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SOME SEPARATION AXIOMS IN SOFT IDEAL TOPOLOGICAL SPACES

F. H. KHEDR, O. R. SAYED∗ AND S. R. MOHAMED

ABSTRACT. For dealing with uncertainties researchers introduced the concept of soft sets.
In this paper, a new class of soft sets called soft delta pre ideal open sets in soft ideal topo-
logical space related to the notion of soft pre ideal regular pre ideal open sets is introduced.
Also, some new soft separation axioms based on the soft delta pre ideal open sets are
investigated.

1. INTRODUCTION AND PRELIMINARIES

In 1999, Molodtsov [22] initiated the theory of soft sets as a new mathematical tool
for dealing with uncertainties. Also, he applied this theory to several directions (see, for
example, [23-26]). The soft set theory has been applied to many different fields (see, for
example, [1-2], [4-5], [7-9], [16-21], [27], [31-32], [34]). Later, few researches (see, for
example, [3], [6], [10-11], [15], [22], [28-30], [33]) introduced and studied the notion of
soft topological spaces. In [13-14], the authors initiated the notion of soft ideal. They also
introduced the concept of soft local function. These concepts were discussed with a view
to find new soft topologies from the original one, called soft topological spaces with soft
ideal (X, τ̃ , E, Ĩ). EL-Sheikh [8] introduced the notions of Ĩ-open soft sets, pre-Ĩ- open
soft sets, α-Ĩ-open soft sets, semi-Ĩ-open soft sets and β-Ĩ-open soft sets to soft topo-
logical spaces. He studied the relations between these different types of subsets of soft
topological spaces with soft ideal. Also, he introduced the concepts of Ĩ-continuous soft,
pre-Ĩ-continuous soft, α-Ĩ-continuous soft, semi-Ĩ- continuous soft and β-Ĩ-continuous
soft functions and discussed their properties. Jafari [11] introduced the concept of pre reg-
ular preopen set in general topological space. This paper extends this set to soft topological
spaces with soft ideal, soft pre-Ĩ-regular pre-Ĩ-open set, and study some of its properties.
Also, the concept of a soft delta pre-Ĩ-open set is given and some of its properties are
investigated. Finally, a soft delta pre-Ĩ-separation axioms are given.
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Definition 1.1. [23]. Let X be an initial universe set, P (X) the power set of X , that is, the
set of all subsets of X , and A a set of parameters. A pair (F,A), where F is a map from A
to P (X), is called a soft set over X .
In what follows by SS(X,A) we denote the family of all soft sets (F,A) over X .

Definition 1.2. [23] Let (F,A), (G,A) ∈ SS(X,A). We say that the pair (F,A) is a soft
subset of (G,A) if F (p) ⊆ G(p), for every p ∈ A. Symbolically, we write (F,A) ⊑
(G,A). Also, we say that the pairs (F,A) and (G,A) are soft equal if (F,A) ⊑ (G,A)
and (G,A) ⊑ (F,A). Symbolically, we write (F,A) = (G,A).

Definition 1.3. [23]. Let Λ be an arbitrary index set and {(Fi, A) : i ∈ Λ} ⊆ SS(X,A).
Then

(1) The soft union of these soft sets is the soft set (F,A) ∈ SS(X,A), where the map
F : A → P (X) is defined as follows: F (p) =

⋃
{Fi(p) : i ∈ Λ}, for every p ∈ A.

Symbolically, we write (F,A) = ⊔{(Fi, A) : i ∈ Λ}.
(2) The soft intersection of these soft sets is the soft set (F,A) ∈ SS(X,A), where the

map F : A → P (X) is defined as follows: F (p) =
⋂
{Fi(p) : i ∈ Λ}, for every p ∈ A.

Symbolically, we write (F,A) = ⊓{(Fi, A) : i ∈ Λ}.

Definition 1.4. [33]. Let (F,A) ∈ SS(X,A). The soft complement of (F,A) is the
soft set (H,A) ∈ SS(X,A), where the map H : A → P (X) defined as follows:
H(p) = X\F (p), for every p ∈ A. Symbolically, we write (H,A) = (F,A)

c

. Obvi-
ously, (F,A)

c

= (F
c

, A) [10]. For two given subsets (M,A), (N,A) ∈ SS(X,A) [30],
we have

(i) ((M,A) ⊔ (N,A))c = (M,A)c⊓ (N,A)c;
(ii) ((M,A) ⊓ (N,A))c = (M,A)c⊔ (N,A)c.

Definition 1.5. [23]. The soft set (F,A) ∈ SS(X,A), where F (p) = ϕ, for every p ∈ A
is called the A-null soft set of SS(X,A) and denoted by 0A. The soft set (F,A) ∈
SS(X,A), where F (p) = X , for every p ∈ A is called the A-absolute soft set of
SS(X,A) and denoted by 1A.

Definition 1.6. [33]. The soft set (F,A) ∈ SS(X,A) is called a soft point in X , denoted
by xe, if for the element e ∈ A,F (e) = {x} and F (e′) = ϕ for all e′ ∈ A\{e}. The set of
all soft points of X is denoted by SP (X,E). The soft point xe is said to be in the soft set
(G,A), denoted by xẽ ∈ (G,A), if for the element e ∈ A and x ∈ F (e).

Definition 1.7. [33]. Let SS(X,A) and SS(Y,B) be families of soft sets. Let u : X → Y
and p : A → B be mappings. Then the mapping fpu : SS(X,A) → SS(Y,B) is defined
as:

(1) The image of (F,A) ∈ SS(X,A) under fpu is the soft set fpu(F,A) = (fpu(F ), B)
in SS(Y,B) such that

fpu(F )(y) =

{ ⋃
x∈p−1(y)

u(F (x)), p−1(y) ̸= ϕ

ϕ, otherwise

for all y ∈ B.
(2) The inverse image of (G,B) ∈ SS(Y,B) under fpu is the soft set f−1

pu (G,B) =

(f−1
pu (G), A) in SS(X,A) such that f−1

pu (G)(x) = u−1(G(p(x))) for all x ∈ A.

Proposition 1.1. [10]. Let (F,A), (F1, A) ∈ SS(X,A) and (G,B), (G1, B) ∈ SS(Y,B).
The following statements are true:
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(1) If (F,A) ⊑ (F1, A), then fpu(F,A) ⊑ fpu(F1, A).
(2) If (G,B) ⊑ (G1, B), then f −1

pu (G,B) ⊑ f −1
pu (G1, B).

(3) (F,A) ⊑ f −1
pu (fpu(F,A)).

(4) fpu(f −1
pu (G,B)) ⊑ (G,B).

