤ ϖ̃ı ◦ Φ̃P (ϑ ∗ ϱ)

≤ ϖ̃ı ◦ Φ̃P ((ϑ ∗ ϱ) ∗ ℏ) ∧ ϖ̃ı ◦ Φ̃P (ℏ).

Therefore CS = (Ψ̃P , Φ̃P ) is an mpCCI of Ã. □

Theorem 5.4. Every mpCI of commutative BCK-algebra Ã is an mpCCI.

Proof. Let CS = (Ψ̃P , Φ̃P ) be an mpCI of Ã. Then ∀ ϑ, ϱ, ℏ ∈ Ã, we have((
ϑ ∗ (ϱ ∗ (ϱ ∗ ϑ))

)
∗
(
(ϑ ∗ ϱ) ∗ ℏ

))
∗ ℏ =

((
ϑ ∗ (ϱ ∗ (ϱ ∗ ϑ))

)
∗ ℏ

)
∗
(
(ϑ ∗ ϱ) ∗ ℏ

)
≤

(
ϑ ∗ (ϱ ∗ (ϱ ∗ ϑ))

)
∗ (ϑ ∗ ϱ)

=
(
ϑ ∗ (ϑ ∗ ϱ))

)
∗
(
ϱ ∗ (ϱ ∗ ϑ))

)
= 0

It follows that
((
ϑ ∗ (ϱ ∗ (ϱ ∗ ϑ))

)
∗
(
(ϑ ∗ ϱ) ∗ ℏ

))
≤ ℏ. As CS = (Ψ̃P , Φ̃P ) is an

mpCI of Ã, so by Lemma 4.2, Ψ̃P (ϑ ∗ (ϱ ∗ (ϱ ∗ ϑ))) ≥ Ψ̃P ((ϑ ∗ ϱ) ∗ ℏ) ∧ Ψ̃P (ℏ) and
Φ̃P (ϑ ∗ (ϱ ∗ (ϱ ∗ ϑ))) ≤ Φ̃P ((ϑ ∗ ϱ) ∗ ℏ) ∨ Φ̃P (ℏ). Hence CS = (Ψ̃P , Φ̃P ) is an mpCCI
of Ã. □

6. CONCLUSION

The mpCS provides a new structure with more precision, flexibility and compatibility
when more than one variable needs to be taken. The notion of mpCS s is therefore much
wider than the notion of cubic sets. It is therefore necessary to apply the mpCS s to appli-
cations. We constructed the ideal theory inBCK/BCI-algebras based onmpC structures
in this study. We developed the ideas of mpC subalgebras, mpC ideals, and mpC com-
mutative ideals. We showed that mpC ideals are mpC subalgebra, but the converse is not
true, as illustrated by an example in this support. We defined a condition under which an
mpC subalgebra transforms into an mpC ideals. In addition, we defined mpC ideals in
terms of fuzzy ideals and BCK/BCI-algebra ideals. Furthermore, we established that mpC
commutative ideals are mpC fuzzy ideals, but the converse is not true, as illustrated by an
example . A condition under which the mpC ideal becomes a mpC commutative ideal is
also presented.

The work offers a new platform in this field for future research and related fields. In
fact, this study will serve as a basis for further analysis of the m-polar cubic structures
in related algebraic structures. The notion presented in this work can be further extended
to various algebras such as R0-algebras, BL-algebras ,MTL-algebras, UP-algebras, MV-
algebras, EQ-algebras and lattice implication algebras, etc.



318 G. MUHIUDDIN AND AHSAN MAHBOOB

ACKNOWLEDGEMENTS

The authors would like to express their sincere thanks to the referees for their valuable
comments and suggestions which help improved the presentation of this paper.

REFERENCES

[1] M. Akram, A. Farooq and K.P. Shum, On m-polar fuzzy lie subalgebras, Ital. J. Pure Appl. Math., 36
(2016), 445–454.

[2] M. Akram and A. Farooq, m-polar fuzzy lie ideals of lie algebras, Quasigroups Relat. Syst., 24 (2016),
141–150.

[3] A. Al-Masarwah and A. G. Ahmad, m-polar fuzzy ideals of BCK/BCI-algebras, J. King Saud Univ.-Sci.
2018.

[4] S. Bashir, M. Fatima and M. Shabir, Regular Ordered Ternary Semigroups in Terms of Bipolar Fuzzy
Ideals, 7(3) (2019), 233 https://doi.org/10.3390/math7030233.

[5] R. Biswas, Rosenfelds fuzzy subgroups with interval-valued membership function, Fuzzy Sets and Systems,
63(1) (1994), 87–90.

[6] R. A. Borzooei, G. R. Rezaei, G. Muhiuddin and Y.B. Jun, Multipolar fuzzy a-ideals in BCI-algebras,
International Journal of Machine Learning and Cybernetics, 12, pages 2339–2348 (2021).

[7] T. Bej and M. Pal, Interval-Valued Doubt Fuzzy Ideals in BCK-Algebras, International Journal of Fuzzy
System Applications, 8(4) (2019), 101–121

[8] J. Chen, S. Li, S. Ma and X. Wang, m-polar fuzzy sets: An extension of bipolar fuzzy sets, Sci. World J.,
2014, 2014, 416530.

[9] M. Ibrar, A. Khan and B. Davvaz, Characterizations of regular ordered semigroups in terms of (Θ, θ)-
bipolar fuzzy generalized bi-ideals, Int. J. Fuzzy Syst., 33 (2017), 365–376.

[10] A. Farooq, G. Alia, and M. Akram, m-polar fuzzy groups, Int. J. Algebr. Stat., 5 (2016) 115–127.
[11] T. Gaketem, Cubic interior ideal in semigroup, Journal of Discrete Mathematical Sciences and Cryptogra-

phy, (2020), https://doi.org/10.1080/09720529.2020.1756041.
[12] M. Gulistan, N. Yaqoob, T Vougiouklis, H Abdul Wahab, Select this result for bulk action Extensions of

cubic ideals in weak left almost semihypergroups, Journal of Intelligent & Fuzzy Systems, 34( 6) (2018),
4161-4172

[13] Y. Imai and K. Iseki, On axiom systems of propositional calculi. XIV., Proc. Japan Acad., 42 (1966), 19-22.
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