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ON e¢*-REGULARITY AND e¢*-NORMALITY IN INTUITIONISTIC FUZZY
TOPOLOGICAL SPACES

S. SIVASANGARI AND G. SARAVANAKUMAR*

ABSTRACT. In this paper, the concept of intuitionistic fuzzy e*-open and e*-closed sets
to introduce some new types of intuitionistic fuzzy e*-separation axioms, intuitionistic
fuzzy e*-T; space (for ¢ = 3, 4) and intuitionistic fuzzy e*-regular and e*-normal spaces
are introduced, some theorems about them are investigated. Stronger forms of intuitionistic
fuzzy e*-regular and intuitionistic fuzzy e*-normal spaces are introduced. Moreover, the
relationships between these separation axioms and others are investigated.

1. INTRODUCTION

Ever since the introduction of fuzzy sets by Zadeh [32], the fuzzy concept has invaded
almost all branches of mathematics. The concept of fuzzy topological spaces was intro-
duced and developed by Change [6]]. Atanassov [[1] introduced the notion of intuitionistic
fuzzy sets, Coker [7] introduced the intuitionistic fuzzy topological spaces. Several au-
thors [2}[15} 20, [26]] introduced the concepts of fuzzy separaion axioms using the notion of
fuzzy open set and Othman and Latha [20]] by using the notions fo fuzzy regular open sets,
fuzzy [-open sets, fuzzy a-open sets and fuzzy semi a-open sets respectively. Singal and
Prakash [25]] have introduced the concept of fuzzy pre-separation axioms. Qahtani and Al-
Qubati [21]] have introduced and studied new kinds of fuzzy pre-separation axioms. Several
notions based on fuzzy pre-separation axioms have been studied. Some authors studied the
concept of separation axioms in intuitionistic fuzzy topological spaces. In 2001, Bayhan
and Coker [3]] gave some characterizations of 77 and 75 separation axioms in intuitionistic
topological spaces, they gave interrelations between several types of separationn axioms
and some counter examples. In 2003, Lupianez [17] defined new notions of Hausdorff-
ness in the intuitionistic fuzzy topological spaces. In 2005, Bayhan and Coker [5] studied
pairwise separation axioms in double intuitionistic topological spaces. For more studies,
we can find them in [4] 9] (18] 24]]. The initiations of e*-open sets, e*-continuity and
e*-compactness in topological spaces are due to Ekici [10} [11} [12} [13/ [14]]. Sobana et.al
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[29] were introduced the concept of fuzzy e*-open sets, fuzzy e*-continuity and fuzzy e*-
compactness in intuitionistic fuzzy topological spaces (briefly., IFTS’s). The main purpose
of this paper is to introduce and study some new types of intuitionistic fuzzy e*-separation
axioms, which is intuitionistic fuzzy e*-T; space (for, ¢ = 3,4) and intuitionistic fuzzy
e*-regular and intuitionistic fuzzy e*-normal spaces by using the concept of intuitionistic
fuzzy e*-open (resp. closed) sets. Also, we will introduce stronger forms of intuitionis-
tic fuzzy e*-regular and intuitionistic fuzzy e*-normal spaces with relationships between
these separation axioms and others

2. PRELIMINARIES

Definition 2.1. [I]] Let X be a nonempty fixed set and I be the closed interval in [0, 1]. An
intuitionistic fuzzy set (IFS) A is an object of the following form A = {< =, pa(z),va(z)
>;x € X} where the mappings pia(x) : X — I and v4(z) : X — I denote the degree of
membership (namely) 14 (x) and the degree of non membership (namely) v 4 (z) for each
element z € X to the set A respectively, and 0 < p4(x) + va(z) < 1foreachz € X.

