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BEHAVIOR AND FORMULA OF THE SOLUTIONS OF RATIONAL
DIFFERENCE EQUATIONS OF ORDER SIX

J. G. AL-JUAID*, E. M. ELSAYED AND H. MALAIKAH

ABSTRACT. This paper is devoted to find the form of the solution of the following rational
difference equations :
Tn—3Tn—>5

Tn4+1 = )
T 1(FL £ 2n—3Tn_s)

where the initial conditions z_5, _4, _3, T_92, *_1, xo are arbitrary non zero real
numbers. Also, we study the behavior of the solutions.

1. INTRODUCTION
In this paper, we obtain the solution of the following difference equations :

Tn—3Tn—5
b
Tp_1(E£l £ 2p_3Tpn_5)

(1.1)

Tp+1 =
where the inital conditions z_5, x_4, x_3, T_2, T_1, xo are arbitrary non zero real
numbers. Also, we study the solution of some special equations. Many researchers have

investigated the behavior of the solution of rational difference equations for instance:

Cinar [4] discussed the solutions of the following difference equation

B ATp—_1
Tntl =9 +bxpTp_1
Ibrahim [16] gave the solutions of the following difference equation
TnLpn—2
Tpy1 =

Tn—-1 (a + bxnzn—2) .
Karatas et al [17] supplied the solution to the difference equation below

P -
s (]- + xn72mn75) ’

2010 Mathematics Subject Classification. 39A10.

Key words and phrases. Local stability; Difference equation; Recursive sequences.
Received: March 17, 2023. Accepted: April 21, 2023. Published: June 30, 2023.
*Corresponding author.

72



BEHAVIOR AND FORMULA OF THE SOLUTIONS OF DIFFERENCE EQUATIONS 73

Zayed [26] discussed the dynamics of the difference equation
PTn + Tk

xn+1:Axn+ank+ q+ Tn
n—

Saleh [24] analyzed the stability and periodicity of the difference equation

" _ o+ BTy +yTn—k
T T B+ Crng
Elsayed [5] discussed the stability of the rational difference equation

a—+ bxn—l + CTln—L
dep_1+exp_j

Tn+1 =

For some results about difference equations can be see the references [1-27].

Definition: let I be some interval of real numbers and let
JARD Langesy §

be a continuously differentiable function.Then, for every set of initial condition
T_k, Tok+1,---, o € I, the difference equation

Tni1 = F(xnvxnfhx’anu ey (En,k),n = 07 ]-7 ey (12)

has a unique solation {z, }>° _, [15].

The linearized equation of Eq.(1.2) about the equilibrium Z is the linear difference
equation

i=0
Theorem A [15]: Assume thatp; € R,i =1,2,...,kand k € 0,1,2,... . Then

k
Z ‘pll < 1a
i=1
is a sufficient condition for the asymptotic stability of the difference equation
Ttk +P1Tntk—1+ o + P2, =0,n=0,1,....

Tn—-3Tn—5
Tp—1(1+Tn—3%Tn—5)

2. THE FIRST EQUATION Z,, 41 =

In this section, we give a specific form of the solution of the first difference equation in
the form
Ln—3Tn—5
T (1 4+ Zp_3Tn-5)

Tny1 = (2.1)

where the initial values are arbitrary non zero real numbers.
Theorem 2.1. Let {x,,}>2 - be a solution of Eq. (2.1). Then forn =0, 1, ...,

dﬁﬁ (1 +ibd)
(

b b (L (i +1)df)’

Ton—-3 =
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e 1 (1 + iac)
an g (LG + 1)ce)’
b S (1 (i 4 1)df)
Ton—1 = . ’
o L @ g

a1 T2 (14 (i + 1)ce)
44 (L+ (i +1)ac)’

wherex_5s=f, x_4=e, 2 3=d,x_o=c, ©_1 =0, x9g =a.

