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INTERVAL-VALUED FUZZY ALMOST BI-IDEALS OF NEAR-RINGS

V. VETRIVEL

ABSTRACT. In this paper, we introduce the concept of interval valued fuzzy almost bi-
ideals of near-rings. Which is a generalized concept of fuzzy almost bi-ideals of near-
rings. We also characterize some properties and provide examples of interval-valued fuzzy
almost bi-ideals of near-rings.

1. INTRODUCTION

In 1965, the definition of fuzzy subsets was introduced by Zadeh [28]]. In 1971, Rosen-
feld [[18]] extended the concept of fuzzy set theory to group theory and defined fuzzy group.
Kuroki [12] studied various kinds of fuzzy ideals in semigroups and characterized them.
Interesting research on fuzzy semigroups can be found in [[11]]. In 2011, Chon [3]] also char-
acterized the fuzzy bi-ideal generated by fuzzy subsets in semigroups. In 1980, Grosek and
Satko [6] defined and studied the notion of left (respectively, right, two-sided) almost ideals
of semigroups. Moreover, they characterized when a semigroup S contains no proper left
(respectively, right, two-sided) almost ideals. In 1981, Bogdanovic [2] introduced the no-
tion of almost bi-ideals in semigroups. Fuzzy ideals of rings were exhibited by W. Liu [15]]
and it has been studied by several authors [7, 12} [17]. The notions of fuzzy subnear-ring,
fuzzy ideals of near-rings were ushered by Salah Abou-Zaid [1]]. The concept of bi-ideals
was applied to near-rings in [[19]. Manikantan [[16] introduced the notion of fuzzy bi-ideals
of near-rings and discussed some of its properties. The notion of fuzzy almost bi-ideals of
near-rings[27]]. In this paper, we first give some properties of interval valued fuzzy almost
bi-ideals of near-rings and introduce the notion of interval valued fuzzy almost bi-ideals
by using the concepts of fuzzy almost bi-ideals and fuzzy ideals of near-rings. Moreover,
we explore some characterization interval valued fuzzy almost bi-ideals of near-rings.

2. PRELIMINARIES

Definition 2.1. A non-empty set N with two binary operations ‘+' and ‘. is called a near-
ring if
(1) (N,+) is a group,
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(2) (N, .) is a semigroup,

3)z(y+z2)=zy+ax.z forallz,y,z € N.

We use word ’near-ring’ to mean ’left near-ring’. We denote xy instead of x.y. Note that
20 = 0 and x(—y) = —xy but in general Ox # 0 for some x € N.

Definition 2.2. An ideal I of a near-ring N is a subset of N such that

(4) (I,4) is a normal subgroup of (N, +),

(5) NI C 1,

(6) (x+1i)y—ay) € foranyi € I and x,y € N

Note that I is a left ideal of N if I satisfies (4) and (5), and I is a right ideal of N if I
satisfies (4) and (6).

Definition 2.3. A two sided N -subgroup of a near-ring N is a subset H of N such that
(i) (H,+) is a subgroup of (N, +),

(i) NH C H,

(iii) HN C H.

If H satisfies (i) and (ii) then it is called a left N-subgroup of N. If H satisfies (i) and (iii)
then it is called a right N-subgroup of N.

Definition 2.4. Let N be a near-ring. Given two subsets A and B of N, the product
AB = {abla € A,b € B} Also we define another operation’x' on the class of subsets of
N givenby A+ B = {a(a’ +b) — ad’la,a’ € A,b € B}.

Definition 2.5. A subgroup B of (N, +) is said to be a bi-ideal of N if BNBNBN «B C
B.

Definition 2.6. Ler X be any non-empty set. A mapping X\ : X — [0, 1] is called a fuzzy
subset of X.

Definition 2.7. Let po and X be any two fuzzy subsets of N. Then p N A\, p U X, po + A, p,
w C Xand px X\ are fuzzy subsets of N defined by:

(1N N)(2) = min{u(x), A(z)}.