Definition 2.2. [1]] Let A and B are intuitionistic fuzzy sets of the form A = {< x, pa(z),
va(z) > x € X}and B = {< z, pp(x),vp(z) >: x € X}. Then

(i) AC Bifandonly if pa(x) < pp(z) and va(z) > vp(x);

(i) A (orA°) ={<xz, va(z),pa(z) >z € X};

(i) ANB={<z, pa(x) App(z),va(z) Vvg(x) >z € X}

(iv) AUB={<z, pa(z)V pp(x),va(z) Nvg(x) >z € X}

W) [JA = {< 2, pa(@), 1 pa(x) >:z € X}

vi) ()A={<z, 1 —va(x), valz) >z e X}
We will use the notation A = {< x, pa, va >: x € X} instead of A = {< z, pa(z),

va(z) >z € X}

Definition 2.3. [7]1Q = {< 2,0, 1 >z € X}and 1l = {< 2, 1, 0 >;2 € X}.
Let o, 8 € [0, 1] such that « + 8 < 1. An intuitionistic fuzzy point (IFP)p(% ) is

(a, B)if x=p

intuitionistic fuzzy set defined by p(q, g) (z)= {(0 1) otherwi
, 1) otherwise

Definition 2.4. [7] An intuitionistic fuzzy topology (IFT) in Coker’s sense on a nonempty
set X is a family 7" of intuitionistic fuzzy sets in X satisfying the following axioms:
®HQ,1eT;
(i) G1 NGy € T, forany Gy, Gy € T},
(ili) UG; € T for any arbitrary family {G;;i € J} CT.

In this paper by (X, T') or simply by X we will denote the intuitionistic fuzzy topo-
logical space(IFTS). Each IFS which belongs to 7" is called an intuitionistic fuzzy open set
(IFOS) in X. The complement A of an IFOS A in X is called an intuitionistic fuzzy closed
set (IFCS) in X.

Definition 2.5. [16] Let p(,, gy be an IFP in IFTS X. An IFS A in X is called an intu-
itionistic fuzzy neighborhood (IFN) of p(,, gy if there exists an IFOS B in X such that
P(a, 8) € B C A.

Let X and Y are two non-empty sets and f : (X, T') — (Y, o) be a function [7]. If
B={<y, us(y), ve(y) >;y € Y}isanIFS in Y, then the pre-image of B under f is
denoted and defined by f~1(B) = {< z, f~Y(up(z)), f~1(va(z)) >;2 € X}. Since
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wp(z), vp(z) are fuzzy sets, we explain that f 1 (up(z)) = up(z)(f(2)), f~1(vp(z)) =
vp(z)(f(2)).

Definition 2.6. [7] Let (X, 7') be an IFTS and A = {< x, pa, v4a >;2x € X} be an IFS
in X. Then the intuitionistic fuzzy closure and intuitionistic fuzzy interior of A are defined
by

(i) cl(A) =({C:CisanIFCSin Xand C' D A};

(i) int(A) =U{D : DisanIFOS in Xand D C A};
It can be also shown that c/(A) is an IFCS, int(A) is an IFOS in X and A is and IFCS in
X if and only if ¢cl(A) = A; Ais an IFOS in X if and only if int(4) = A

Proposition 2.1. [[7] Let (X, T) be an IFTS and A, B be intuitionistic fuzzy sets in X.
Then the following properties hold:

(i) cl(A) = (int(A)), int(A) = (cA(A));

(ii) int(A) C A C cl(A).
Definition 2.7. Let A be IFS in an IFTS (X, T'). A is called an intuitionistic fuzzy regular

open set [30] (briefly IFROS) if A = intcl(A) and intuitionistic fuzzy regular closed set
(briefly TFRC'S) if A = clint(A)

Definition 2.8. [30] Let (X,7") be an IFTS and A =< z, pa(x),va(z) > be aIFS in X.
Then the fuzzy 6 closure of A are denoted and defined by cls(A) = N{K : K is an IFRCS
in X and A C K} and ints(A) = U{G : Gisan IFROS in X and G C A}.