—

Tyn = on

Proof: For n=0, the result holds. Now, suppose that n > 0 and that our assumption
holds for n — 1. That is

N dfr=1 2 (14 ibd)
T et L i+ Ddf)

Tan—6 = an—l i (1 + (7, n 1)66),

L (1 (i + 1)df)
T et L (4 (i 1)bd)”

. _a” n2(1+(i+1)ce)
=t T en1 =5 L+ (i+ Dac)

Now, it follows from Eq. (2.1) that

Ton—4TL4n—6
ZTan—2(1 + Tan—aTan—¢)

Tqn =

a” an2 (1+(i+1)ce) ce™ 1 n—2 (l+iac)

en—1 11i=0 (1+(i+1)ac) an—1 =0 (1+(i+1)ce)
en n—1 (14iac) n n—2 (14(i+1)ce) cen—1 n—2 (1+iac)
% =0 (14(i+1)ce) (1+ 62*1 i=0 (1+(i+1)ac) ?:"*1 Hi:O (1+(i+1)ce))

n—2 (14+iac)
ac][i=o (I+(i+1)ac)
cen n—1 (14iac) n—2  (14iac)
an 1li=o (1+(i+1)ce)(1+aCHi:0 (1+(i+1)ac))

an+1c

n n—1 14+iac (14+nac+ac)
ce (]‘ + nac) Hi:O (1—(§-(i+1))ce) (14+nac)

a1 P (1 + (i + 1)ce) 1

er 1o (I+iac) (14 (n+1lac)
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Hence,we have
a1 T (14 (i + 1)ce)
Ton = 3 .
er L4 (14 (i+ 1)ac)

Similarly, we see that

Tgn—-5T4n—7
Zan—3(1 + Tan—52an—7)

LTon—1 =

p" Hn72 (1+(i+1)df) df™—* Hn72 (1+ibd)

. =1 Lli=0 (T4 (G+10)bd) n=T Lli=0 (T+(G+1)df)

T anl (1+ibd) (1+ & n—2 (14(i+1)df) dfn—! 7yn—2 _ (1+ibd) )
bn =0 (14(i+1)df) fr—1 LLli=0 (14(i+1)bd) b—1 =0 (14(i+1)df)

n—2  (14ibd)
bd][;=o (A+(i+1)bd)

dfr -1 (11ibd) n—2  (11ibd)
G izo marnay (X + 041 Lizo mrrisa)

btld

. n—1 (1+ibd) (1+nbd+bd)
df(1+nbd) [ 120 vy (rbd)

ot (1 (i + 1)df) 1
St (A4ibd) (L4 (n+1)bd)

Hence,we have

T (14 (i 4 1)df)
frots W4+ 1)bd)

Similarly, one can easily obtain the other relations. Thus, the proof is completed.

Ton—1 =

Theorem 2.2. Eq. (2.1) has a unique equilibrium point which is Z = 0, and is not locally
asympotoically stable.
Proof: From Eq. (2.1), we see that
i} z°

T=——
(1 +22)°
or

?1+22-1)=0,=z*=0.

Thus the equilibrium point of Eq. (2.1) is £ = 0.
Let f: (0,00)% — (0,00) be a continuously differentiable function defined by
_ vw
f(u,’U,U)) - u(l +'U’LU)

Therefore it follows that
—vw w v

),fv(u,v,w)zu( )27fw(u,v,w):u(

Julu, v, w) = w? (1 +vw 1+ vw 1+ vw)?2’

we obtain f,(Z,%,z) = —1, fu(Z,z,2) =1, fu(Z,Z,Z) = 1.
The proof follows by using Theorem A.
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Example 2.1. This Fig.1 Shwo the solution when x_5 =2, z_4 = 20, z_3 =4, x_o =
*3, I’_lil, l’():l.

Example 2.2. See Fig.2 where we put the initials x_5 = 1, x_4 =3, z_3 =5, x_o =
11, -1 = 0.5, o = —1.

plot of x{n+1 J=x{n- 35311 +xln-3p(n-5])

FIGURE 1. The behavior of the solution of Eq. (2.1).

plot of xin+1J=x(n- (54 (11 +xn-3x(n-5)

FIGURE 2. The stability of the solution of Eq. (2.1).

Ln—3Tn—5
Tn-1(—14+Zn_3Tn_s)

3. THE SECOND EQUATION z,, 1 =
In this section is devoted to obtain the solution of the second difference equation which
is
Tpn—-3Tn—5
-Tn—l(_l + xn—3xn—5) '

T4l = (3.1

where T_3x_5, L2 _4, T_1T_3, TOT -2 7é 1.
Theorem 3.1. Let {x,}>2 . be a solution of Eq. (3.1). Then forn =0, 1, ...,
b2n(71 +df)n
T8n—5 = 2n—1 n’
f (—1+bd)
a® (=1 + ce)"
6277.—1(_1 + ac)n7