(5) f −1
pu ((G,B)

c

) = (f −1
pu (G,B))

c

.
(6) fpu((F,A) ⊔ (F1, A)) = fpu(F,A) ⊔ fpu(F1, A).
(7) fpu((F,A) ⊓ (F1, A)) ⊑ fpu(F,A) ⊓ fpu(F1, A).
(8) f −1

pu ((G,B) ⊔ (G1, B)) = f −1
pu (G,B) ⊔ f −1

pu (G1, B).
(9) f −1

pu ((G,B) ⊓ (G1, B)) = f −1
pu (G,B) ⊓ f −1

pu (G1, B).

Definition 1.8. [33]. Let X be an initial universe set, A a set of parameters, and τ̃ ⊆
SS(X,A). We say that the family τ̃ defines a soft topology on X if the following axioms
are true:

(1) 0A,1A ∈ τ̃ .
(2) If (G,A), (H,A) ∈ τ̃ , then (G,A) ⊓ (H,A) ∈ τ̃ .
(3) If (Gi, A) ∈ τ̃ for every i ∈ I , then ⊔{(Gi, A) : i ∈ I} ∈ τ̃ .

The triplet (X, τ̃ , A) is called a soft topological space. The members of τ̃ are called soft
open sets in X . Also, a soft set (F,A) is called soft closed if the complement (F,A)

c

belongs to τ̃ . The family of all soft closed sets is denoted by τ̃
c

.

Definition 1.9. Let (X, τ̃ , A) be a soft topological space and (F,A) ∈ SS(X,A).
(1) The soft closure of (F,A) [30] is the soft set

s̃Cl(F,A) = ⊓{(S,A) : (S,A) ∈ τ̃
c

, (F,A) ⊑ (S,A)}.
(2) The soft interior of (F,A) [33] is the soft set

s̃Int(F,A) = ⊔{(S,A) : (S,A) ∈ τ̃ , (S,A) ⊑ (F,A)}.

Definition 1.10. [13].

(1) Let Ĩ be a non-null collection of soft sets over a universe X with a fixed set of
parameters E. Then Ĩ⊆SS(X,E) is called a soft ideal on X with the same set E
if
(a) (F,E), (G,E) ∈ Ĩ , then (F,E) ⊔ (G,E) ∈ Ĩ;
(b) (F,E) ∈ Ĩ and (G,E) ⊑ (F,E), then (G, E) ∈ Ĩ ,

(2) Let (X, τ̃ , E) be a soft topological space and Ĩ be a soft ideal over X . Then
(X, τ̃ , E, Ĩ) is called a soft ideal topological space. Let (F,E) ∈̃ SS(X,E), the
soft operator ∗ : SS(X,E) → SS(X,E), defined by

(F,E)
∗
(Ĩ , τ̃) or (F,E)

∗
= ⊔{xe ∈ SP (X,E) : Oxe

⊓ (F,E) /∈ Ĩ ∀ Oxe
∈

τ̃}
is called the soft local function of (F,E) with respect to Ĩ and τ̃ , where Oxe is a
τ̃ -soft open set containing xe.

Theorem 1.2. [13]. Let (X, τ̃ , E, Ĩ ) be a soft ideal topological space and (F,E), (U,E)∈ SS(X,E).
Then we have

(1) The soft closure operator s̃Cl∗ : SS(X,E) → SS(X,E), defined by s̃Cl∗(F,E) =
(F,E) ⊔ (F,E)

∗, satisfies Kuratwski’s axioms.
(2) If (U,E) ∈ τ̃ , then (U,E) ⊓ (F,E)

∗ ⊑ [(U,E) ⊓ (F,E)]
∗.

Definition 1.11. [14]. A soft subset (F,E) of a soft ideal topological space (X, τ̃ , E, Ĩ) is
said to be τ∗-soft dense if s̃Cl∗(F,E) = 1E .
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Definition 1.12. [8]. Let (X, τ̃ , E, Ĩ) be a soft ideal topological space and (F,E)∈ SS(X,E)
and xe ∈ SP (X,E). Then:

(1) (F,E) is said to be a soft-Ĩ-open set if (F,E) ⊑ s̃Int(F,E)
∗. The complement

of soft-Ĩ-open set is called soft-Ĩ-closed and we denote the set of all soft-Ĩ-open
(resp. soft-Ĩ- closed) sets by S̃ĨO(X,E)(resp. S̃ĨC(X,E)).

(2) (F,E) is said to be a soft pre-Ĩ-open set if (F,E) ⊑ s̃Int(s̃Cl∗(F,E)). The
complement of a soft pre-Ĩ-open set is called soft pre-Ĩ-closed and the family
of all soft pre-Ĩ-open (resp. soft pre-Ĩ-closed) sets in (X, τ̃ , E, Ĩ) is denoted by
S̃P ĨO(X,E)(resp. S̃P ĨC(X,E)).

(3) (F,E) is said to be a soft α-Ĩ-open set if (F,E) ⊑ s̃Int(s̃Cl∗(s̃Int(F,E))).
The complement of a soft α-Ĩ-open set is called soft α-Ĩ-closed and the fam-
ily of all soft α-Ĩ-open(resp. soft α-Ĩ-closed) sets in (X, τ̃ , E, Ĩ) is denoted by
S̃αĨO(X,E)(resp. S̃αĨC(X,E)).

(4) xe is called a soft pre-Ĩ-Interior point of (F,E) if there exists (G,E)∈ S̃P ĨO(X,E)

such that xe ∈̃ (G,E) ⊑ (F,E), the set of all soft pre-Ĩ-interior points of
(F,E) is called the soft pre-Ĩ-interior of (F,E) and is denoted by s̃pĨInt(F, E).
Consequently, s̃pĨInt(F,E) = ⊔{(G,E) : (G,E) ∈ S̃P ĨO(X,E), (G,E) ⊑
(F,E)}

(5) xe is called a soft pre-Ĩ-closure point of (F,E) if (F,E) ⊓ (H,E) ̸= 0E

for every (H,E) ∈ S̃P ĨO(X,E) and xe ∈̃ (H,E). The set of all soft pre-Ĩ-
closure points of (F,E) is called the soft pre-Ĩ-closure of (F,E) and is denoted by
s̃pĨCl(F,E). Consequently, s̃pĨCl(F,E) = ⊓{(H,E) : (H,E) ∈ s̃pĨC(X,E),
(F,E) ⊑ (H,E)}.

Theorem 1.3. [8]. Every soft α-Ĩ-open (resp. soft α-Ĩ-closed) set is soft pre-Ĩ-open (resp.
soft pre-Ĩ-closed).

Theorem 1.4. [8]. Let (X, τ̃ , E, Ĩ) be a soft ideal topological space, and (F,E), (G,E)∈ SS(X,E).
Then the following hold:

(1) s̃pĨCl((F,E)c) = (s̃pĨInt(F,E))c.

(2) s̃pĨInt ((F,E)c) = (s̃pĨCl(F,E))c.