Definition 2.9. [29] Let A be an IFS in an IFTS(X, T). A is called an intuitionistic fuzzy
e*-open set (IFe*OS, for short) in X if A C clintcls(A)

Definition 2.10. [27] Let (X,T") be an IFTS and A =< z, 4,74 > be an IFS in X.
Then the intuitionistic fuzzy e*-interior and intuitionistic fuzzy e*-closure are defined and
denoted by:

cle«(A) =N{K : KisanIFe*CSin X and A C K}
and

intex(A) = U{G : GisanIFe*OS in X and G C A}.
It is clear that A is an IFe*CS (IFe*OS) in X iff A = cl.-(A)(A = int.-(A)).
Definition 2.11. [7]] Let (X, T) and (Y, S) be IFTS’s. A function f : (X, T) — (Y, S) is
called intuitionistic fuzzy continuous(resp., e*-continuous [29])) if f~!(B) is an IFOS(resp.,
[Fe*OS)in X for every B € S.

Definition 2.12. [28] A IFTS (X, T) is said to be a intuitionistic fuzzy stronger- e*-T}
(briefly, I F'e*-Tys) if every IFP is an IFe*CS.

3. €*-REGULARITY IN INTUITIONISTIC FUZZY TOPOLOGI-CAL SPACES

Definition 3.1. AnIFTS (X, T)) is said to be intuitionistic fuzzy e*-Uryshon (briefly, I Fe*
- Tg% ) if for every pair of IFP’s p = x(q,8y,4 = ¥Y(y,, With different supports, there
exists an JFe*0S’s M and N such that (p € M,q ¢ M) and (¢ C N,p ¢ N) and
IFe*cl(M) € IFe*cl(N).

Definition 3.2. An IFTS (X, T) is said to be intuitionistic fuzzy e*-regular space (briefly,
IFe*Rs) if for every pair of IFP p and [Fe*CS N such that p ¢ N there exists an
IFe*OS’s My and M, such that (p C My, N C M and My € Mo).
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Theorem 3.1. If (X, T) be an I Fe* Rs, then for any IFP p = x5y and an IFOS N such
that p C N, there exists an [Fe*OS My such thatp C My C [Fe*cl(M;) C N.

Proof. Suppose that X be an TFe*Rs. Let N = (x, un(x),vn(z)) be an IFOS of X
and p be an IFP in X such that p C N. Then N¢ = (x,vn(z), un(x)) is an IFe*CS
in X . Since X is an I Fe* Rs, therefore there exist two IFe*OS’s M, and M5 such that
p € My, N¢ C My and M, Q Mj. Now MS is an IFe*CS such that M; C M5 C N,
thus, p € My C IFe*cl(My) and IFe*cl(M;) C Mg C N, so IFe*cl(M;) C N. Hence
p C My CIFe*cl(M;) C N. O

Definition 3.3. A IFTS (X, T) is said to be an intuitionistic fuzzy e*T3 space (briefly,
IFe*T3)ifitisan I Fe*Rs as well as I Fe* - T s space.

Proposition 3.2. Every subspace of [ Fe*Rs is [ Fe* Rs.

Proof. Let (X,T) be a [Fe*Rs and Y be subspace of X. To prove that Y is an [ Fe*-
regular, where Ty = {Gy = (z, pa)y (2), vgy (7)), 2 € Y,G € T} and G = (=, pg(z),
vg(z)). Let p = Z(q,5) be an IFP in Y, and Ny be an IFe*C'S in Y such that p Ny
Since Y is a subspace of X , so p € X and there exist an [Fe*CS F in X such
that the closed set generated by it for Y is Fy. Since X is IFe*Rs such that p ¢
F, there exist two IFe*0S’s My, My such that p C My = (z, puar, (), var, () and
N C My = (z, pung, (%), vag, (x)) and My € Mo, Miy = (x, g,y (), vagy |y (z)) and
Moy = (2, piar,|y (%), Vag, |y (z)) are IFe*OS in Y such that that p € M1y, N C Moy
and Myy ¢ Moy Hence Y is an IFe* Rs O

Theorem 3.3. An IFTS (X,T) is said to be an IFe*Rs if and only if for an IFP p =
T(a,p) and an IFCS N such that p ¢ N, there exist two IFe*OS's My, My such that
p C My, N C My, and IFe*cl(My) € (IFe*cl(My)).