T8n—4 =
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df*™ (=1 + bd)™
T8n—3 = 2 n ’
b2n(—1 + df)
e?"(—1 + ac)"
a2 (=1 +ce)n’
b2n+1(_1 +df)n
Tn—1= ~Fo 7 T T
2 (=1 + bd)™
a® (=1 + ce)”
Tgn = s
62”(—1 + (IC)"
df2n+1(_1 —‘,—bd)"
Ten+1 = 1on11 ntl’
b (=1+df)
e (=1 +ac)”
Ten+2 = a2 1(—1 + ce)ntl’
Proof: For n=0, the result holds. Now, suppose that n > 0 and that our assumption holds
for n — 1. That is

Tgn—2 =

b2n 2( 1 + df)n—l

L8n—1s )
8n—13 = F2n=3(=1 + bd)"—1

2n 2( 1 —|—C€)n71

ZTgn—12 = o2n— 3( 1+ac)”*1’

df2n=2(—1 + bd)"~"!
T8n—11 — b2n_2(_1+df)n_1 9

ce?"=2(—1 4+ ac)" !

xSn—lO = a2n72(_1+ce)n71 J
B b2n71(_1+df)n71

T8n—9 = f20=2(=1 + bd)"—1"
b2n—1(_1 +ce)n—1

ZTgn—-8 = ;
818 T ean—2(_1 4 ge)n-1

B df*=1(—1+bd)" !

L8n—7 = p2n-1(—1 +df)"

ce?n—l(_l +ac)n—1
a?r=1(=1+ ce)™

T8n—6 =
it follows from Eq. (3.1) that

T8n—5L8Nn—7
Zgn—3(—1 4+ Tgn_5Tgn—_7)

Tgn—1 =

b2 (—14df)™  df2n(—14bd)" !
o f2n71(71+bd)n b2n71(71+df)n
- df2n(71+bd)n 1 b2n(71+df)n df2n71(71+bd)n—l)'
b2n(_1+df)n (* + f2n—1(_1+bd)n b2n—1(_1+df)n

Hence, we have

B b2n+1(_1 +df)n
Ten—1 — f2n(—1 n bd)n
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Similarly, we see that

T8n—6L8Nn—8
Zgn—a(—1+ gn—6T3n—s)

Tgn—2 =

ce?™ 1 (—14ac)" " a2 (—14ce)
a2"*1(—1+ce)" 62"72(—1-"—@0)"71
a?" (—14ce)™ (_1 + ce?r—1(—14ac)n~! a??~1(—14ce)n—?! )
e —1(—1tac)" AT =1(—1tce)”  e2n—2(—1tac)n—1

Then

e?"(—1+ ac)"
a?(—1+ce)™
Similarly, one can simply prove the other relations. Thus, the proof is completed.

T8n—2 =

Theorem 3.2. Eq. (3.1) has three equilibrium point which are 0, ++/2, and are not locally
asympotoically stable.
Proof: From Eq. (3.1), we see that

72

_ x

T Il
Then

(2% - 2)=0.

Thus the equilibrium point of Eq. (3.1) are # = 0, /2.
Let f : (0,00)3 — (0, 0) be a continuously differentiable function defined by

VW
Flw o) = o owy
Therefore it follows that
fulw,v,w) = ——— 2
u y Uy U2(—1 + vw)’
—w
fo(u,v,w) = m7
—v
fuwl(u,v,w) = 1T ow)?
we see that f,,(Z,Z, %) = £1, f,(%,%,Z) = -1, fu,(Z,%,7) = —1.
The proof follows by using Theorem A.
Example 3.1. We assume x_5 = —5, z_4 =3, x_3 =1, x_5 =0.1, z_y = 15, g =

1. See Fig.3.
Example 3.2. See Fig.4 when we take the initials z_5 = 10,2_4 =5, x_3 =2, _9 =
-1, 21 =4, xp =8.

Lemma 3.1. Eq. (3.1) has a periodic solutions of period four iff

T 3T _5=T o _4=x_1X_3=2x9T_o=2andx_1 =x_5, x9p = T_4, and will be

take the form {z_1, 29, x_3,2_2,...} .

Proof: Suppose that there exists a prime period four solution of Eq. (3.1) of the form
T_1,20,L-3,L—-2,T—1,L0;,L-3,L—2;--- -

Then we see from the form of solution of Eq. (3.1) that
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e plat of xin+)=x(n-2)x(n-E)(x (1901 +x(n-3x(n5)
25 ' : ! ; e : : !