(3) s̃pĨInt[(F,E) ⊓ (G,E)] ⊑ s̃pĨInt(F,E) ⊓ s̃pĨInt(G,E).
(4) (F,E) ∈ S̃P ĨC(X) ⇐⇒ (F,E) = s̃pĨCl(F,E).
(5) (F,E) ∈ S̃P ĨO(X) ⇐⇒ (F,E) = s̃pĨInt(F,E).

(6) s̃pĨInt(s̃pĨInt(F,E)) = s̃pĨInt(F,E).
(7) If (F,E) ⊑ (G,E), then s̃pĨInt(F,E) ⊑ s̃pĨInt(G,E).
(8) If (F,E) ⊑ (G,E), then s̃pĨCl(F,E) ⊑ s̃pĨCl(G,E).

2. SOFT PRE-Ĩ -REGULAR PRE-Ĩ -OPEN SETS

In this section, we introduce the concept of soft pre-Ĩ-regular pre-Ĩ-open set in which
the notion of soft pre-Ĩ-open set is involved and study some of its properties. Also, we
present other notions called extremely soft pre-Ĩ-disconnected and soft pre-Ĩ-regular sets.

Definition 2.1. Let (X, τ̃ , E, Ĩ ) be a soft ideal topological space. A soft pre-Ĩ-open set
(F,E) is said to be soft pre-Ĩ-regular pre-Ĩ-open if (F,E) = s̃pĨInt(s̃pĨCl(F,E)). The
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complement of a soft pre- Ĩ-regular pre-Ĩ-open set is said to be soft pre-Ĩ-regular pre-Ĩ-
closed.

Example 2.2. Suppose that (X, τ̃ , E, Ĩ ) is a soft ideal topological space, where X =

{h1, h2, h3}, E = {e}, τ̃ = {1E ,0E , {(e, {h1})}, {(e, {h2})}, {(e, {h1, h2})} and Ĩ =

{0E , {(e, {h1})}. Then one can deduce that S̃P ĨO(X,E) = {1E ,0E , {(e, {h1})}, {(e, {h2})}, {(e, {h1, h2})}}.
We have {1E ,0E , {(e, {h1})}, {(e, {h2})}} are soft pre-Ĩ-regular pre-Ĩ-open sets.

Definition 2.3. Let (X, τ̃ , E, Ĩ) be a soft ideal topological space and (F,E) ∈ SS(X,E).(F,E)

is said to be soft pre-Ĩ-regular if it is soft pre-Ĩ-open and soft pre-Ĩ-closed.

Example 2.4. Let (X, τ̃ , E, Ĩ) be a soft ideal topological space, where X = {h1, h2, h3},
E = {e}, τ̃ = {1E ,0E , {(e, {h2, h3})}} and Ĩ = {0E , {(e, {h1})}}. Then one can de-
duce that S̃P ĨO(X,E) = {1E ,0E , {(e, {h2, h3})} , {(e, {h2})} , {(e, {h3})}, {(e, {h1, h2})}, {(e, {h1, h3})},
we have {{(e, {h2})}, {(e, {h3})}, {(e, {h1, h2})}, {(e, {h1, h3})},1E ,0E} are soft pre-
Ĩ-open and soft pre- Ĩ-closed sets. So, they are soft pre-Ĩ-regular.

Remark. (1) Soft pre-Ĩ-regular set is soft pre-Ĩ-regular pre-Ĩ-open;
(2) Soft pre-Ĩ-regular pre-Ĩ-open set is soft pre-Ĩ-open;
(3) Soft-Ĩ-open set and soft pre-Ĩ-regular pre-Ĩ-open set are independent.

Example 2.5. Let (X, τ̃ , E, Ĩ) be the soft ideal topological space as in Example 2.2. We
have (F,E) = {(e, {h1})} is soft pre-Ĩ-regular pre-Ĩ-open but not soft pre-Ĩ-closed.

Example 2.6. Let (X, τ̃ , E, Ĩ) be the soft ideal topological space as in Example 2.4. We
get (F,E) = {(e, {h2, h3})} is a soft-Ĩ-open set but it is not soft pre- Ĩ-regular pre-Ĩ-
open and we have (G,E) = {(e, {h2, h3})} is soft pre-Ĩ-open set but it is not soft pre-Ĩ-
regular pre-Ĩ-open.

Example 2.7. Let (X, τ̃ , E, Ĩ) be a soft ideal topological space, where X = {h1, h2, h3}, E =

{e}, τ̃ = {1E ,0E , {(e, {h1})}, {(e, {h3})}, {(e, {h1, h3})}, {(e, {h2, h3})} and Ĩ =

{0E , {(e, {h1})}. Then S̃P ĨO(X,E) = {1E ,0E , {(e, {h1})}, {(e, {h3})}, {(e, {h1, h3})}, {(e, {h2, h3})}}.Therefore
{(e, {h1})} is soft pre-Ĩ-regular pre-Ĩ-open set but it is not soft-Ĩ-open.

Remark. The soft intersection of two soft pre-Ĩ-regular pre-Ĩ-open sets is not soft pre-Ĩ-
regular pre-Ĩ-open, in general, as can be shown by the following example.

Example 2.8. Let (X, τ̃ , E, Ĩ) be the soft ideal topological space as in Example 2.4. Then,
the soft sets {(e, {h1, h2})} and {(e, {h1, h3})} are both soft pre-Ĩ-regular pre-Ĩ-open
sets, but their intersection {(e, {h1})} is not soft pre-Ĩ-regular pre-Ĩ-open.

Theorem 2.1. Let (X, τ̃ , E, Ĩ) be a soft ideal topological space and (F,E), (G,E)∈SS(X,E).
Then the following statement are true.

(1) If (F,E) ⊑ (G,E), then s̃pĨInt(s̃pĨCl(F,E)) ⊑ s̃pĨInts̃pĨCl(G,E))

(2) If (F,E)∈S̃P ĨO(X,E), then (F,E) ⊑ s̃pĨInt(s̃pĨCl(F,E)).
(3) For every (F,E)∈S̃P ĨO(X,E), we have s̃pĨInt(s̃pĨCl(s̃pĨInt(s̃pĨCl(F,E)))) =

s̃pĨInt(s̃pĨCl(F,E)).

(4) If (F,E) and (G,E) are disjoint soft pre-Ĩ-open sets, then s̃pĨInt(s̃pĨCl(F,E))

and s̃pĨInt(s̃pĨCl(G,E)) are disjoint.
(5) If (F,E) is a soft pre-Ĩ-regular pre-Ĩ-open set, then s̃pĨCl((F,E)c) is a soft pre-

Ĩ-regular pre-Ĩ-closed set.
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(6) If (F,E) is a soft pre-Ĩ-regular pre-Ĩ-open set, then s̃pĨInt(F,E) is soft pre-Ĩ-
regular pre-Ĩ-open.

