ANNALS OF COMMUNICATIONS IN MATHEMATICS
Volume 5, Number 1 (2022), 1-17

ISSN: 2582-0818

© http://www.technoskypub.com

SOME SEPARATION AXIOMS IN SOFT IDEAL TOPOLOGICAL SPACES

F. H. KHEDR, O. R. SAYED* AND S. R. MOHAMED

ABSTRACT. For dealing with uncertainties researchers introduced the concept of soft sets.
In this paper, a new class of soft sets called soft delta pre ideal open sets in soft ideal topo-
logical space related to the notion of soft pre ideal regular pre ideal open sets is introduced.
Also, some new soft separation axioms based on the soft delta pre ideal open sets are
investigated.

1. INTRODUCTION AND PRELIMINARIES

In 1999, Molodtsov [22] initiated the theory of soft sets as a new mathematical tool
for dealing with uncertainties. Also, he applied this theory to several directions (see, for
example, [23-26]). The soft set theory has been applied to many different fields (see, for
example, [1-2], [4-5], [7-9], [16-21], [27], [31-32], [34]). Later, few researches (see, for
example, [3], [6], [10-11], [15], [22], [28-30], [33]) introduced and studied the notion of
soft topological spaces. In [13-14], the authors initiated the notion of soft ideal. They also
introduced the concept of soft local function. These concepts were discussed with a view
to find new soft topologies from the original one, called soft topological spaces with soft
ideal (X,7, E, ) ). EL-Sheikh [8] introduced the notions of I -open soft sets, pre-f - open
soft sets, av-1- -open soft sets, semi-1- -open soft sets and B-f -open soft sets to soft topo-
logical spaces. He studied the relations between these different types of subsets of soft
topological spaces with soft ideal. Also, he introduced the concepts of I-continuous soft,
pre—f -continuous soft, a-I-continuous soft, semi-I- continuous soft and ﬂ—f -continuous
soft functions and discussed their properties. Jafari [11] introduced the concept of pre reg-
ular preopen set in general topological space. This paper extends this set to soft topological
spaces with soft ideal, soft pre—f -regular pre—f -open set, and study some of its properties.
Also, the concept of a soft delta pre-IN -open set is given and some of its properties are
investigated. Finally, a soft delta pre-f -separation axioms are given.
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Definition 1.1. [23]. Let X be an initial universe set, P(X) the power set of X, that is, the
set of all subsets of X, and A a set of parameters. A pair (F, A), where F' is a map from A
to P(X), is called a soft set over X.

In what follows by SS(X, A) we denote the family of all soft sets (F, A) over X.

Definition 1.2. [23] Let (F, A), (G, A) € SS(X, A). We say that the pair (F, A) is a soft
subset of (G, A) if F(p) C G(p), for every p € A. Symbolically, we write (F, A) C
(G, A). Also, we say that the pairs (F, A) and (G, A) are soft equal if (F, A) C (G, A)
and (G, A) C (F, A). Symbolically, we write (F, A) = (G, A).

Definition 1.3. [23]. Let A be an arbitrary index set and {(F;, A) : ¢ € A} C SS(X, A).
Then

(1) The soft union of these soft sets is the soft set (F, A) € SS(X, A), where the map
F : A — P(X) is defined as follows: F(p) = [J{Fi(p) : i € A}, for every p € A.
Symbolically, we write (F, A) = U{(F;, A) : i € A}.

(2) The soft intersection of these soft sets is the soft set (F, A) € SS(X, A), where the
map F : A — P(X) is defined as follows: F'(p) = ({Fi(p) : i € A}, forevery p € A.
Symbolically, we write (F, A) = M{(F;, A) : i € A}.

Definition 1.4. [33]. Let (F,A) € SS(X,A). The soft complement of (F, A) is the
soft set (H,A) € SS(X,A), where the map H : A — P(X) defined as follows:
H(p) = X\F(p), for every p € A. Symbolically, we write (H, A) = (F, A)". Obvi-
ously, (F, A)" = (F°, A) [10]. For two given subsets (M, A), (N, A) € SS(X, A) [30],
we have

(i) ((Ma A) U (Nv A))c = (M7 A)cl_l (Nv A)c§

(i) (M, A) (N, A))e = (M, AU (N, A)e.

Definition 1.5. [23]. The soft set (F, A) € SS(X, A), where F(p) = ¢, foreveryp € A
is called the A-null soft set of SS(X,A) and denoted by 04. The soft set (F, A) €
SS(X,A), where F(p) = X, for every p € A is called the A-absolute soft set of
SS(X,A) and denoted by 1 4.

Definition 1.6. [33]. The soft set (F, A) € SS(X, A) is called a soft point in X, denoted
by ., if for the element e € A, F(e) = {x} and F'(¢/) = ¢ for all ¢’ € A\{e}. The set of
all soft points of X is denoted by SP(X, E). The soft point z. is said to be in the soft set
(G, A), denoted by z. € (G, A), if for the element e € A and x € F(e).

Definition 1.7. [33]. Let SS(X, A) and SS(Y, B) be families of soft sets. Letu : X — Y
and p : A — B be mappings. Then the mapping f,,, : SS(X, A) — SS(Y, B) is defined
as:

(1) The image of (F, A) € SS(X, A) under f,, is the soft set f,,,(F, A) = (fpu(F), B)
in SS(Y, B) such that

U u(F(2), p'y)#¢
fou(F)(y) = { z€p~1(y)

o, otherwise

forally € B.
(2) The inverse image of (G, B) € SS(Y, B) under f, is the soft set f,,' (G, B) =
(fpu' (G), A) in SS(X, A) such that f,1(G)(x) = u="(G(p(x))) forall z € A.

u

Proposition 1.1. [10]. Let (F, A), (Fy, A) € SS(X, A) and (G, B), (G1, B) € SS(Y, B).
The following statements are true:
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(DIf(F,A) E (F1,A), then fpu(F, A) T fou(F1, A).
(2)If (G, B) C (G1, B), then f,,}(G, B) € f,,'(G1, B).
(3) (F. A) T [t (fpu(F, A)).

(4) fou(fou' (G, B)) E (G, B).

(5) [ (G, B)) = (fra ( B))".

(6)fpu((F»A)‘—| Fi, A fpu( ’A)ufpu(Fla )
(7)fpu((F7A)|_|(F17 ))Efpu( 7A)r|fpu(F1a )

(8) fpu' (G, B)U (G1, B)) = ,,, (G, B) U f,,,' (G1, B).
(9) £, (G, B)N(G1, B)) = f,,1(G, B) N £, (G1, B).

Definition 1.8. [33]. Let X be an initial universe set, A a set of parameters, and 7 C
SS(X, A). We say that the family 7 defines a soft topology on X if the following axioms
are true:

(1)04,14 €7.

Q) If (G,A),(H,A) € 7, then (G,A)N (H,A) € T

(B If (G;, A) e Tforevery i € I, then U{(G;, A) : i € I} €T.
The triplet (X, 7, A) is called a soft topological space. The members of 7 are called soft
open sets in X. Also, a soft set (F, A) is called soft closed if the complement (F, A)"

belongs to 7 . The family of all soft closed sets is denoted by 7 .

Definition 1.9. Let (X, 7, A) be a soft topological space and (F, A) € SS(X, A).
(1) The soft closure of (F, A) [30] is the soft set

SCI(F,A) ={(S,A): (S,A) eT ,(F,A)C (S, A)}.
(2) The soft interior of (F, A) [33] is the soft set

sInt(F,A) = L{(S,A): (S,A) e T,(S,A) C (F,A)}.