Proof. Since p ¢ N and (X, T) is [ Fe* Rs, there exist two I Fe*0S’s My, My such that
p C N,N C M, and My ¢ M, and by Theoremp C My C IFe*cl(M3) C M.
Hence [Fe*cl(Ms) C M. Also, N C M, C IFe*cl(Ms). But since IFe*cl(My) €
IFe*cl(Ms), then N C My C IFe*cl(My) C IFe*cl(M;) C M¢ and hence p C
My,N C My and IFe*cl(M;) € (IFe*cl(Ms)).

The converse is clear. O

Theorem 3.4. Let (X, T) be an IFe* Rs which is also IFTy. Then (X, T) is IFe*-Ty, .

Proof. Letp = x(4,py and ¢ = x(,,,) are IFP’s with different supports. Since (X, T’) is
an I F'T} space, then there exists an IFOS N such thatp C N,q € Norq C N,p ¢ N.
Consider the part p C N,q ¢ N. This implies that p ¢ N¢ where N is an IFCS. Since
(X,T) is an IFe*Rs, so by Theorem there exist an IFe*0S’s My and M such
that p C Myand N¢ C M, and IFe*cl(M,) ¢ (IFe*cl(Ms)) orp C My,q C Msand
IFe*cl(My) € (IFe*cl(Ms)). Hence (X, T) is IFe T,y . O

Theorem 3.5. If f : (X, T) — (Y, S) is a closed injective intuitionistic fuzzy e*-continuous
mapping and (Y, S) is an IFRS, then (X,T) is an [ Fe*Rs.

Proof. Let p be an IFP and N be an IFCS in X . Then f(p) is an IFP and f(V) is
an IFCS in Y . Since (Y, 5) is an intuitionistic fuzzy regular space then there exist two
IFOS’s M; and M, such that f(N) C Ma, f(p) € My and My ¢ M. It follows that
N C f~(Mz),p C f~1(My)and f~1(My) C f~'(Ms) where f~1 (M) and f~1(Mo)
are I[Fe*0S’sin X . Hence (X,T') is an I Fe* Rs. O
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Theorem 3.6. Ler f : (X, T) — (Y, S) be an intuitionistic fuzzy e*-open mapping. If X
is an intuitionistic fuzzy regular space then'Y is I Fe* Rs.

Theorem 3.7. Every [ Fe*Rs and I F'T; space is an [ Fe*T: 21 space.

Proof. Let (X, T) be an IFTS which is I Fe*Rs and I F'T,. Let p and g be two IFP’s with
different supports in X. Since X is an [ F'T5, there exist two IFOS’s M and N such that
pC MqgdZ M,qgC N,pZ Nand M ¢ N or IFe*cl(M) ¢ N. So that ¢ ¢ M.
Since I Fe*cl(M) is an IFCS and (X, T') is an I Fe* Rs. So by Proposition[3.2] there exist
an IFe*0S’s My and M, such that IFe*cl(M) C Ms,q C M, and IFe*cl(M;) ¢
IFe*cl(Ms). Since p C IFe*cl(M), we have p C M, q C My, and IFe*cl(M;) €
IFe*cl(My). Hence the space (X, T') is IFe*T,, space. O

Definition 3.4. An IFTS(X,T) is said to be
(i) intuitionistic fuzzy e*-regular space (i) (briefly, I Fe* Rs(4)) if for an IFP p and an
IFe*CS N such that p ;(_ N, there exist two IFe*0OS’s M, and My such that
N g Mg,p g Ml andM1 g MQ.
(i) intuitionistic fuzzy e*-regular space (ii) (briefly, I Fe* Rs(ii) ) if for an IFP p and
an IFe*C'S N such that p Q N, there exist two IFOS’s M; and M such that
N - Mg,p - M1 andM1 SZ Mg.

Theorem 3.8. An IFTS (X, T) is said to be
(i) IFe*Rs(i) if for an IFP p and an IFe*OS My such that p C My, there exist an
IFe*OS My suchthat p C My C IFe*cl(Ms) C M.
(ii) IFe*Rs(it) if for an IFP p and an [Fe*OS M such that p C My, there exist an
IFOS M> such that p C My C IFE*CZ(MQ) C M.