Proof. (1) Follows from Theorem 1.4 (7) and (8).
(2) (F,E) ∈̃ S̃P ĨO(X,E) =⇒ (F,E) = s̃pĨInt(F,E) ⊑ s̃pĨInt(s̃pĨCl(F,E)).
(3) It is obvious that s̃pĨInt(s̃pĨCl(F,E))∈̃S̃P ĨO(X,E). So, by (2), we have

s̃pĨInt(s̃pĨCl(F,E)) ⊑ s̃pĨInt(s̃pĨCl(s̃pĨInt(s̃pĨCl(F,E)))). On the other
hand, s̃pĨInt(s̃pĨCl(F,E)) ⊑ s̃pĨCl (F,E), which implies that s̃pĨCl(s̃pĨInt(s̃pĨCl(F,E))) ⊑
s̃pĨCl(s̃pĨCl(F,E)) = s̃pĨCl(F,E). Hence s̃pĨInt(s̃pĨCl(s̃pĨInt(s̃pĨCl(F,E)))) ⊑
s̃pĨInt(s̃pĨCl(F,E)). Therefore, we obtain s̃pĨInt(s̃pĨCl(s̃pĨInt(s̃pĨCl(F,E))))

= s̃pĨInt(s̃pĨCl(F,E)).
(4) Since (F,E) and (G,E) are disjoint soft pre-Ĩ-open sets, (F,E) ⊓ (G,E) = 0E

which implies that (F,E)⊓s̃pĨCl(G,E) = 0E and so (F,E)⊓ s̃pĨInt(s̃pĨCl(G,E)) =

0E . Since s̃pĨInt(s̃pĨCl(G,E) is soft pre-Ĩ-open, s̃pĨCl(F,E)⊓ s̃pĨInt(s̃pĨCl(G,E) =

0E . Hence s̃pĨInt(s̃pĨCl(F,E)) ⊓ s̃pĨInt(s̃pĨCl(G,E)) = 0E .

(5) Given that (F,E) is soft pre-Ĩ-regular pre-Ĩ-open set. So (F,E)= s̃pĨInt(s̃pĨCl (F,E))

which implies that (F,E)c =
(
s̃pĨInt(s̃pĨCl(F,E))

)c

= s̃pĨCl(s̃pĨInt((F,E)c)).

Therefore, s̃pĨC((F,E)c) = s̃pĨCl(s̃pĨInt(s̃pĨCl((F,E)c))). Hence s̃pĨCl((F,E)c)

is soft pre-Ĩ-regular pre-Ĩ-closed set.
(6) By (5), if (F,E) is soft pre-Ĩ-regular pre-Ĩ-open, then s̃pĨCl((F,E)c) is soft

pre-Ĩ-regular pre-Ĩ-closed. Hence
(
s̃pĨCl((F,E)c)

)c

is soft pre-Ĩ-regular pre-

Ĩ-open which implies that s̃pĨInt(F,E) is soft pre-Ĩ-regular pre-Ĩ-open set.
□

Definition 2.9. A soft ideal topological space (X, τ̃ , E, Ĩ) is said to be soft-Ĩ-submaximal
if each τ∗-soft dense subset is soft open.

Lemma 2.2. Let (X, τ̃ , E, Ĩ) be a soft ideal topological space, the following are equiva-
lent:

(i) Every soft pre-Ĩ-open set is soft open.
(ii) (X, τ̃ , E, Ĩ) is soft-Ĩ-submaximal.

Proof. (i)=⇒(ii). Suppose that (F,E) is a τ∗-soft dense set, then s̃Cl∗(F,E) = 1E

which implies that s̃Int(s̃Cl∗(F,E)) = 1E . Hence (F,E) ⊑ s̃Int(s̃Cl∗(F,E)) = 1E .
Therefore, by (i), we have (F,E) is soft open.

(ii) =⇒(i). Let (G,E) be a soft pre-Ĩ-open subset of X . Then (G,E) ⊑ s̃Int(s̃Cl∗(G,E)) =
(U,E), say. Then s̃Cl∗(G,E) = s̃Cl∗(U,E), so that s̃Cl∗[(U,E)c ⊔ (G,E)] =
s̃Cl∗((U,E)c) ⊔ s̃Cl∗(G,E) = (U,E)c ⊔ s̃Cl∗(G,E) = 1E and thus (U,E)c ⊔ (G,E)
is τ∗-soft dense set in X . Thus (U,E)c ⊔ (G,E) is soft open. Now, we have (G,E) =
((U,E)c⊔ (G,E))⊓ (U,E), is the intersection of two soft open sets, so that (G,E) is soft
open. □

Theorem 2.3. In a soft-Ĩ-submaximal soft ideal topological space, the intersection of any
finite number of soft pre-Ĩ-open sets is soft pre-Ĩ-open.

Proof. It’s clear from Lemma 2.2. □

Theorem 2.4. In a soft-Ĩ-submaximal soft ideal topological space, the intersection of any
finite number of soft pre-Ĩ-regular pre-Ĩ-open set is soft pre-Ĩ-regular pre-Ĩ-open.
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Proof. Let {(Fi, E) : i = 1, 2, ..., n} be a finite family of soft pre-Ĩ-regular pre-Ĩ-
open sets. Since the space (X, τ̃ , E, Ĩ) is soft-Ĩ-submaximal, then, by Theorem 2.2,
⊓{(Fi, E) : i = 1, 2, ..., n} is soft pre-Ĩ-open. Therefore, ⊓{(Fi, E) : i = 1, 2, ..., n} ⊑
s̃pĨInt(s̃pĨCl(⊓(Fi , E)). Also, for each i = 1, 2, ..., n,⊓(Fi, E) ⊑ (Fi, E) which
implies that s̃pĨInt(s̃pĨCl(⊓(Fi , E) )) ⊑ s̃pĨInt(s̃pĨCl(Fi , E)). Also, each (Fi, E)

is soft pre-Ĩ-regular pre-Ĩ-open implies that (Fi, E) = s̃pĨInt(s̃pĨCl(Fi, E)) which im-
plies that s̃pĨInt(s̃pĨCl(⊓(Fi , E))) ⊑ ⊓(Fi , E) and so ⊓(Fi , E) = s̃pĨInt(s̃pĨCl(⊓(Fi , E)).
Hence ⊓(Fi, E) is soft pre-Ĩ-regular pre-Ĩ-open. □

Remark. It should be noted that an arbitrary union of soft pre-Ĩ-regular pre-Ĩ-open sets is
soft pre-Ĩ-regular pre-Ĩ-open. But the Intersection of two soft pre-Ĩ-regular pre-Ĩ-closed
sets fails to be soft pre-Ĩ-regular pre-Ĩ-closed as can be shown by the following example.