Definition 1.10. [13].

(1) Let I be a non-null collection of soft sets over a universe X with a fixed set of
parameters E. Then ICSS (X, E) is called a soft ideal on X with the same set F
if

(@) (F,E),(G,E) €I, then (F,E) U (G,E) € I;
(b) (F,E) € I and (G,E) C (F,E), then (G, E) el

(2) Let (X, 7, F) be a soft topological space and I be a soft ideal over X. Then
(X,7, E,I) is called a soft ideal topological space. Let (F, E) € SS(X, E), the
soft operator x : SS(X, E) — SS(X, E), defined by

(F,E)*(I, 7) or (F,E)* = W{z. € SP(X,E) : O, , N (F,E) ¢ IVO,, €

=
}
is called the soft local function of (F, F) with respect to I and 7, where O, isa

T-soft open set containing ..

Theorem 1.2. [13]. Let (X, 7, E, I ) be a soft ideal topological space and (F, E), (U, E) € SS(X, E).
Then we have
(1) The soft closure operator SC1* : SS(X, E) — SS(X, E), defined by sCl*(F,E) =
(F,E) U (F,E)", satisfies Kuratwski’s axioms.
(2) If (U, E) € 7, then (U, E) N (F,E)* T |[(U,E) N (F,E)[".

Definition 1.11. [14]. A soft subset (F, E) of a soft ideal topological space (X, 7, E, I) is
said to be 7*-soft dense if SCI*(F, E) = 1p.
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Definition 1.12. [8]. Let (X, 7, E, I) be a soft ideal topological space and (F, E) € SS(X, E)
and z. € SP(X, E). Then:

(1) (F, E) is said to be a soft-I-open set if (F, E) T 3Int(F, E)*. The complement
of soft-1- -open set is called soft-I-closed and we denote the set of all soft-1- -open
(resp. soft-I- closed) sets by §TO(X E)(resp. SIC(X, E)).

(2) (F,E) is said to be a soft pre- IT-open set if (F,E) C slnt(sCl (F,E)). The
complement of a soft pre- I- open set is called soft pre- I-closed and the family
of all soft pre- -I- -open (resp. soft pre- -I- closed) sets in (X, 7, E, I ) is denoted by
SPIO(X, E)(resp. SPIC(X, E)).

(3) (F,E) is said to be a soft a-I-open set if (F, E) T 3Int(SCI*(5Int(F, E))).
The complement of a soft a-1- -open set is called soft a-I-closed and the fam-
ily of all soft a-I- open(resp soft a-1- -closed) sets in (X, 7, E, D ) is denoted by
SalO(X, E)(resp. SaIC(X E)).

(4) z.iscalleda soft pre-I-Interior point of (F, E) if there exists (G,E) e SPIO(X,E)
such that z, € (G, E) C (F,E), the set of all soft pre-I-interior points of
(F, E) is called the soft pre-I-interior of (F, E) and is denoted by 3pI Int(F, E).
Consequently, spIInt(F,E) = U{(G,E) : (G,E) € SPIO(X,E), (G,E) C
(F, E)} ~

(5) z, is called a soft pre-I-closure point of (F,E) if (F,E) N (H,E) # Og
for every (H, E) € §PTO(X7 E) and z. € (H, E). The set of all soft pre-1-
closure points of (F, E) is called the soft pre-I-closure of (F, E) and is denoted by
3pICI(F, E). Consequently, 3pICI(F, E) = N{(H, E) : (H,E) € 3pIC(X, E),
(F,E) C (H,E)}.

Theorem 1.3. [8]. Every soft a-1- -open (resp. soft a-I-closed ) set is soft pre—f -open (resp.
soft pre-1-closed).

Theorem 1.4. [8]. Let (X, 7, E, I) be a soft ideal topological space, and (F, E), (G, E) € SS(X, E).
Then the following hold:

(1) 3pICI((F, E)°) = (3pIInt(F, E))".

(2) SplInt ((F, E)°) = (SpICI(F, E))°.

(3) SpIInt[(F,E) N (G, E)] C 3plInt(F, E) N 3plInt(G, E).

(4) (F,E) € SPIC(X) <= (F,E) = 3pICI(F, E).

(5) (F,E) € SPIO(X) <= (F, E) = 5plInt(F, E).

(6) SpIInt(3pIInt(F, E)) = 3plInt(F, E).

(7) If (F,E) C (G, E), then spIInt(F E)C sp]]nt(G E).

(8) If (F,E) C (G, E), then spICI(F, E) C 5pICI(G, E).

2. SOFT PRE-I-REGULAR PRE-I-OPEN SETS

In this section, we introduce the concept of soft pre- -I- -regular pre- -I- open set in which
the notion of soft pre- -I- -open set is involved and study some of its properties. Also, we
present other notions called extremely soft pre- I-disconnected and soft pre- I- -regular sets.

Definition 2.1. Let (X, 7, F, I ) be a soft ideal topological space. A soft pre—] -open set
(F, E) is said to be soft pre-I-regular pre-I-open if (F, E) = spIInt(spICI(F,E)). The
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complement of a soft pre- I- -regular pre—IN -open set is said to be soft pre-f -regular pre-IN -
closed.

Example 2.2. Suppose that (X, 7, F, T ) is a soft ideal topological space, where X =

{h1,ho, hs}, E = {e}, 7 = {1p,0p, {(e; {h1})}, {(e, {h2})}. {(e,{h1, h2})} and I =

{05, {(e, {h1})}. Then one can deduce that SPTO(X, E) ={1g,0g,{(e; {h1})} {(e, {h2})}, {(e; {h1, ha})}}.
We have {15,0g,{(e,{h1})}, {(e, {ha})}} are soft pre-I-regular pre-I-open sets.

Definition 2.3. Let (X, 7, E ,I) be a soft ideal topological space and (F, E) € SS(X, E).(F, E)
is said to be soft pre- -I- -regular if it is soft pre- I- -open and soft pre- I-closed.

Example 2.4. Let (X, 7, E, I ) be a soft ideal to~pological space, where X = {hy, ho, h3},
E = {e}, 7= {1p,0g,{(e,{h2,hs})}} and I = {Op, {(e, {h1})}}. Then one can de-
duce that SPIO(X’ E) = {]-Eﬂ Op, {(6, {h27 hd})} ) {(e, {h2})} ) {(e, {hS})}v {(6, {hlv hQ})}7 {(67 {h1, hd})}’
er have {{(ea {hQ})}i{@v {h3})}7 {<e> {hla hQ})}’ {(e7~{h1a h3})}’ 1g, OE} are soft pre-

I-open and soft pre- I-closed sets. So, they are soft pre-/-regular.

Remark. (1) Soft pre-f -regular set is soft pre-I~ -regular pre-f -open;
(2) Soft pre-I-regular pre-I-open set is soft pre-I-open;
(3) Soft-I-open set and soft pre--regular pre-/-open set are independent.

Example 2.5. Let (X,7,E, I ) be the soft ideal topologlcal space as in Example 2.2. We
have (F, E) = {(e, {h1})} is soft pre-I-regular pre-I-open but not soft pre-I-closed.