Proof. (i) Let M7 be an I F'e*OS such that p C M, then p ;(_ MY and MY isan IFe*CS.
Therefore, there exist two IFOS’s N and K such that p C N,M{ C K and N ¢ K.
Now, we can get [Fe*cl(N)¢ C (M) = My and P C N C IFe*cl(N) C M;. Itis
clear that p C N C IFe*int(IFe*cl(N) C IFe*cl(N) C M;). Therefore, if we put
IFe*int(IFe*cl(N) = My, thenp C N C My C IFe*cl(Msy) C My, where Mo is an
IFOS. The converse is clear.

(i1) The proof is similar to (i). ([

Theorem 3.9. An IFTS (X, T) is said to be

(i) IFe*Rs(i) if for an IFP p and an IFe*CS N such that p ¢ N€, there exist
two IFe*OS's My and M, such that p C My,N C My, and IFe*cl(My) €
IFe*cl(Ms).

(ii) IFe*Rs(ii) if for an IFP p and an IFe*CS N such that p ¢ N, there exist two
IFOS’s My and My such that p C My, N C My, and IFe*cl(My) ¢ IFe*cl(Ms).

Proof. Similar to that of Theorem [3.8 t

Theorem 3.10. Let f be an injective, intuitionistic fuzzy e*-irresolute mapping from an
IFTS (X, T) into an IFTS (Y, S). Then X is e*Rs if Y is €* Rs.

Theorem 3.11. Ler (X,T) be an IFe*Rs(i) which is also IFe*Ty. Then (X,T) is
[Fe' Ty, .

Proof. Let p and g are IFP’s with different supports. Since (X, T') is a I Fe*Tj space, then
there exists an [ F'e*OS M such thatp & M,q € M orq C M,p € M. Consider the part
p € M,q ¢ M. This implies that p C (M¢)¢, where M€ is an [ Fe*CS. Since (X, T) is
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IFe*Rs(i), so by Theorem there exist I F'e*OS’s N and K such thatp C N, M€ C
K and IFe*cl(N) € IFe*cl(K),orp C N,q C K and IFe*cl(N) ¢ IFe*cl(K).
Hence (X, T) is an [Fe*T 5 . O

Theorem 3.12. Let (X,T) be an IFe*Rs(ii) which is also IFe*Ty. Then (X, T) is
[Fe Ty

Theorem 3.13. Let (X,T) be an IFe*Rs(ii) which is also IFe*Ts. Then (X,T) is
IFe Ty, .

Definition 3.5. An IFTS (X, T) is said to be
(i) intuitionistic Fuzzy e*Tj3 space (i) (briefly, I Fe*T5s(i)) if itis [ Fe* Rs(i) as well as
IFe*-T;s space.
(i) intuitionistic Fuzzy e*T5 space (i) (briefly, I Fe*T5s(ii)) if it is [ Fe* Rs(ii) as well
as I Fe*-T s space.

4. e*-NORMALITY IN INTUITIONISTIC FUZZY TOPOLOGICAL SPACES

Definition 4.1. An IFTS (X, T) is said to be

(1) intuitionistic fuzzy e*-normal space (briefly, I F'e* Ns) if for every pair of IFCS’s
N7 and N such that Ny SZ No, there exist two [Fe*0S’s M, and M, such that
N1 - Ml,NQ - M2 and M1 g Mg.

(ii) intuitionistic fuzzy e*T) spac (briefly, I Fe*Tys)eifitisan [ F'e* Ns as well as I F'e*-
Ty s space.

Theorem 4.1. An IFTS (X,T) is an IFe* Ns if and only if for every IFCS Ny and ev-
ery IFOS Ny such that Ny C Ns there exists an IFe*OS M such that Ny C M C
IFe*cl(M) C Ns.