Example 2.10. Consider the soft ideal topological space (X, τ̃ , E, Ĩ) as in Example 2.2.
We have the two soft sets (F,E) = {(e, {h1, h3})} and (G,E) = {(e, {h2, h3})} are
soft pre-Ĩ-regular pre-Ĩ-closed sets but their intersection (F,E) ⊓ (G,E) = {(e, {h3})}
is not soft pre-Ĩ-regular pre-Ĩ-closed set.

Theorem 2.5. Let (X, τ̃ , E, Ĩ) be a soft ideal topological space and let (F,E), (G,E) ∈
SS(X,E), then the following hold.

(1) If (F,E) is soft pre-Ĩ-closed, then s̃pĨInt(F,E) is soft pre-Ĩ-regular pre-Ĩ-open.
(2) If (F,E) is soft pre-Ĩ-open, then s̃pĨCl(F,E) is soft pre-Ĩ-regular pre-Ĩ-closed.
(3) If (F,E) and (G,E) are soft pre-Ĩ-regular pre-Ĩ-closed sets, then (F,E) ⊑

(G,E) if and only if s̃pĨInt(F,E) ⊑ s̃pĨInt(G,E).
(4) If (F,E) and (G,E) are soft pre-Ĩ-regular pre-Ĩ-open sets, then (F,E) ⊑ (G,E)

if and only if s̃pĨCl(F,E) ⊑ s̃pĨCl(G,E).

Proof. (1) Since (F,E) is soft pre-Ĩ-closed, we have (F,E) = s̃pĨCl(F,E). Now,
we obtain

s̃pĨInt(s̃pĨCl(s̃pĨInt(F,E)) = s̃pĨInt(s̃pĨCl(s̃pĨInt(s̃pĨCl(F,E)))) =

s̃pĨInt(s̃pĨCl(F,E)) = s̃pĨInt(F,E). Hence s̃pĨInt(F,E) is soft pre-Ĩ-regular
pre-Ĩ-open.

(2) Now, we have s̃pĨCl(s̃pĨInt(s̃pĨCl(F,E))) = s̃pĨCl(s̃pĨInt(s̃pĨCl(s̃pĨInt(F,E))
=

s̃pĨCl(s̃pĨInt(F,E) = s̃pĨCl(F,E). Hence s̃pĨCl(F,E) is soft pre-Ĩ-regular
pre-Ĩ-closed.

(3) Given (F,E) and (G,E) are soft pre-Ĩ-regular pre-Ĩ-closed sets. Therefore, we
have (F,E) = s̃pĨCl(s̃pĨInt(F,E)) and (G,E) = s̃pĨCl(s̃pĨInt((F,E)).
Clearly, we have s̃pĨInt(F,E) ⊑ s̃pĨInt(G,E) whenever (F,E) ⊑ (G,E).
Conversely, suppose that s̃pĨInt(F,E) ⊑ s̃pĨInt(G,E). Now, we obtain (F,E) =

s̃pĨCl(s̃pĨInt(F,E)) ⊑
s̃pĨCl(s̃pĨInt(G,E))) = (G,E). Hence (F,E) ⊑ (G,E).

(4) Given (F,E) and (G,E) are soft pre-Ĩ-regular pre-Ĩ-open sets. Therefore, we
obtain (F,E) = s̃pĨInt(s̃pĨCl(F,E)) and (G,E) = s̃pĨInt(s̃pĨCl(G,E)).
Suppose (F,E) ⊑ (G,E), s̃pĨCl(F,E) = s̃pĨCl(s̃pĨInt(s̃pĨCl(F,E))) ⊑
s̃pĨCl(s̃pĨInt(s̃pĨCl(G,E))) = s̃pĨCl(G,E). Therefore, s̃pĨCl(F,E) ⊑ s̃pĨCl(G,E).
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Conversely, s̃pĨCl(F,E) ⊑ s̃pĨCl(G,E). Now, we obtain that (F,E) = s̃pĨInt(s̃pĨCl(F,E)) ⊑
s̃pĨInt(s̃pĨCl(G,E)) = (G,E). Therefore, (F,E) ⊑ (G,E).

□

Definition 2.11. Let (X, τ̃ , E, Ĩ) be a soft ideal topological space and (F,E)∈SS(X,E).
A soft subset (F,E) is said to be soft-Ĩ-rare if s̃Int∗(F,E) = 0E .

Example 2.12. Let (X, τ̃ , E, Ĩ) be a soft ideal topological space where X = {h1, h2, h3},
E = {e}, τ̃ = {1E ,0E , {(e, {h2})}} and Ĩ = {0E , {(e, {h2})}}, then τ∗ = {1E ,0E , {(e, {h2})}, {(e, {h1, h3})}}.
Take (F,E) = {(e, {h1})}, so s̃Int∗(F,E) = 0E . Hence we get (F,E) = {(e, {h1})} is
a soft-Ĩ-rare set.

Definition 2.13. A subset (F,E) of soft ideal topological space (X, τ̃ , E, Ĩ) is said to be
soft nowhere dense set if s̃Int(s̃Cl(F,E)) = 0E .

Example 2.14. Let (X, τ̃ , E, Ĩ) be the soft ideal topological space as in Example 2.12.
Take (F,E) = {(e, {h1})}, s̃Int(s̃Cl(F,E)) = 0E , so (F,E) is soft nowhere dense.

Lemma 2.6. Let (X, τ̃ , E, Ĩ) be a soft ideal topological space and (F,E), (U,E)∈ SS(X,E).
If (U,E) is soft open set, then (U,E) ⊓ s̃Cl∗(F,E) ⊑ s̃Cl∗((U,E) ⊓ (F,E)).

Proof. Since (U,E)∈τ̃ , by Theorem 1.2 we obtain (U,E) ⊓ s̃Cl∗(F,E) = (U,E) ⊓
[(F,E) ⊔ (F,E)

∗
] = [(U,E) ⊓ (F,E)] ⊔ [(U,E) ⊓ (F,E)

∗
] ⊑ [(U,E) ⊓ (F,E)] ⊔

[(U,E) ⊓ (F,E)]
∗ (Theorem 2.1) = s̃Cl∗((U,E)⊓(F,E)). Hence (U,E)⊓s̃Cl∗(F,E) ⊑

s̃Cl∗((U,E) ⊓ (F,E)). □

Lemma 2.7. Let (X, τ̃ , E, Ĩ) be a soft ideal topological space and (F,E)∈SS(X,E).
Then

(1) s̃pĨInt(F,E) = (F,E) ⊓ s̃Int(s̃Cl∗(F,E)).
(2) s̃pĨCl(F,E) = (F,E) ⊔ s̃Cl(s̃Int∗(F,E)).