Example 2.6. Let (X,7,E, [ ) be the soft ideal topological space as in Example 2.4. We
get (F,E) = {(e,{ha,hs})} is a soft- I-open set but it is not soft pre- I-regular pre-I-
open and we have (G, E) = {(e, {ha, hs})} is soft pre-I-open set but it is not soft pre-I-
regular pre-f -open.

Example 2.7. Let (X, 7, E, I ) be a soft ideal topological space, where X = {hq, ho, h3}, E =
{e}, 7 = {15,08,{(e, {P D)}, {(e;{hsD)}, {(e;{h1, hs})}, {(e,{h2, hs})} and I =

{0g,{(e,{h1})}. Then SPIO(X E) ={1g,0p,{(e, {hi})}, {(e, {hs})}, {(e, {h1, hs})}. {(e. {h2, h3})}}. Therefore
{(e,{h1})} is soft pre-I-regular pre-I-open set but it is not soft-I-open.

Remark. The soft intersection of two soft pre—f -regular pre—f -open sets is not soft pre—f -
regular pre-7-open, in general, as can be shown by the following example.

Example 2.8. Let (X, 7, E, I ) be the soft ideal topological space as in Example 2.4. Then,
the soft sets {(e, {h1, h2})} and {(e,{h1, h3})} are both soft pre- I-regular pre-I-open
sets, but their intersection {(e, {h1})} is not soft pre-I-regular pre-I-open.

Theorem 2.1. Let (X, 7, E, I) be a soft ideal topological space and (F, E), (G, E)eSS(X, E).
Then the following statement are true.
(1) If (F,E) C (G, E), then SpI Int(3pICI(F, E)) T 3pIIntspICI(G, E))
(2) If (F, E)GSPIO(X E), then (F, E) T spIInt(spICl(F E)).
(3) Forevery (F, E)eSPIO(X, E), we have 5pI Int(SpICl(3pI Int(SpICI(F, E)))) =
SpIInt(3pICI(F, E)).
(4) If (F\E) and (G, E) are disjoint soft pre- I-open sets, then 3pI Int(SpICI(F, E))
and spIInt(spICl(G E)) are disjoint.
(5) If(F E)isa soft pre- I- regular pre- I- open set, then spIC’l((F E)°) is a soft pre-
I- regular pre- I-closed set.
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(6) If (F, E) is a soft pre-I-regular pre-I-open set, then SpIInt(F, E) is soft pre-I-
regular pre-I1-open.

Proof. (1) Follows from Theorem 1.4 (7) and (8)
(2) (F,E) € SPIO(X, E)= (I, E) —spIInt(F E) C 3plInt(3pICI(F,E)).
(3) It is obvious that spIInt(spIC’l(F E))GSPIO(X E). So, by (2), we have
SplInt(SpICI(F,E)) C sp[]nt(spIC’l(spIInt(spICZ(F E)))). On the other

hand, 5pI Int(SpICI(F, E)) & 3pICI (F, E), which implies that 5pIC1(SpI Int(SpICI(F, E))) &

SpICI(3pICI(F, E)) = 3pICI(F, E). Hence spIInt(spICl(spIInt(spICl(F E))))C
SpIInt(SpICI(F, E)). Therefore, we obtain 3pI Int(spICl(3pI Int(3pICI(F, E))))
= 3plInt(3pICI(F, E)).

(4) Since (F) E) and (G, E) are disjoint soft pre- -I-open sets, (F, E) 1 (G, E)=0g
which implies that (F, E)I‘IspICl(G E) = 0gandso (F, E)I1 spIInt(spICl(G E)) =
0. Since 5pI Int(3pICI(G, E) is soft pre-I-open, SpI CI(F, E) N3pIInt(3pICI(G, E) =
0p. Hence 3pI Int(3pICI(F, E)) N 3pIInt(SpICI(G, E)) = 0.

(5) Given that (F, E) is soft pre-I-regular pre-I-open set. So (F, E)=3plInt(3pICl (F, E))
which implies that (F, E)° = (spIInt(SpICZ(F E))) = SpICI(EpIInt((F, E)°)).

Therefore, gpr((F E)) = SpICIGEpIInt(SpICI((F, E)©))). Hence 3pICI((F, E)°)
is soft pre- -I- -regular pre- -I-closed set.
(6) By (5), if (F, E) is soft pre-I-regular pre-I-open, then spICI((F, E)¢) is soft

pre-I-regular pre-I-closed. Hence (sp[ CI((F,E)° )) is soft pre-I-regular pre-

I- -open which implies that sp[ Int(F, E) is soft pre- I- -regular pre- I- -open set.
O

Definition 2.9. A soft ideal topological space (X, 7, F, I) is said to be soft-I-submaximal
if each 7*-soft dense subset is soft open.

Lemma 2.2. Let (X, 7, E, I ) be a soft ideal topological space, the following are equiva-
lent: B

(i) Every soft pre-1-open set is soft open.

(i) (X, 7, E, f) is soﬁ-f—submaximal.

Proof. (i)==(ii). Suppose that (F, E) is a 7*-soft dense set, then sCI"(F,E) =
which implies that $Int(SCl*(F, E)) = 1g. Hence (F, E) C sInt(sCI*(F,E)) =
Therefore, by (i), we have (F, E) is soft open.

(ii) =(). Let (G, E) be a soft pre-I-open subset of X. Then (G, E) C 5Int(3C1* (G, E)) =
(U, E), say. Then sCI*(G,E) = sCI*(U,E), so that sCI*[(U,E)* U (G,FE)]
sCr* (U, E)s) UsCl* (G, E) = (U, E)° U §Cl (G,E) =1g and thus (U,E) U (G,
is 7*-soft dense set in X. Thus (U, E)¢ U (G, E) is soft open. Now, we have (G, E) =
(U, E)°U(G, E))N (U, E), is the intersection of two soft open sets, so that (G, E) is soft
open. O

[
p—
oG

Theorem 2.3. Ina soft-li—submaximal soft ideal topological space, the intersection of any
finite number of soft pre-1-open sets is soft pre-1-open.

Proof. 1t’s clear from Lemma 2.2. (I

Theorem 2.4. Ina soft-li—submaximal soft ideal topological space, the intersection of any
finite number of soft pre-1-regular pre-I-open set is soft pre-1-regular pre-1-open.
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Proof. Let {(F};,E) : @ = 1,2,..,n} be a finite family of soft pre- -I-regular pre-I-
open sets. Since the space (X,7,FE,I ) is soft-I-submaximal, then, by Theorem 2.2,
M{(Fi, E) : i = 1,2,...,n} is soft pre- IT-open. Therefore, M{(F;, E) : i = 1,2,...,n} C
SpIIm‘(spICl( (£ , E)). Also, foreachi = 1,2,..n,MN(f;, E) C (FZ,E) which
implies that spIInt(spICl(l_I(Fz , E))C stpINInt(gpr’l(FZ , E)). Also, each (F;, E)
is soft pre-1- -regular pre- -I-open implies that (F}, E) = $pIInt(3pICI(F;, E)) which im-

plies that 3pI Int(3pIC1(T (F;, E))) CN(F;, E)andsoN(F;, E) = SpIInt(SpICIN(Fy | E)).

Hence M(F;, E) is soft pre-I-regular pre-7-open. d

Remark. It should be noted that an arbitrary union of soft pre- -I- -regular pre- I- -open sets is
soft pre- I- regular pre- I- -open. But the Intersection of two soft pre- -I- -regular pre- -I-closed
sets fails to be soft pre- I- -regular pre- I-closed as can be shown by the following example.