FIGURE 3. The behaviour of the solution of Eq. (3.1).

plot of x{n+1 = xin-3xin-S) i 1 (-3 (ne5))
700 : : T

FIGURE 4. The stability of the solution of Eq. (3.1).

b2n a2n df2n CeQn

L8n—5 = 7}02,1_17 L8n—4 = o2n—1’ T8n—3 = p2n T8n—2 = a2
b2n+1 a2n+1 df2n+1 662n+1
L8n—1 = 7f2" » L8n = “e2n L8n+1 = P2l L8n+2 = antl

Then
b=f a=ce.
Hence, we have
Tgn—5 = b, Tsn—a = a, Tgn—3 =d, Tgn—2 = ¢,
X8n—1 — b, Tygp = Ay T8p+1 — d, T8n+2 = C.
Thus we have a period four solution and the proof is complete.

For confirming the result of this lemma, we consider numerical example for
2 2 2 :
Tr_5 = 5, Ty4=%,-3=%, T-2= 5, r_1 = 5, Ty = 5- See Flg.S.

Lemma 3.2. Eq. (3.1) has a periodic solutions of period eightiff z_; = x_5, 29 = ©_4,

and will be take the form {x_1, %0, r_3,7_2,7_1, T, (71&‘731&3), (71&‘7221,74) s

Proof: Suppose that there exists a prime period eight solution of Eq. (3.1) of the form
r_3 Tr_9

(—1 + I_1$_3)7 (—1 + 1‘_256_4)7

L—-1,20,L-3,L—-2,T_1,T0Q,
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plot of x{n+1 = xdn-3)xin-E)x (- 1E +x(n-3p(n-5))

FIGURE 5. Eq. (3.1) has period four solutions.

Tr_3 Tr_o
(—1 + $_1.13_3) ’ (—1 + $_2$_4) T
Then we see from the form of solution of Eq. (3.1) that

Z_1,%0,L-3,T-2,T 1,0,

(-1 4 dy (<14 o)
T8n—5 = f2n_1(_1 + bd)n 62n_1(—1 —i—ac)" -
df?(~1 4 bd)” ce?™ (=1 + ac)"

PR s Sk /A PPk S L M
T3 T an (C1  df)n e Y S A TR

= bv T8n—4 =

)

b2n+1(_1 +df)n a2n+1(_1 +C€)n
T8n—1 = ~Z5.7 7 1, — 0 Tgn = = a,
2 (=14 bd)™ e (=1 +ac)
df* (=1 + bd)™ d ce?" (=14 ac)® c

TEntl = (T 1 gyt (—L4bd) T a2t (—L t et (—1+ce)
Thus we have a period eight solution and the proof is complete.

Now, we take a numerical example for proving the result of this lemma. We assume x_5 =

5, T_y = 1, Tr_3 = 37 Tr_9 = 0.1, Tr_1 = 5, Trog = 1. See F1g6

plat of xin+)=x(n-2)x(n-E)(x(n-1)1 +x(n-3)x(n5)

FIGURE 6. Eq. (3.1) has period eight solutions.

The following sections proofs of the theorems and lemmas are similar to those required
in the previous sections, thus they will be omitted.
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Tn—3Tn—5
4. THE THIRD EQUATION z,,41 = oy ( Er——
In this section, we will obtain form of the solution of the third difference equation is
which is
Lp—3Tn—5

iCnfl(l - mn73xn75) '
Theorem 4.1. Let {x,}>2 . be a solution of Eq. (4.1). Then forn = 0,1, ...,

Tl = @.1)

-1

) ce” Ty (1—iac)
Tan—-3 = o H) m Tyn—2 = H mv
)

iz (

b (L= (i Ddf) T (1= (i +1)ce)

ot =G+ Dba)y T e 11 ( — (i + 1)ac)’

Theorem 4.2. Eq. (4.1) has a unique equilibrium point which is £ = 0,
asympotoically stable.
Example 4.1. We considerz_5 =19, x_4, =9, x_3=2, z_o=-3, x_1 = 0.7,
x9 = 9. See Fig.7.
Example 4.2. See Fig.8 when we take the initials x_5 =3, z_4 =5, z_3 = —1,
Tr_9 = 9, r—1 = 2, Trog = 11.