Proof. (1) Since (F,E)⊓s̃Int(s̃Cl∗(F,E)) ⊑ s̃Int(s̃Cl∗(F,E)) = s̃Int(s̃Int(s̃Cl∗(F,E))) =
s̃Int(s̃Cl∗(F,E)⊓s̃Int(s̃Cl∗(F,E))) ⊑ s̃Int(s̃Cl∗((F,E)⊓s̃Int(s̃Cl∗(F,E)))),
then we have (F,E)⊓s̃Int(s̃Cl∗(F,E)) is soft pre-Ĩ-open set contained in (F,E)

and so (F,E)⊓s̃Int(s̃Cl∗(F,E)) ⊑ s̃pĨInt(F,E). On other hand, s̃pĨInt(F,E)

is soft pre-Ĩ- open, s̃pĨInt(F,E) ⊑ s̃Int(s̃Cl∗(s̃pĨInt(F,E))) ⊑ s̃Int(s̃Cl∗(F,E))

and so s̃pĨInt(F,E) ⊑ (F,E) ⊓ s̃Int(s̃Cl∗(F,E)). Hence s̃pĨInt(F,E) =
(F,E) ⊓ s̃Int(s̃Cl∗(F,E)).

(2) By (1), s̃pĨInt(F,E) = (F,E) ⊓ s̃Int(s̃Cl∗(F,E)). So, (s̃pĨInt(F,E))c =

[(F,E)⊓s̃Int(s̃Cl∗(F,E))]c, s̃pĨCl((F,E)c) = (F,E)c⊔[s̃Int(s̃Cl∗(F,E))]c

and s̃pĨCl((F,E)c) = (F,E)c ⊔ s̃Cl(s̃Int∗((F,E)c)). Assume, (F,E)c =

(G,E). Hence s̃pĨCl(G,E) = (G,E) ⊔ s̃Cl(s̃Int∗(G,E)).
□

Theorem 2.8. Let (X, τ̃ , E, Ĩ) be a soft ideal topological space and (F,E)∈SS(X)E .
Then the following hold.

(1) The empty set is the only soft subset which is nowhere dense and soft pre-Ĩ-regular
pre-Ĩ-open;

(2) If (F,E) is soft pre-Ĩ-regular pre-Ĩ-closed, then every soft-Ĩ-rare set is soft pre-
Ĩ-open.
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Proof. (1) Suppose that (F,E) is soft nowhere dense and soft pre-Ĩ-regular pre-Ĩ-
open. Then, by Lemma 2.7(1) we have (F,E) = s̃pĨInt(s̃pĨCl(F,E)) =

s̃pĨCl(F,E) ⊓ s̃Int(s̃Cl∗(s̃pĨCl((F,E))). Therefore (F,E) ⊑ s̃pĨCl(F,E) ⊓
s̃Int(s̃Cl∗(s̃Cl(F,E))) ⊑ s̃pĨCl(F,E) ⊓ s̃Int(s̃Cl(F,E)) = s̃pĨCl(F,E) ⊓
0E = 0E .

(2) Suppose that (F,E) is soft pre-Ĩ-regular pre-Ĩ-closed. Then (F,E) = s̃pĨCl(s̃pĨInt(F,E)) =

s̃pĨInt(F,E)⊔s̃Cl(s̃Int∗(s̃pĨInt(F,E))) ⊑ s̃pĨInt(F,E)⊔s̃Cl(s̃Int∗(F,E)) =

s̃pĨInt(F,E)⊔0E = s̃pĨInt(F,E). Therefore, (F,E) = s̃pĨInt(F,E). Hence
(F,E) is soft pre- Ĩ-open.

□

Definition 2.15. A soft ideal topological space (X, τ̃ , E, Ĩ) is called soft extremely pre-Ĩ-
disconnected if the soft pre- Ĩ-closure of every soft pre-Ĩ-open set is soft pre-Ĩ-open.

Example 2.16. Let (X, τ̃ , E, Ĩ) be a soft ideal topological space where X = {h1, h2, h3},
E = {e},τ̃ = {1E ,0E , {(e, { h1})}, {(e, {h2, h3})}} and Ĩ = {0E , {(e, { h1})}, {(e, { h3})}, {(e, {h1, h3})}}.
Then S̃P ĨO(X,E) = {1E ,0E , {(e, { h1})}, {(e, {h2, h3})}, {(e, { h2})}, {(e, {h1, h2})}}.
So, (X, τ̃ , E, Ĩ) is extremely soft pre-Ĩ-disconnected.

Theorem 2.9. Let (X, τ̃ , E, Ĩ) be a soft ideal topological space. Then the following are
equivalent:

(1) (X, τ̃ , E, Ĩ) is extremely soft pre-Ĩ-disconnected;
(2) Every soft pre-Ĩ-regular pre-Ĩ-open set is soft pre-Ĩ-regular.

Proof. (1) ⇒ (2): Assume that (X, τ̃ , E, Ĩ) is extremely soft pre-Ĩ-disconnected and
(F,E) is soft pre-Ĩ-regular pre-Ĩ-open. Then (F,E) is soft pre-Ĩ-open and so, s̃pĨCl(F,E)

is a soft pre-Ĩ-open set. Hence (F,E) = s̃pĨInt(s̃pĨCl(F,E)) = s̃pĨCl(F,E). Hence
(F,E) is soft pre-Ĩ-closed. Therefore (F,E) is soft pre-Ĩ-regular.
(2) ⇒ (1): Suppose that (F, E) is soft pre-Ĩ- open. Then, by Theorem 2.5(2), s̃pĨCl(F,E)

is soft pre-Ĩ-regular pre-Ĩ-closed which implies that (s̃pĨCl(F, E))c is soft pre-Ĩ-regular
pre-Ĩ- open. Hence (s̃pĨCl(F,E))c is soft pre-Ĩ-regular. Therefore, (s̃pĨCl(F, E))c is
soft pre-Ĩ-closed and so s̃pĨCl(F,E) is soft pre-Ĩ-open. Hence (X, τ̃ , E, Ĩ) is soft ex-
tremely pre-Ĩ-disconnected. □

Theorem 2.10. Let (X, τ̃ , E, Ĩ) is a soft extremely pre-Ĩ-disconnected space and (F,E)∈SS(X,E).
Then the following are equivalent:

(1) (F,E) is soft pre-Ĩ-regular.
(2) (F,E) = s̃pĨCl(s̃pĨInt(F,E));
(3) (F,E)c is soft pre-Ĩ-regular pre-Ĩ-open;
(4) (F,E) is soft pre-Ĩ-regular pre-Ĩ-open.