(UM (x) = maz{p(z), A(z)}-

p S Nif p(z) < AMz)

sup {min{u(y), A\(2)}} if x is expressible as x = y+z,
(1 + X)) = { =ve
0 otherwise.

sup {min{u(y), A(2)}} if x is expressible as x = yz,

(1) (@) = { === |
0 otherwise.

for all z € N. Let A be a fuzzy subset of IN. The support of \ is define by support \ :=
{z € N|\(z) # 0}.

Definition 2.8. Let A be a non-empty subset of N. The characteristic mapping of A is a
fuzzy subset of N defined by
1 ifzeA,
Cala) = { d

0 ifx ¢ A
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Definition 2.9. Let s be any element in N. The characteristic mapping of s is a fuzzy
subset of N defined by
1 ifx=
Cilz) = { A

0 ifxé¢s.

Definition 2.10. A fuzzy subset )\ of a near-ring N is called a fuzzy N-subgroup of N if
(1) X is a fuzzy subgroup of (N, +)

(2) May) = A(y)

(3) Mzy) > Az), forall z,y € N.

A fuzzy subset with (1) and (2) is called a fuzzy left N-subgroup of N, whereas a fuzzy
subset with (1) and (3) is called a fuzzy right R-subgroup of N.

sup  {min{\(a), pu(c)}} if x is expressible as x =a(b+c)-ab,
(A*‘u) (_jU) = f:a(b-‘rc)—ab
0 otherwise.

Definition 2.11. A fuzzy subset \ of a near-ring N is called a fuzzy subnear-ring of N if
Vz,y€ N,

(i) Mz — ) > min{A(z), A(y)}

(ii) Mzy) > min{\(z), \(1)}

If a fuzzy subset \ of a near-ring N satisfies the property (i), then letting x = y, we have
A0) > Az)VzeN.

Definition 2.12. Let )\ be a non-empty fuzzy subset of N. X is a fuzzy ideal of N, if for all
x,y,1 € N and

(1) Mz —y) = min{A(z), \(y)}

(2) Mz) = Ay +z —y)

(3) May) = Ax)

(4) (M (y +1) — o) > A(7)) for any z,,i € N.

If X satisfies (1), (2) and (3), then it is called a fuzzy right ideal of N. If X satisfies (1), (2)
and (4), then it is called a fuzzy left ideal of N, If \ is both fuzzy right as well as fuzzy left
ideal of N, then \ is called a fuzzy ideal of N.

Definition 2.13. A fuzzy subgroup X of N is called a fuzzy bi-ideal of N if for all x € N,
(WMo NoXA)N(AoN)xN))(x) < Az) — (1)
If N is zero symmetric, then (1) reduces (A o N o \)(x) C A(z).

Definition 2.14. [10] An interval number @ on [0,1] is a closed subinterval of [0,1], that is,
a=[a",at]suchthat 0 < a~ < a' <1 where a™ and a* are the lower and upper end
limits of @ respectively. The set of all closed subintervals of [0, 1] is denoted by D[0, 1].
We also identify the interval [a, a] by the number a € [0,1]. For any interval numbers
a; = [a; ,a;],b; = [b],b;] € D[0,1],i € I, we define
maz{a;, b;} = [maz*{a;,b; }, maz*{a}, b} }],
mint{a;,b;} = [min{a; ,b; }, min*{a b]}],
infla; = [ Na; N aﬂ,supim = [ Uea; . U aﬂ
iel el i€l el

In this notation 0 = [0,0] and 1 = [1,1]. For any interval numbers @ = [a~,a™] and
b=[b",b"] on [0, 1], define

(1)a < bifand only ifa~ < b~ and a™ < b™.

(2)a =bifandonlyifa~ = b~ and a™ = b™.
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(3)@ < bifand only ifa < band @ # b
(4) ka = [ka™, ka™], whenever 0 < k < 1.

Definition 2.15. [10] Let X be any set. A mapping A : X — D|0, 1] is called an interval-
valued fuzzy subset (briefly, i-v fuzzy subset) of X where D[0, 1] denotes the family of all
closed subintervals of [0,1] and A(x) = [A~(x), AT (x)] for all z € X, where A~ and
AT are fuzzy subsets of X such that A~ (z) < AT (z) forall z € X.