Example 2.10. Consider the soft ideal topological space (X, 7, F, I ) as in Example 2.2.
We have the two soft sets (F, E) = {(e, {h1, hs})} and (G, E) = {(e, {he, hs})} are
soft pre-1- -regular pre- -I-closed sets but their intersection (F, E) 1 (G, E) = {(e, {hs})}
is not soft pre- -I- -regular pre- I-closed set.

Theorem 2.5. Let (X,7, E, 1) be a soft ideal topological space and let (F, E), (G, E) €
SS(X, E), then the following hold.

(1) If (F, E) is soft pre-I-closed, then spIIm‘(F E) is soft pre- I- regular pre- -I-open.

(2) If (F, E) is soft pre-I-open, then spIC’l(F E) is soft pre- I-regular pre-I-closed.

(3) If (F,E) and (G, E) are soft pre-I-regular pre-I-closed sets, then (F,E) C
(G, E) if and only if SpIInt(F, E) C 3pIInt(G, E).

(4) If (F, E) and (G, E) are soft pre- I-regular pre-I-open sets, then (F, E) C (G, E)
if and only if SpICI(F, E) C spICI(G, E).

Proof. (1) Since (F, E) is soft pre-I-closed, we have (F, E) = 5pICI(F, E). Now,
we obtain
spIInt(spIC’l(spIInt(F E)) = 3plInt(5pICI(5pIInt(SpICI(F,E)))) =
spIInt(spIC’l(F E)) = 3plInt(F, E). Hence 5pIInt(F, E) is soft pre-I-regular
pre- I- -open.
(2) Now, we have 3pICl(5pI Int(SpICI(F, E))) = $pICl(3pI Int(SpICl(5pIInt(F, E))

SpICI(SpIInt(F, E)=spICI(F, E). Hence 3pICI(F, E) is soft pre-I-regular
pre-f -closed.

(3) Given (F, E) and (G, E) are soft pre-I-regular pre-I-closed sets. Therefore, we
have (F,E) = 3pICI(3pIInt(F,E)) and (G,E) = 3pICI(5plInt((F,E)).
Clearly, we have SpIInt(F,E) C splInt(G,E) whenever (F,E) C (G, E).
Conversely, suppose that SplInt(F,E) C 3plInt(G, E). Now, we obtain (F, E) =
spICl(spIInt(F E))C

SpICI(3pIInt(G, E))) = (G, E). Hence (F, E) C (G, E).

(4) Given (F,E) and (G, E) are soft pre-I-regular pre-I-open sets. Therefore, we
obtain (F,E) = 3pIInt(3pICI(F,E)) and (G, E) = spIInt(spICl(G E)).
Suppose (F,E) C (G, E),3pICI(F,E) = spIC’l(spIInt(spICZ(F E))) C

= F
SpICI(3pIInt(3pICI(G, E))) = 3pICI(G, E). Therefore, spICL(F, E) C 3pICl(G, E).
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Conversely, spI Cl(F, E) C 3pICI(G, E). Now, we obtain that (F, E) = 3pIInt(SpICI(F, E)) C
splint(spICI(G, E)) = (G, E). Therefore, (F, E) C (G, E).
O

Definition 2.11. Let (X, 7, E, I) be a soft ideal topological space and (F, E)€SS(X, E).
A soft subset (F, E) is said to be soft-I-rare if sInt*(F, E) = 0.

Example 2.12. Let (X, 7, F, f) be a soft ideal topological space where X = {hq, ha, hs},

E={e}.7 ={1p,0p,{(e,{h2})}} and I = {0p,{(e,{h2})}}. then " = {15, 0p, {(e, {ha})}, {(e, {h1, h3})}}.
Take (F, E) = {(e,{h1})}, so sInt*(F, E) = 0. Hence we get (F, E) = {(e,{h1})} is

a soft-I-rare set.

Definition 2.13. A subset (F, E) of soft ideal topological space (X, T, E, I) is said to be
soft nowhere dense set if sTnt(sCI(F, E)) = 0g.

Example 2.14. Let (X, 7, E, I ) be the soft ideal topological space as in Example 2.12.
Take (F, E) = {(e, {h1})}, sInt(sCIl(F, E)) = 0g, so (F, E) is soft nowhere dense.

Lemma 2.6. Let (X, 7, E, I) be a soft ideal topological space and (F, E), (U, E)e SS(X, E).
If (U, E) is soft open set, then (U, E) N sCI*(F, E) C sCI*((U, E)N (F, E)).

Proof. Since (U, E)eT, by Theorem 1.2 we obtain (U, E) N sCI*(F,E) = (U, E)
(F,E)U(F,E)T] = [(UE) N (F,E)U[UE)N(FE)] E [(UE)N(FE)
(U, E) N (F, E)]" (Theorem 2.1) = 3C1*((U, E)MN(F, E)). Hence (U, E)MsCI*(F, E)
sCUI*((U,E)N(F, E)).

gnc o

Lemma 2.7. Let (X,7,E, I~) be a soft ideal topological space and (F, E)eSS(X, E).
Then

(1) 3pIInt(F,E) = (F,E) N 3Int(3CI*(F, E)).

(2) SpICI(F, E) = (F, E) U3CI(3Int" (F, E)).

Proof. (1) Since (F, E)N3Int(3C1*(F, E)) C 3Int(3C1*(F, E)) = Int(3Int(3C1*(F, E))) =
SInt(3CU*(F, E)NsInt(3C1*(F, E))) € sInt(sCl* ((F, E)NsInt(3C1*(F, E)))),
then we have (F, E)(13Int(3C1*(F, E)) is soft pre-I-open set contained in (F, E)
and so (F, E)13Int(SCI* (F, E)) C 3pIInt(F, E). Onother hand, pI Int(F, E)
is soft pre-I- open, 3pI Int(F, E) T 3Int(3C1*(5pIInt(F, E))) C 3Int(SCI*(F, E))
and so SpIInt(F,E) C (F,E) N 3Int(5CI*(F,E)). Hence splInt(F,E) =
(F, E) N sInt(sCl*(F E))

(2) By (1), 3plInt(F,E) = (F,E) N 3Int(3C1*(F, E)). So, (SpIInt(F,E))¢ =
[(F, B)N3Int(3C1*(F, E))]%, spICI((F, E)¢) = (F, E)°U[5Int(5Clx(F, E))]°
and SpICI((F,E)°) = (F,E)¢ U sCI(3Int*((F,E)°)). Assume, (F,E)¢ =
(G, E). Hence 5pICI(G, E) = (G, E) USCI(5Int* (G, E)).

0

Theorem 2.8. Let (X, 7, E, 1) be a soft ideal topological space and (F, E)eSS(X)g.
Then the following hold.
(1) The empty set is the only soft subset which is nowhere dense and soft pre—f -regular
pre-I1-open; B N N
(2) If (F, E) is soft pre-I-regular pre-I-closed, then every soft-I-rare set is soft pre-
I-open.
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Proof. (1) Suppose that (F, E) is soft nowhere dense and soft pre-f -regular pre-IN -
open. Then, by Lemma 2.7(1) we have (F,E) = 3plInt(SpICI(F,E)) =
SpICI(F, E) N 3Int(3C1*(SpICI((F, E))). Therefore (F, E) C spICI(F, E)
3Int(3C1*(3CI(F, E))) C 3pICI(F, E) N 3Int(3CI(F, E)) = 3pICI(F,E) M
O =0g.