Proof. (1) ⇒ (2): Suppose that (F,E) is soft pre-Ĩ-regular. Then (F,E) is soft pre-Ĩ-
open and soft pre-Ĩ-closed and so (F,E) = s̃pĨInt(F,E) and (F,E) = s̃pĨCl(F,E).
Hence (F,E) = s̃pĨCl(s̃pĨInt(F,E)).
(2) ⇒ (3): Suppose that (F,E) = s̃pĨCl(s̃pĨInt(F,E)). Then (F,E)c = (s̃pĨCl(s̃pĨInt(F,E)))c =

s̃pĨInt(s̃pĨCl((F,E)c)). So (F,E)c is soft pre-Ĩ-regular pre-Ĩ-open.
(3) ⇒ (4): Since (F,E)c is soft pre-Ĩ-regular pre-Ĩ-open, then (F,E)c is soft pre- Ĩ-
regular (Theorem 2.9). So, (F,E) is soft pre-Ĩ-open and soft pre-Ĩ-closed, thus (F,E) =
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s̃pĨInt(F,E) = s̃pĨInt(s̃pĨCl(F,E)). Hence (F,E) is soft pre-Ĩ-regular pre-Ĩ-open.
(4) ⇒ (1): The proof follows from Theorem 2.9.

□

Definition 2.17. A soft ideal topological space (X, τ̃ , E, Ĩ) is said to be s̃pĨR-door space
if every soft subset of τ̃ is either soft pre-Ĩ-regular pre-Ĩ-open or soft pre-Ĩ-regular pre-Ĩ-
closed.

Example 2.18. The soft ideal topological space of Example 2.1 is a s̃pĨR-door space.

Theorem 2.11. Let (X, τ̃ , E, Ĩ) be a s̃pĨR-door space. Then every soft pre-Ĩ-open set in
the space is soft pre-Ĩ-regular pre-Ĩ-open.

Proof. Let (F,E) be a soft pre-Ĩ-open subset of X . Since (X, τ̃ , E, Ĩ) is a s̃pĨR-door
space, then (F,E) is either soft pre-Ĩ-regular pre-Ĩ- open or soft pre- Ĩ-regular pre-Ĩ-
closed. If (F,E) is soft pre-Ĩ-regular pre-Ĩ-open, then the proof is complete. If (F,E) is
soft pre-Ĩ-regular pre-Ĩ-closed, so (F,E) = s̃pĨInt(s̃pĨCl(F,E)). □

Theorem 2.12. Let (X, τ̃ , E, Ĩ) be a soft ideal topological space and (F,E)∈SS(X)E .
If (F,E) is both soft α − Ĩ-open and soft α − Ĩ-closed, then (F,E) is soft pre-Ĩ-regular
pre-Ĩ- open set.

Proof. Suppose (F,E) is a soft α− Ĩ-open and soft α− Ĩ-closed set. Then (F,E) is soft
pre-Ĩ-open and soft pre-Ĩ-closed set (Theorem 1.3). Hence (F,E) is soft pre-Ĩ-regular
pre-Ĩ-open set. □

Theorem 2.13. Let (X, τ̃ , E, Ĩ) be a soft ideal topological space and (F,E)∈SS(X)E . If
(F,E) is soft α−Ĩ- open and soft pre-Ĩ-regular pre-Ĩ-open, then (F,E) = s̃Int(s̃Cl∗(s̃Int(F,E))).

Proof. Suppose that (F,E) is a soft α−Ĩ-open set. Then (F,E) ⊑ s̃Int(s̃Cl∗(s̃Int(F,E)))

and (F,E) is soft pre-Ĩ-regular pre-Ĩ-open. Hence, we have (F,E) = s̃pĨInt(s̃pĨCl(F,E))
=
s̃pĨInt(s̃pĨCl(s̃pĨInt(s̃pĨCl(F,E)))) ⊒ s̃pĨInt(s̃Cl∗(s̃Int(s̃pĨCl(F,E)))) ⊒
s̃pĨInt(s̃Cl∗(s̃Int(F,E))) ⊒ s̃Int(s̃Cl∗(s̃Int(F,E))). Therefore (F,E) = s̃Int(s̃Cl∗(s̃Int(F,E))).

□

3. s̃δpĨ -OPEN SETS

In this section, we define the soft delta pre-Ĩ-open set by using the notion of soft pre-Ĩ-
regular pre-Ĩ-open sets and study some of their properties.

Definition 3.1. A soft point xe ∈ SP (X,E) is called a s̃δpĨ-cluster point of (F,E) if
(F,E) ⊓ (U,E) ̸= 0E for every soft pre-Ĩ-regular pre-Ĩ-open set (U,E) containing xe.
The set of all s̃δpĨ-cluster points of (F,E) is called the s̃δpĨ-closure of (F,E) and is de-
noted by s̃δpĨCl(F,E). The complement of an s̃δpĨ-closed set is called an s̃δpĨ-open set.
We denote the collection of all s̃δpĨ-open set (resp. s̃δpĨ-closed) sets by S̃δP ĨO(X,E)

(resp. S̃δP ĨC(X,E)).

Example 3.2. Let (X, τ̃ , E, Ĩ) be as in Example 2.4. Then, we have 1E ,0E , {(e, {h1, h2})},
{(e, {h1, h3)}, {(e, {h2})}, {(e, {h3})} are soft pre-Ĩ-regular pre-Ĩ-open sets. Therefore
S̃δP ĨC(X,E) = {1E ,0E , {(e, {h1, h2})}, {(e, {h1, h3})}, {(e, {h2})}, {(e, {h3})}, {(e, {h1})}}
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and
S̃δP ĨO(X,E) = {1E ,0E , {(e, {h1, h2})}, {(e, {h1, h3})}, {(e, {h2})}, {(e, {h3})}, {(e, {h2, h3})}}.

Definition 3.3. A soft set (F,E) in a soft ideal topological space (X, τ̃ , E, Ĩ) is called
s̃δpĨ-neighborhood of a soft point xe if there exists an s̃δpĨ-open set (U,E) such that
xe ∈̃ (U,E) ⊑ (F,E).

Example 3.4. Let (X, τ̃ , E, Ĩ) be the soft ideal topological space as in Example 2.4. Then
we have {(e, {h2, h3})} is an s̃δpĨ-neighborhood of a soft point xe = {(e, {h2})}. In-
deed, {(e, {h2})} ∈̃ {(e, {h2, h3})} ⊑ {(e, {h2, h3})} and {(e, {h2, h3})} ∈ S̃δP ĨO(X,E).

Lemma 3.1. Let (X, τ̃ , E, Ĩ) be a soft ideal topological space and (F,E), (G,E)∈ SS(X,E)
and {(Ui, E) : i ∈ Λ} ⊆ SS(X,E). Then the following hold.