Note that A() is an interval (a closed subset of [0,1]) and not a number from the interval
[0,1] as in the case of fuzzy subset.

Definition 2.16. [10] A mapping min’ : D[0,1] x D[0,1] — D[0, 1] defined by
min(a,b) = [min{a=,b"}, min{a®,bT}] forall@,b € DI[0,1] is called an interval
min-norm.

Definition 2.17. [10] A mapping maz® : D[0,1] x D[0,1] — D]0, 1] defined by
maz'(a,b) = [maxr{a=,b"}, maz{a®,b*}] forall@,b e D[0,1] is called an interval
max-norm.

Let min® and maz® be the interval min-norm and max-norm on D0, 1] respectively.
Then the following are true.
1. min*{a,a} = @ and maz'{a,a} = @ foralla € D|0, 1].
2. min*{a,b} = min'{b,a} and maz’{a,b} = maxz’{b,a} for all@,b € D0, 1].
3. Ifa > b € D0, 1], then min‘{a,e} > min*{b,¢} and maz*{@,c} > maz*{b,c} for
all¢ € DI[0,1].

Definition 2.18. [10] Let A be an i-v fuzzy subset of a set X and [t, ] € D[0, 1]. Then
the set U(A : [t1, t2]) = {x € X|A(z) > [t1, ta]} is called the upper level set of A.
Note that
U(A: [ty ta]) = {2 € X[[A™ (), AT (2)] = [ta, L]}
={z e X|A™(z) > t1} N{z € X|AT(z) > t2}
=(UA™ :t1))N(U(AT : ta)).
Definition 2.19. [1] If X and 7z are i-v fuzzy subsets of a near-ring N. Then
ANIAUT N+ s M and X T2 are i-v fuzzy subsets of N defined by,
(AN 7)(z) = min' (). 7i(2))
(AUm)(z) = max*{A(z), () }
O+ 7)) = {sup;_y+z {min“{\(y), Fi(2)}} ifxis e.xpressible as x = y+z,
0 otherwise.

SUph_, . {min“{\(y), Ti(z)}} if x is expressible as x = yz,
0 otherwise.

MM@={

(Am)(z) =

- Supi:a(bﬂ)ﬂb{mini{X(a), 7i(c)}} if x is expressible as x =a(b-+c)-ab,
0 otherwise.
3. INTERVAL-VALUED FUZZY ALMOST BI-IDEALS (IVFABIS)

In this section, we define IVFABIs in NR and give some relationship between ABIs and
IVFABIs of NR.

Definition 3.1. Let 1 be an Interval-valued fuzzy subset of N such that 7 # 0. 7 is called
an IVFABIof N if Vn € N, (C,ix) N (GCyp, x ) NI # 0.
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Theorem 3.1. Let i be a IVFABI of N and U be an interval-valued fuzzy subset of N >
0 Cv.ThenvisalVFABI of N.

Proof. Let i is an IVFABI of N and 7 is an interval-valued fuzzy subset of N such that
77 Cv.ThenVn € N,(zC,i) N (@C, 1) N C (rCyv) N (vC, v * ) N and
(CruENTC, * ) NI # 0. This implies (ZC,7NTVC, *T)NT #A0.Vn € N. -.Tisan

IVFABI. (I
Corollary 3.2. Let it and v is an IVFABI of N. Then 1z UV is an IVFABI of N.
Proof. Since 7i C fi U7 by Theorem[3.1] 7 U7 is an IVFABI of N. O

Example 3.2. Consider Z5 under the usual addition. Let i : Zs — DJ0, 1] be defined by
7(0) = 0,72(1) = 0.5,72(2) = 0,1(3) = 0.1,72(4) = 0.1 and ¥ — DJ0, 1] be defined by
7(0) = 0,7(1) = 0.2,7(3) = 0 and (4) = 0.2. We have 7 and ¥ are IVFABIs of Z5 but
N7 is not an IVFABI of Z5.

Theorem 3.3. Let B(# ()) C N of N. Then B is an ABI of N iff C g is an IVFABI of N.