(2) Suppose that (F, E) is soft pre-I-regular pre-I-closed. Then (F, E) = 3pICl(3pIInt(F, E)) =
SplInt(F, E)USCIL(3Int* (3pIInt(F, E))) C splInt(F, E)USCI(5Int* (F, E)) =
SplInt(F,E)U0g = 3plInt(F, E). Therefore, (F, E) = spIInt(F, E). Hence
(F, E) is soft pre- I-open.

(]

Definition 2.15. A soft ideal topological space (X, 7, E, D ) is called soft extremely pre—f -

disconnected if the soft pre- I-closure of every soft pre—f -open set is soft pre—f -open.

Example 2.16. Let (X, 7, E, I) be a soft ideal topological space where X = {h1, h2, hs},
E= {e} T= {1E7 0g, {(67 { hl})}7 {(67 {h27 hd})}} and [ = {OE7 {(67 { hl})}7 {(67 { h3})}7 {(67 {h1, hd})}}
Then SPIO(X E) {1E70E7 {(67 {~h1})}, {(67 {h27h3})}7 {(67 { h2})}7 {(67 {hlth})}}'

So, (X,7,E, I ) is extremely soft pre-/-disconnected.

Theorem 2.9. Let (X, 7, E, I ) be a soft ideal topological space. Then the following are
equivalent:

(1) (X,7,FE I) is extremely soft pre- I-disconnected:

(2) Every soft pre- I- regular pre- -I- open set is soft pre- -I- regular.

Proof. (1) = (2): Assume that (X,7,E, 1 I) is extremely soft pre-I-disconnected and
(F, E) is soft pre- -I-regular pre-I-open. Then (F, E) is soft pre- -I-openand so, 5pICI(F, E)
is a soft pre-I-open set. Hence (F, E) = 5plInt(SpICI(F, E)) = 3pICI(F, E). Hence
(F, E) is soft pre-I-closed. Therefore (F, E) is soft pre- -I-regular.

(2) = (1): Suppose that (F', E)is soft pre- I- open. Then, by Theorem 2.5(2), spIC’l(F E)
is soft pre-I-regular pre-I-closed which implies that (sp[ CIl(F, E))¢ is soft pre- -I-regular
pre-1- open. Hence (spICl(F E))¢ is soft pre-I-regular. Therefore, (SpICI(F, E))° is
soft pre-I-closed and so 5pICI(F, E) is soft pre-I-open. Hence (X,7, E, 1) is soft ex-
tremely pre-f -disconnected. O

Theorem 2.10. Let (X, 7, E, I) is a soft extremely pre-I-disconnected space and (F,E)eSS(X,E).
Then the following are equivalent:

(1) (F,E)is softpre-f—regular.

(2) (F,E) = 3pICI(3pIInt(F, E));

(3) (F, E)¢ is soft pre-f—regular pre—f—open;

(4) (F, E) is soft pre-I-regular pre-I-open.

Proof. (1) = (2): Suppose that (F) E) is soft pre- I-regular. Then (F, E) is soft pre-1-

open and soft pre-I-closed and so (F, E) = 3pIInt(F,E) and (F, E) = 3pICI(F, E).

Hence (F, E) = 5pICI(5pIInt(F, E)).

(2) = (3): Suppose that (F, E) = SpICl(SpIInt(F, E)). Then (F, E)¢ = (SpICI(3pIInt(F, E)))° =
SpIInt(3pICI((F, E))). So (F, E) is soft pre-1- -regular pre- IT-open.

(3) = (4): Since (F, E)° is soft pre-I- regular pre- -I-open, then | (F, E)° is soft pre- I-

regular (Theorem 2.9). So, (F, E) is soft pre-I-open and soft pre-I-closed, thus (F, E) =
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SpIInt(F, E) = 3pIInt(3pICI(F, E)). Hence (F, E) is soft pre-I-regular pre-I-open.
(4) = (1): The proof follows from Theorem 2.9.
O

Definition 2.17. A soft ideal topological space (X, 7, E, ) ) is said to be :§pf R-door space
if every soft subset of 7 is either soft pre-I-regular pre-/-open or soft pre-I-regular pre-I-
closed.

Example 2.18. The soft ideal topological space of Example 2.1 is a §p:f R-door space.

Theorem 2.11. Ler (X, 7, E, I ) be a Epi R-door space. Then every soft pre-f -open set in
the space is soft pre-1-regular pre-1-open.

Proof. Let (F, E) be a soft pre- I- open subset of X. Since (X, 7, FE I) isa spIR door
space, then (F, E) is either soft pre- I- regular pre- I- open or soft pre- I- -regular pre- I-
closed. If (F, E) is soft pre- I-regular pre-I- open, then the proof is complete. If (F,E) is
soft pre-I-regular pre-I-closed, so (F, E) = 5pI Int(3pICI(F, E)). O

Theorem 2.12. Let (X, 7, E, I) be a soft ideal topological space and (F, E)€SS(X)g.
If (F, E) is both soft & — I-open and soft c — I-closed, then (F, E) is soft pre-I-regular
pre-1- open set.

Proof. Suppose (F, E) is a soft oo — I-open and soft v — I-closed set. Then (F, E) is soft
pre-I-open and soft pre-I-closed set (Theorem 1.3). Hence (F, E) is soft pre-I-regular
pre-I-open set. O

Theorem 2.13. Let (X, 7, F, f) be a soft ideal topological space and (F, E)eSS(X)g. If
(F, E) is soft a—1I- open and soft pre-1-regular pre-I-open, then (F, E) = sInt(sCl*(sInt(F, E))).

Proof. Suppose that (F, E) is a soft a— T-open set. Then (F, E) C sInt(sCl* (sInt(F, E)))
and (F, E) is soft pre-I-regular pre-I-open. Hence, we have (F, E) = 5pI Int(SpICI(F, E))

sp{]nt(spICl(spIInt(spICl(F, E)))) 3 3pIInt(3CI* (5Int(3pICIL(F, E)))) 2
SpIInt(3C1* (3Int(F, E))) 2 3Int(3C1*(3Int(F, E))). Therefore (F, E) = Int(3C1* (3Int(F, E))).
(I

3. 38pI-OPEN SETS

In this section, we define the soft delta pre—f -open set by using the notion of soft pre—f -
regular pre-/-open sets and study some of their properties.

Definition 3.1. A soft point z. € SP(X, E) is called a 36pI-cluster point of (F, E) if
(F,E) N (U, E) # 0 for every soft pre- I-regular pre-1- -open set (U, E) containing z..

The set of all sép[ cluster points of (F, E) is called the $6pI-closure of (F, E) and is de-
noted by sépI CIl(F,FE). The complement of an sépI closed set is called an 35p] -open set.

We denote the collection of all stI -open set (resp. sépI closed) sets by SoPI O(X ,E)
(resp. SOPIC(X, E)).