:1

Tyn—1 =

and is not locally

plot of x(r+j=x(n-3x(n-5) el 1-xtn-3p(n-5))

FIGURE 7. Draw the numerical solution of Eq. (4.1).

5. THE FOURTH EQUATION z,,41 = Tn_3%n_5

1‘71—1(_1_"1;71—31771—5)

Now, we get the solution form of the fourth difference equation as follows

Tp—-3Tn—5
, 5.D
xnfl(*]- - xn73xn75)

Tp+1 =

where x_sx_5, x_2x_4, x_17_3, Tox_o # —1.
Theorem 5.1. Let {x,}>2 - be a solution of Eq. (5.1). Then forn =0, 1, ...,

n=

(=1 —df)" _a*(=1—ce)”
-rSn—S - f2n71(—1 _ bd)n7 -77871—4 - 62’”’71(—1 _ ac)n7
df?"(—1 — bd)" ce?(—1 — ac)"

Tyn—3 = b2n(—1 — df)n y L8p—2 = (1271(—1 — ce)” 5
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plot of x(n+Tj=x(n-3x(n-5)teln-1i(1-xtn-3p(n-6))

FIGURE 8. The stability of the solution of Eq. (4.1).

b2n+1(_1 _ df)n a2n+1(_1 _ Ce)n
T8n—1= ~Zgn7 7 Tn > L8n = o b
f2 (=1 —bd) e?n(—1 — ac)
df*n (=1 — bd)" ce?"t1(—1 — ac)”

Len+1 = p2nti(—1 — df)ntl’ Len+2 = a2 I(—1 — ce)ntl’
Theorem 5.2. Eq. (5.1) has a unique equilibrium point which is £ = 0, and is not locally
asympotoically stable.
Example 5.1. Suppose thatx_5 =9, x4, =2, x_3=—-1, x5 =3, x_; = 13,
xo = 1. See Fig.9.
Example 5.2. See Fig.10 when wetake v _5 =7, x_4 =5, x_3 = —2, x_9 =3,
r—1 = 9, o = 4.

plat of xin+1)=x(n-3ln-5) (x(n-1)(-1-x(n-Fx(n-5))

FIGURE 9. The stability of the solution of Eq. (5.1).

Lemma 5.1. Eq. (5.1) has a periodic solutions of period four iff x_sx_5 = x_sx_4 =
r_1x_3 = xox_o = —2and x_1 = x_5, g = T_4, and will be take the form
{J)_l, o, X —-3,T—-2, }

We give a numerical example for verifying the result of this lemma. Suppose that z_5 =
8, Ty = %2, T_g = %2, T_o=28, x_1 =8, xg = %2. See Fig.11.
Lemma 5.2. Eq. (5.1) has a periodic solutions of period eight iff x_1 = z_5, g =

. r_3 T—2
x _4, and will be take the form {z_1, 2o, x_3,Z_2,2_1, To, o) Tl ) et
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plot of x(n+1)=x(n-3cn-5)/ (x(n- 1) 1-%(n-3)(1-5))

The numerical solution of Eq

plot of x{n+1)=x(n- 3 (n-5Mx (-1 1-xn-3xn-5)

. (5.1).

=

@
T

o

=

w

5]

o

FIGURE 11

Now, we take a numerical example for proving the result of this lemma.

Eq. (5.1) has period four solutions.

T_5 = 1, T_g4 = 4, r_3 = 2, Tr_9 = 87 r_1 = 1, Ty = 4. See Fig.12.

plot of x{n+1 J=x{n- 353 1-xn-3p(n-51)

FIGURE 12. Egq.

(5.1) has period eight solutions.

83

We assume
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6. CONCLUSION

We found solutions for four difference equations in theorem 2.1, theorem 3.1, and theo-
rem 4.1. and theorem 5.1, respectively. On the four difference equations, the dynamics of
its behavior were studied. theorem 2.2, theorem 3.2, theorem 4.2 and theorem 5.2 stated
the condition of the fixed point to be not locally asymptotic stable. Hence, we analyzed the
behavior of the solutions of the difference equations Eq. (3.1) in Lemma 3.1, lemma 3.2
has periodic solutions of periods four and eight, respectively. Also, Eq. (5.1) in lemma 5.1
and lemma 5.2 has periodic solutions of period four and eight, respectively. For verifica-
tion, numerical simulation was used and figures 1,2,3,4,5,6,7,8,9,10,11,12 confirmed our
results. In future, we will to study these equations with periodic coefficients.
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