Proof. Let (X,T) be an [Fe*Ns and let Ny C Na, where N7 is a IFCS and Ns is an
IFOS, then (N2)€ is an IFCS but (X, T) be an I F'e* N s hence there exist two [ Fe*0S’s
M and M, such that Ny C My, (N2)¢ € My and My ¢ My, therefore Ny C M C
(Ms)¢ C N that implies TFe*cl(Ny) € IFe*cl(M) C IFe*cl(M)° C IFe*cl(N),
then Ny C IFe*cl(Ny) C [Fe*cl(My) C (M3)¢ C No.Hence Ny C My C IFe*cl(M,)
C N,.The converse is clear. O

Theorem 4.2. If f : (X, T) — (Y, S) is closed injective, intuitionistic fuzzy e*-continuous
mapping and (Y, S) is a intuitionistic fuzzy normal space, then (X, T) is an IFe*N's.

Theorem 4.3. If f : (X,T) — (Y,5) be an intuitionistic fuzzy e*-open mapping. Then
(X, T) is a intuitionistic fuzzy normal space, if (Y, S) is an IFe*Ns.

Theorem 4.4. Every IFe*Ns and IFT's space is [ F'e*Rs.

Proof. Let (X,T) be an IFe*Ns and I FT's space. Let p and N be respectively, an IFP
and [Fe*CS in X and p ¢ N. Since (X, T) is IFTS, then p is an [Fe*CS and since
(X,T)isan I Fe*Ns, there exist [ Fe*OS’s My and My such thatp C My, N C M, and
My ¢ M,. Hence (X, T)is an [ Fe*Rs. O

Definition 4.2. An IFTS (X, T) is said to be
(i) intuitionistic fuzzy e*-normal space (i) (briefly, IFe*Ns(i)) if for every pair of

IFe*CS’s Ny and Ny such that Ny ¢ N, there exist two [Fe*0S’s M; and M»
such that N1 g M17N2 g MQ and Ml 7¢_ MQ.
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(i) intuitionistic fuzzy e*-normal space (ii) (briefly, I Fe*Ns(i4)) if for every pair of
IFe*CS’s N1 and Ny such that Ny ,¢_ N, there exist two IFOS’s M; and M5 such
that Nl g Ml,NQ Q M2 and M1 g Mg.

Theorem 4.5. (1) Every [Fe*Ns(i) and I[Fe*T's space is [ Fe* Rs(i).
(2) Every IFe*Ns(ii) and IFe*Ts space is [ Fe* Rs(it).

Proof. (1) Let (X,T') be an IFe*Ns(i) and I Fe*T's space. Let p and N be respectively,
an IFP and an JFe*CS in X and p € N. Since (X, T) is [Fe*T's, then p is an [ Fe*C'S
and since (X, T) is IFe*Ns(i), there exist an IFe*0S’s My and My such that p C
My,N C M, and M; ¢ M,. Hence (X, T) is an [ Fe*Rs(i).

Proof for case (2) is similarly follow. [l

Definition 4.3. An IFTS (X, T) is said to be
(i) intuitionistic fuzzy e*T space (i) (briefly, I Fel s(i)) if it is IFe* Ns(i) as well as
I Fe*-Tis space.
(ii) intuitionistic fuzzy e*T) space (ii) (briefly, I Fel s(ii)) if it is [ Fe* N s(ii) as well as
I Fe*-T)s space.

Theorem 4.6. (1) Every [Fe*Tys(i) is IFe*T5s(i)
(2) Every IFe*Tys(ii) is IFe*T3s(ii)

Proof. Strictly follow from Theorem 4.5 O

5. CONCLUSION

In this paper, we have introduced and studied the concepts of intuitionistic fuzzy e*-
open and e*-closed sets to some new types of intuitionistic fuzzy e*-separation axioms,
intuitionistic fuzzy e*-T; space (for ¢ = 3,4) and intuitionistic fuzzy e*-regular and e*-
normal spaces are introduced, some theorems about them are investigated. Stronger forms
of intuitionistic fuzzy e*-regular and intuitionistic fuzzy e*-normal spaces are introduced.
Moreover, the relationships between these separation axioms and others are investigated.
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