Example 3.2. Let (X, 7, E, I) be as in Example 2.4. Then, we have 15,0g,{(e, {h1, ha})},
{(e,{h1, h3)}, {(e,{h2})},{(e, {hs})} are soft pre- I-regular pre-I-open sets. Therefore

SSPIC(X,E) = {1g,0p, {(e, {h1, ha})},{(e, (b1, ha})}, {(e, {ha )} {(e, {ha D)} (e, {ha})}}
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and
S(SPIO(Xa E) = {1E7 Og, {(6, {hh hQ})}a {(6, {hh hS})}a {(67 {hQ})}a {(6, {hS})}a {(6, {h27 hS})}}
Definition 3.3. A soft set (F, F) in a soft ideal topological space (X, 7, E, I ) is called
§(5pf -neighborhood of a soft point x. if there exists an §6pf -open set (U, E) such that
z. € (U E) C (F,E).
Example 3.4. Let (X, 7, E, I ) be the soft ideal topological space as in Example 2.4. Then
we have {(e, {ha, hs})} is an $5pI-neighborhood of a soft point z. = {(e, {h2})}. In-
deed, {(e, {h2})} € {(e, {h2, h3})} T {(e,{ha, h3})}and {(e, {ha, h3})} € SOPIO(X, E).
Lemma3.1. Let (X, 7, E, 1) be a soft ideal topological space and (F, E), (G, E) € SS(X, E)
and {(U;, E) : i € A} C SS(X, E). Then the following hold.

(1) (F,E) C 36pICI(F, E);

(2) If(F,E) C (G, E), then 36pICI(F,E) T 36pICI(G, E);

(3) 36pICH{{(Us, E) : i € A}} T N{S0pICIU;, E) : i € A};

(4) U{S0pICI(U, E) :i € A} T 36pICIH{U(Uy, E) : i € A};

(5) 36pICI{(F,E) U (G,E)} = 30pICI(F,E) U 3pICIl(G, E).

Proof. (1) Letz. € (F, E) and (G, E) be a soft pre-I-regular pre-I-open set contain-
ing z.. Therefore (F,E) M (G,E) # Og implies z, € s0pICI(F, E) which
implies that (F, E) T 36pICI(F, E);
(2) Suppose (F,E) C (G,E)and z, € 36pICI(F,E). Then (F,E) 1\ (H,E) # 0
for every soft pre-I-regular pre-I-open set (H, E) containing z.. Since (F, E) C
(G,E), then (G,E) 1 (H,E) # 0. Therefore z. € 50pICI(G, E). So,
36pICI(F,E) T 36pICI(G, E);
(3) Since N(U;, E) C (Uy, E) foreachi € A, by (2) s0pICI{T{(U;, E) : ic A}} C
36pICL(U;, E) foreachi € A. So, 36pICI{M{(U;, E) : i € A}} T N {36pICL(U;, E) :
i € A}. Therefore 36pICIH{M{(U;, E) :i € A}Y} T n{36pICI(U;, E) : i € A};
(4) Since (U;,, E) € Uiep(U;, E) foreachic € A, sépICl( .., B) C 36pICIH{U{(U;, E) :
i €A}}. Hence U{36pICI(U;, E) : i €A} T 36pICH{L{(U;, E) : i € A}};
(5) Let z, € 50pICI{(F,E) U (G,E)}. Then (F,E) U (G,E)) N (H,E) #
Op, for every soft pre- -I- -regular pre- -I- open set (H, E) containing z.. Hence
(F, E) N (H,E) # Ogor (G E)N(H E) # 0p which implies that
2. € 36pICI(F, E) U 36pICI(G, E). Therefore s0pICI1{(F,E)U (G,E)} C
30pICI(F, E)U36pICI(G, E). Also, 30pICI{(F, E) U (G, E)} J30pICI(F,E)U
36pICI(G, E). So, 36pICI{(F, E)U (G, E)} = 36pICI(F, E)U3pICl(G, E).
O

Lemma 3.2. Arbitrary soft intersection of sép[ closed sets in a soft ideal topological
space (X, 7, E, 1) is 36pI-closed.

Proof. Suppose that (F, E) = N{(F},E) : (F;,E) € S6PIC(X),i € A}. Then
we obtain sdeC’l(F E) = (F,,E), i € A. Thus SpICIN{(F,,E) : i€ A}]
N{(F,,E),i € A}. Therefore, 30pICI(F, E) C (F, E).Therefore (F, E) = 36pICI(F, E)

and (F, E) is $6pI-closed. O

Lemma 3.3. Let (X, 7, E, I) be a soft ideal topological space and (F,E) € SS(X, E).
Then
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(1) 36pICI(F,E) = N{(G;,E) : (G;,E) € S6PIC(X),(F,E) T (Gi,E),i €
A},

(2) 36pICI(F,E) = M{(G,E) : (G;,E) € SPIRC(X),(F,E) T (G;,E),i €
A}

Proof (1) Letz, ¢N{(G;, E) : (Gi, E) € S6PIC(X),(F,E) C (G;,E),,i € A}.
Then there exists (G, , E) € SOPIC(X) such that z., % (Gi,,E)and z, é (F,E)
as (F,E) C (Gi,, E). Since (G, E)° € S6PIO(X) and , € (G, , E)°, then
we have (G;,,E)° M (F,E) = Og. Therefore z. ¢ 36pICI(F,E). Con-
versely, suppose . % 36pICI(F,E). Then there exists (U, E) € SSPIO(X)
such that z, € (U,E) and (U,E) N (F,E) = Og. Thus z. ¢ (U, E)° and
(U, E)° € S§PIC(X). We can replace (U, E) with (G;, E) for some i € A and
obtain (F, E) C (G, E). Soz. ¢ N{(G;, E) : (Gi, E) € SPIRC(X),(F,E) C
(G, E),i € A}

(2) The proof is similar to the proof of (1).
(I

Lemma 3.4. Let (X, 7, E,I) be a soft ideal topological space, (F,E) € SS(X, E) and
z, € SP(X,E). Then z. € 3dpICI(F,E) if and only if (U, E) 1 (F,E) # O0g for
every sdpl-open (soft pre-1-regular pre-I-open) set (U, E) containing x..

Proof. Suppose that . % 36pICI(F, E). Then, {36pICI(F, E)} is an 36pI-open set
containing x. that doesn’t intersect (F, F). Thatis, (U,E) M (F,E) = O, where
(U, E) = {36pICI(F, E)}°. The converse is obvious. O

Corollary 3.5. (1) 36pICI(F, E) is 36pI-closedin (X, 7, E,I) forany (F,E) € SS(X, E);
(2) (F,E) € SS(X,E) is 56pI-closed (resp. $5pI- open) if and only if it is the
soft intersection (resp. soft union) of soft pre-f -regular pre-f -closed (soft pre-]~ -
regular pre-f -open) sets.

Lemma 3.6. Let (X, 7, E, I) be a soft ideal topological space and (F,E) € SS(X, E).
Then 36pICI(F, E) is the smallest $dpI-closed set in (X, T, E, I) containing (F, E).

Proof. Let {(F}, E) : i € A} be the collection of all soft 30pI-closed subsets of (X, 7, E, I)
containing (F, E). So by Lemma 3.2, 30pICI(F, E) = N{(F}, E) : i € A} is $6pI-closed.
Since (F,E) C (F;,E) for each i € A, we have (F,E) C M{(F;,E) : i € A} =
$6pICL(F, E). Thus 36pICI(F,E) is a soft 36pI-closed set containing (F, E). Also,
since 36pICI(F, E) = N{(F}, E) : i €A}, then 36pICI(F,E) T (F;, E) foreachi € A.
Consequently, '§§pf CI(F, E) is the smallest '§5pf -closed set in (X, 7, E,I~ ) containing
(F,E). O

Remark. It is clear that by Corollary 3.1, every soft pre-f -regular pre-f -open set is §5pf -
open. However, the converse is not true as shown by the following example.