Proof. Let B is an ABI of N. Then BnB N Bnx BN B # 0V n € N. Thus there 3
r € BnB,r € Bnx Bandx € B.So (CgC,Cg)(z) =1,(CC,, xCg)(z) = 1 and
Cp(r) = 1. Hence (CpC,,Cp) N (CC, *Cp)NCp # 0foralln € N. . Cpisan
IVFABI of N.

Conversely, assume that C'g is an IVFABI of N. Let n € N. Then ((CsC,Cg) N
(636n*63))ﬂ63 7& 0.Then3x € N> [((6367,63)ﬂ(éBén*éB))ﬂég](I) 7é 0.
Hence x € BnBN (Bn* B)NB.So, BnBN(Bn*B)NB # 0V n € N. Consequently,
B isan ABI of N. (]

Theorem 3.4. Let [t be an interval valued fuzzy subset of N. Then [i is an IVFABI of N iff
supp 1 is an ABI of N.

Proof. Let7ibe an IVFABI of N. Letn € N. Then 12(C,,n) N (zC,, x72) N1z # 0. Hence for
eachn € N, there Jx € N 3 [(GC, 1) N (GCy *x 1) NE](x) # 0. So there I y1, ya,y3 € N

such that 2 = yinys and @ = yin(yan+ys) — (y1n)(y2n), i(z) # 0, 7(y1) # 0, A(y2) #
0 and 7i(y3) # 0 Thatis &, y1, y2,y3 € suppf. Thus (CeypprCnCsupp)(x) # 0. There-
fore ((C)suppiCrnCosuppii) N (C)suppziCn * Couppz 7 0. Hence Clsyppr be a IVFABI of
N. By Theorem [3.3] suppp be an ABI of N.

Conversely, assume that suppu be an ABI of N. By Theorem@ Csuppp be a IVFABI of
N. Then (Csupp s CrnCsuppir) N (CosuppCn * Couppr) N Csupp 7 0 for all n € N. Then

there 3z € N 3 [(CsuppiiCn Csuppii) N (CsuppiCin * Cosuppzi) N Csupp) () # 0. Hence
((Csuppﬂcncsuppu) N (CsupppCn) * Csuppr N Csumm) (z) # 0and Csuppr () # 0.

Then there 3y, y2 € N such that x = yi1nya, fi(z) # 0,7(y1) # 0 and 7i(y2) # 0. This
means (zCjz) N (7Cy, * @) N7z # 0. . 7z is an IVFABI of N. O

4. MINIMAL INTERVAL VALUED FUZZY ALMOST BI-IDEALS (MIVFABIS)

In this section, we define MAIVFBIs in NR and study relationship between support and
MAFBIs of NRs.

Definition 4.1. A IVFABI 11 is called minimal if for each IVFABI ¥ of N such that iz C 7z,
we have suppv = suppli.

Theorem 4.1. Let B(# ()) C N. Then B is a MABI of N iff Cp is a MIVFABI of N.
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Proof. Let Bis a MABI of N. By Theorem C'p isaIVFABI of N. Let g be a IVFABI
of N g C Cg. Then suppg C suppCp = B. Since § C Clyppg, we have (gC5g) N
(GCB *9) NG < (CsuppgCBCsuppg) N (CsuppgC'n * Csuppg) N Csuppg- Thus Cyppg is
an IVFABI of N. By Theorem [3.3] suppg is an ABI of N. Since B is minimal, suppg =
B = suppCpg. .. Cp is minimal.

Conversely, assume that C'g is an MIVFABI of N. Let B’ be an ABIof N 5 B’ C B. Then
C'p is an IVFABI of N such that Cz: C Cg. Hence B’ = suppCpr = suppCp = B. .".
B is minimal. O

Corollary 4.2. N has no proper ABI of N iff V IVFABI i of N, suppii = N.

5. CONCLUSIONS

In this study the notion of interval valued fuzzy almost bi-ideals and minimal interval
valued fuzzy almost bi-ideals of near-rings have been presented and some properties of
these ideals are derived.
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