Example 3.5. Let(X, 7, E, I) be the soft ideal topological space as in Example 2.4, then
we have {(e, {hy, ha})},{(e,{ h1, h3})} are soft pre-I-regular pre-I-closed sets. Thus
by Corollary 3.5, {(e, {h1, ha})} M {(e,{ h1, hs})} = {(e, {h1})} is 36pI-closed, and
s0 {(e,{ ha, hs})} is 36pI-open. But spIInt(3pICI{(e,{ ha, hs})}) = 1g, and so
{(e,{ ha, h3})} is not soft pre-I-regular pre-I- open.
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Remark. The soft union of even two §6p[~ -closed sets need not be a §5pI~ -closed set as
shown by the following example.

Example 3.6. Let(X, 7, E, I) be the soft ideal topological space as in Example 3.4. {(e, {h2})},
{(e,{hs})} are soft pre- -I-regular pre-I-closed sets. Thus, by Corollary 3.5, {(e, {h2})},
{(e,{hs})} are 35pI-closed. However, {(e, { ha, hs})} is not 36pI-closed.

4. SOFT DELTA PRE-T-SEPARATION AXIOMS

In this section, we introduce the concept of soft separation axioms using soft delta pre-
I- open sets. We define a sép[ Ty space, a sdp] Ty space and a sép[ T5 space and
study some of their properties.

Definition 4.1. A soft ideal topological space (X, 7, E, 1) is said to be a 56pI — Ty
space if for every pair of soft points z., y. €SP(X, E) such that z. # ., there ex-
ists (F, E) € SOPIO(X, E), containing one of them but not the other.

Example4.2. Let (X, 7, E, I ) be a soft ideal topological space, where X = {hy,ho}, F =

{er,e2}, 7 = {15, 08, {(er, {M D)}, {(ex, {ha}), (e2, {P1})}, {(ex, {h1}), (e2, {ha})}, {(ex, X)), (e2, {1 })}}
and I = {0g, {(e1,{h1})}}. The space (X, 7, E,I) is a s6pI — Tj space.

Definition 4.3. A soft ideal topological space (X, 7, E, I ) is said to be a sopl — Ty
space if for every palr of soft points z., Y. € SP(X E) such that z. # Ye- | there ex-
ist (F,E), (G,E) €S§PIO(X), such that z, € (F,E),y gé (F,E) and 4. € (G, E),
ze ¢ (G, E).

Example 4.4. The soft ideal topological space (X, 7, F, I ) in Example 4.2 is a '§5pf -1
space.

Definition 4.5. A soft ideal topological space (X, 7 E, T ) is said to be a §5pf - Ty
space if for every a pair soft points z., y. € SP(X, E) such that x. # y., there ex-
ist (F,E), (G,E) € SSPIO(X, E), such that z. € (F,E),y. € (G,E) and (F,E) 1
(G,E) =0g.

Example 4.6. The soft ideal topological space (X, 7, E, I)in Example 4.2 is a 's“épf —Ts
space.

Remark. From Corollary 3.5(2) we have:

(1) A soft ideal topological space (X, 7, E, I ) is 36pI — Ty if and only if for every
pair of distinct soft points ., y. of SP(X, E), there exists a soft pre-f -regular
pre-f -open set containing one of the soft point but not the other.

(2) A softideal topological space (X, 7, F, I )is f§5p.7 —T7 if and only if for every pair
of distinct soft points z., y. of SP(X, E), there exists a soft pre- I- regular pre-
I- -open set (U, E) in SS(X, E) containing z. but not y. and a soft pre- I-regular
pre-I-open set (V, E) in $S(X, E) containing y. but not z..

(3) A soft ideal topological space (X, 7, E, I ) is sép[ T5 if and only if for every
pair of distinct soft points ., y. of SP(X, F), there exists a soft pre- I- regular
pre- I-open set (U, E) and (V, E) in $S(X, E) containing . and y., respectively,
such that (U, E) N (V, E) = 0g.

Remark. If (X, 7, F I) is an s5p[ — T; space, then it is sép[ —T;_1,% =1, 2. The
converse need not be true as shown in the following example.
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Example 4.7. Suppose that (X, 7, E, I ) is the soft ideal topological space in Example 2.4.
The soft pre-I- regular pre-I-open sets are {1z, Og, {(e, {h1})}, {(e, {h2})}}. Ttis clear
from Remark 4.1, that (X, 7, E, I) is s6pI — Ty space but it is not s6pI — T7.

Remark. It is easy to see from Remark 4.1 and the fact that every soft pre-f -regular
pre-I-open set is soft pre-I-open, that if a space (X, 7, E, I) is sopI — T;, then it is soft
pre-I —T;, © = 0,1, 2. The converse need not be true as seen from the following example.

Example 4.8. Let (X, 7, F, f) be a soft ideal topological space where X = {hq, ha, h3, ha},

E = {e}, 7 = {15,0p, (e, {M1}), (e, {h3}), (e, {h1, h3})} and I = {Op, (e, {h1})}.

Then we have that SPIO(X E) = {1E; OE7 {( {hl})}7 {(6, {hl, h3})}, {(6, {h3})}, {(6, {hl, hg, hg})}, {(6, hl, hg, h.
and the soft pre-. I-regular pre-. I-open sets are {1£,0g,{(e,{M })}, {(e, {h3})}. Then we

have (X, 7, E, I) is soft pre-I — T, but not 36pI — Ty.

Theorem 4.1. Let (X, 7, FE I) be a soft ideal topological space. A space (X, T, E I)
55p[ T5 if and only if it is soft pre- -I- Ts.
Proof. Assume that (X, 7, F, I) is a soft pre-f— T5 space. Let z, y. € SP(X, F) such

that z. # y., then by the assumption, there exist disjoint soft pre-I-open sets (U, E)

and (V, E) containing . and y., respectively. Since (U, £) 11 (V, E) = 0 and (V, E) is

soft pre-I-open, then 3pICI(U, E) 1 (V,E) = 0g and thus, spflnt(gprl(U E)) N

(V, E) = Op. Similarly, since spIInt(spIC’l(U E)) s soft pre- I- -open, then spIInt(spIC’l(U E))n
spICL(V, E) = 05 which implies that SplInt(3pICL(U, E)) N spIInt(spICl(V E)) =

0z. Now, (U,E) C spIInt(spIC’l(U E))and (V,E) C spIInt(spICl(V E)) as

(U, E) and (V, E) are soft pre-1- -open sets. Thus, SpIInt(3pICL(U, E)) and 5pI Int(5pICIL(V, E))
are disjoint soft pre- I- regular pre- -I- open sets containing z. and y., respectively. Hence

by Remark 4.1 (3), (X,7,E, I ) 1s s6pI T5. The converse of proof follows from Remark

4.3. d

Theorem 4.2. A soft ideal topological space (X,T,E, D )isa §5pf — Ty space if and
only if for each pair of distinct soft points x. and y. of SP(X, E), sopICl({z.}) #
56pICI({ye})-

Proof. Let (X, T, E, f) be a 50pI — T, space and ., Y. € SP(X,E),suchthatz, # ye..
Then, there exists a $6pI-open set (G, E) containing x. but not 1, and therefore (G, E)° is
a 36pI-closed set which contains y. but not z... By Lemma 3.6, we have §6prl({ye}) C
(G,E) and x, %géprl({ye}). Hence 36pICl({z.}) # 30pICI({y.}). Conversely,
suppose that z., y. € SP(X,E),z. # y.. Then by the assumption, §6prl({xe}) #
36pICI ({ye}) Hence there exists at least one soft point z. € SP(X, E) such that
zZe € s5pIC'l({xe}) and z. ¢ sépICl({ye}) say. We claim that z, ¢s§p[0l({y€})

2o €50pICI({ye}). by Lemma 3.1(2), 36pICl({z.}) T sép[C’l({ye}) which is a contra-
diction to the fact that z, §é sépICl({ye}) Thus z, € {sépICl({ye})}c. But by Lemma
3.1(1) and Corollary 3.5(1) we have {30pIC1({y. })}¢ is a 36pI-open set that doesn’t con-
tain y.. Therefore (X, 7, E, I )isa §5pf — Tp space. a

Theorem 4.3. A soft ideal topological space (X, T, E, I )isa §6pf — T space if and only
if the soft singleton sets of SS(X, E) are sopI-closed.



SOME SEPARATION AXIOMS IN SOFT IDEAL TOPOLOGICAL SPACES 15

Proof. Suppose that (X, 7, E, I)is a 56p] — Ty spaceand z. € SP(X, E). Letye € SP(X, EN{z.}.
Then z. # . and so there exists a SopI-open set (U, E) such that y. € (U, E) but

xe¢ (U, E). Consequently, y. € €(U,E) C z¢ Now, 2t = L{(U, E) : y. € 2° € SSPTO(X)}.
Therefore, x. is sépI closed. Conversely, Let x., y. € SP(X, F) such that z. # .

and x., Yy, are scSpI closed sets. Then by the assumption, z¢ is a sép[ -open set contain-

ing y. but not z.. Similarly, y¢ is a sép[ open set containing x. but not y.. Therefore
(X,7,E,I)isasopl — T space. O

Definition 4.9. A soft function f,, : (X, 7, E,fl) — (Y,0,FE, fg) is called 36pI-continuous
if f,,/(G, E) € S6PIO(X) for every (G, E) € SOPIO(Y).

Theorem 4.4. If (Y, 5, E, I,) is 56pI — Ty space and fpu: (X 7.E,I) — (Y,5,E, L)
is sép] continuous and soft injective, then (X, 7, E 11) is sép[ Ty space.

Proof. Let z., y. € SP(X,FE) such that . # y.. Since f,, is soft injective and
(Y,5, E, I) is 36pI — Ty, there exists (G, E) € S6PIO(Y) containing x, and fpu(z(,) € ( E), fou(ye) ¢ (G, E)
with fpu(xe) # fpu(ye). Since fp, is $8pI-continuous, then we have fpu (G,E) € S(SPIO( )

such that z, € f,,! (G, E) and y. ¢ fou (G, E). Therefore (X,7, E 1) is 36pI — T
space. (]

Definition 4.10. A soft function f,, : (X, 7, E, fl) — (Y,0,FE, E) is said to be soft point
dpI-closure one-to-one if z., y. € SP(X, E) such that S6pICl({x.}) # 5opICI({y.}),
implies sOpICU({ fpu(ze)}) # SOPICU{ fpu(ye)})-

Theorem 4.5. If f,, : (X,T, E, fl) — (Y,0,E, fg) is soft point SpI-closure one-to-one
and (X, 7, E, I) is sopI — T} space, then fp,, is one-to-one.

Proof. Let x., y. € SP(X, E) such that z. # y.. Since (X, ?,E,INl) is '§5pr Ty,
then by Theorem 4.2 we have 30pICI({x.}) # 50pICI({y.}). But fpu is soft point
SpI-closure one-to-one implies that 36pICL({ fyu(ze)}) # 36pICL({ fpu(ye)}). Hence
fpu(ze) # fpu(ye). Therefore f, is one-to-one. O

Definition 4.11. A soft function f,, : (X, 7, E, fl) — (Y, 7, E, I ) is said to be 36pI-
closed if fp,, (G, E) € S6PIC(Y) for every (G, E) € SOPIC(X).

Theorem 4.6. Let (X, 7, E, I,) be 30pI — Ty and f,, - (X,7,E,I,) = (Y,5, B, I) is
30pI-closed surjective function. Then (Y, o, E, I5) is s6pI — Ty.

Proof. Suppose thaty. € SP(Y). Since f,, is soft surjective, then there exists z. € SP(X, E)
such that f,,(x.) = y. Since (X, 7, E, I1) is $6pI — T, then from Theorem 4.3, we ob-

tain x. € géPfC(X). Again by the hypothesis, we have f,,(z.) = ye € gdeC(Y).
Hence, (Y,0, E, I5) is sopI — T7. O

Theorem 4.7. Let f,, : (X, ?,E,Itl) = (Y, 5,E,E) be a soft injective and §5p]-
continuous function. If (Y, o, E, I5) is $6pI — T, then (X, 7, E, I) is s6pI — Ty.

Proof. 1t’s similar to the proof of Theorem 4.4. (]

Theorem 4.8. If (X, 7, E,I) is sépI T5 space, then far all x., ye € SP(X E) with
Ze # ye there exists (F, E) € S6PIO(X) such that z. € (F, E) and y, gé 36pICI(F, E).



16 F. H. KHEDR, O. R. SAYED AND S. R. MOHAMED

Proof. Let z., y. € SP(X,E) such that z. # y.. Since (X, 7, E, 1) is 36pI — Ts,
then there exist two disjoint soft sets (F, E), (G, E) € S6PIO(X () such that z € (F,E)
and y. € (G, E). _Clearly we have, (G,E) € S6PIC(X), 36pICI(F,E) T (G,E)"
and therefore, y. ¢ 36pICI(F, E). O

Theorem 4.9. Let f,, : (X,7,E Il) — (Y,0,F L) be a soft injective and $6pI-
continuous function. If (Y, 5, E, I) is 36pI — Ty, then (X, 7, E, I,) is 50pI — Ts.

Proof. Since fpy is soft 1nJect1ve SO fpu(xe) # fpu(ye) foreach z., y. € SP(X E) and
Ze # Ye. Now, (Y, 7, E, I) being 50pI — Ts, there exists (F, E), (G, E) € S§PIO(Y)
such that fp,(z.) € (F,E), fpu(ye) € (G,E) and (F,E) 1 (G,E) = Og. Sup-
pose that (U, E) = f,}(F,E) and (V,E) = f,.;/(G,E). Then by 3pI-continuity,
(U,E),(V,E) € SSPIO(X). Also, z, € f,.}(F, E) = (U,E), y. € f,,}(G,.E) = (V, E)
and (U,E) N (V,E) = f,(F,E) N f,}(G,E) = 0p. Hence (X,7,E, 1) is
30pI — Ts. O

5. CONCLUSION

The present work is devoted to define and study new classes of soft sets, namely soft
delta pre- I- open sets and soft pre- I- regular pre- I- open sets in soft ideal topological space
Also, a new class of soft separation axioms, namely soft delta pre ideal- 7T; spaces, i =
0,1,2 is introduced. We believe that it would be interesting to extend this approach to
other structures such as Fuzzy soft topology, fuzzifying soft topology etc. We intend to
investigate all these issues in future research works.
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