(1) (F,E) ⊑ s̃δpĨCl(F,E);
(2) If (F,E) ⊑ (G,E), then s̃δpĨCl(F,E) ⊑ s̃δpĨCl(G,E);
(3) s̃δpĨCl{⊓{(Ui, E) : i ∈ Λ}} ⊑ ⊓ {s̃δpĨCl(Ui, E) : i ∈ Λ};
(4) ⊔ {s̃δpĨCl(Ui, E) : i ∈ Λ} ⊑ s̃δpĨCl{⊔(Ui, E) : i ∈ Λ};
(5) s̃δpĨCl{(F,E) ⊔ (G,E)} = s̃δpĨCl(F,E) ⊔ s̃δpĨCl(G,E).

Proof. (1) Let xe ∈̃ (F,E) and (G,E) be a soft pre-Ĩ-regular pre-Ĩ-open set contain-
ing xe. Therefore (F,E) ⊓ (G,E) ̸= 0E implies xe ∈̃ s̃δpĨCl(F,E) which
implies that (F,E) ⊑ s̃δpĨCl(F,E);

(2) Suppose (F,E) ⊑ (G,E) and xe ∈̃ s̃δpĨCl(F,E). Then (F,E) ∩̃ (H,E) ̸= ∅̃
for every soft pre-Ĩ-regular pre-Ĩ-open set (H,E) containing xe. Since (F,E) ⊑
(G,E), then (G,E) ⊓ (H,E) ̸= 0E . Therefore xe ∈̃ s̃δpĨCl(G,E). So,
s̃δpĨCl(F,E) ⊑ s̃δpĨCl(G,E);

(3) Since ⊓(Ui, E) ⊑ (Ui, E) for each i ∈ Λ, by (2) s̃δpĨCl{⊓{(Ui, E) : i∈Λ}} ⊑
s̃δpĨCl(Ui, E) for each i ∈ Λ. So, s̃δpĨCl{⊓{(Ui, E) : i∈Λ}} ⊑ ⊓ {s̃δpĨCl(Ui, E) :

i ∈ Λ}. Therefore s̃δpĨCl{⊓{(Ui, E) : i ∈ Λ}} ⊑ ⊓{s̃δpĨCl(Ui, E) : i ∈ Λ};
(4) Since (Ui◦ , E) ⊑ ⊔i∈Λ(Ui, E) for each i◦ ∈Λ, s̃δpĨCl(Ui◦ , E) ⊑ s̃δpĨCl{⊔{(Ui, E) :

i ∈Λ}}. Hence ⊔{s̃δpĨCl(Ui, E) : i ∈Λ} ⊑ s̃δpĨCl{⊔{(Ui, E) : i ∈ Λ}};
(5) Let xe ∈̃ s̃δpĨCl{(F,E) ⊔ (G,E)}. Then ((F,E) ⊔ (G,E)) ⊓ (H,E) ̸=

0E , for every soft pre-Ĩ-regular pre-Ĩ-open set (H,E) containing xe. Hence
(F,E) ⊓ (H,E) ̸= 0E or (G,E) ⊓ (H,E) ̸= 0E which implies that
xe ∈̃ s̃δpĨCl(F,E) ⊔ s̃δpĨCl(G,E). Therefore s̃δpĨCl{(F,E) ⊔ (G,E)} ⊑
s̃δpĨCl(F,E)⊔ s̃δpĨCl(G,E). Also, s̃δpĨCl{(F,E)⊔ (G,E)} ⊒ s̃δpĨCl(F,E)⊔
s̃δpĨCl(G,E). So, s̃δpĨCl{(F,E)⊔ (G,E)} = s̃δpĨCl(F,E)⊔ s̃δpĨCl(G,E).

□

Lemma 3.2. Arbitrary soft intersection of s̃δpĨ-closed sets in a soft ideal topological
space (X, τ̃ , E, Ĩ) is s̃δpĨ-closed.

Proof. Suppose that (F,E) = ⊓{(Fi, E) : (Fi, E) ∈ S̃δP ĨC(X), i ∈ Λ}. Then
we obtain s̃δpĨCl(F i, E) = (F i, E), i ∈ Λ. Thus s̃δpĨCl[⊓{(Fi, E) : i ∈ Λ}] ⊑
⊓ {(Fi, E), i ∈ Λ}. Therefore, s̃δpĨCl(F,E) ⊑ (F,E).Therefore (F,E) = s̃δpĨCl(F,E)

and (F,E) is s̃δpĨ-closed. □

Lemma 3.3. Let (X, τ̃ , E, Ĩ) be a soft ideal topological space and (F,E) ∈ SS(X,E).
Then
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(1) s̃δpĨCl(F,E) = ⊓{(Gi, E) : (Gi, E) ∈ S̃δP ĨC(X), (F,E) ⊑ (Gi, E), i ∈
Λ},

(2) s̃δpĨCl(F,E) = ⊓{(Gi, E) : (Gi, E) ∈ S̃P ĨRC(X), (F,E) ⊑ (Gi, E), i ∈
Λ}.

Proof. (1) Let xe /̃∈⊓{(Gi, E) : (Gi, E) ∈ S̃δP ĨC(X), (F,E) ⊑ (Gi, E), , i ∈ Λ}.
Then there exists (Gi◦ , E) ∈ S̃δP ĨC(X) such that xe /̃∈ (Gi◦ , E) and xe /̃∈ (F,E)

as (F,E) ⊑ (Gi◦ , E). Since (Gi◦ , E)
c ∈ S̃δP ĨO(X) and xe ∈̃ (Gi◦ , E)

c, then
we have (Gi◦ , E)

c ⊓ (F,E) = 0E . Therefore xe /̃∈ s̃δpĨCl(F,E). Con-
versely, suppose xe /̃∈ s̃δpĨCl(F,E). Then there exists (U,E) ∈ S̃δP ĨO(X)

such that xe ∈̃ (U,E) and (U,E) ⊓ (F,E) = 0E . Thus xe /̃∈ (U,E)
c and

(U,E)
c ∈ SδP ĨC(X). We can replace (U,E)

c with (Gi, E) for some i ∈ Λ and
obtain (F,E) ⊑ (Gi, E). So xe /̃∈ ⊓{(Gi, E) : (Gi, E)∈ S̃P ĨRC(X), (F,E) ⊑
(Gi, E), i ∈ Λ}.

(2) The proof is similar to the proof of (1).
□

Lemma 3.4. Let (X, τ̃ , E, Ĩ) be a soft ideal topological space, (F,E) ∈ SS(X,E) and
xe ∈ SP (X,E). Then xe ∈̃ s̃δpĨCl(F,E) if and only if (U, E) ⊓ (F,E) ̸= 0E for
every s̃δpĨ-open (soft pre-Ĩ-regular pre-Ĩ-open) set (U,E) containing xe.

Proof. Suppose that xe /̃∈ s̃δpĨCl(F,E). Then, {s̃δpĨCl(F,E)}c is an s̃δpĨ-open set
containing xe that doesn’t intersect (F,E). That is, (U,E) ⊓ (F,E) = 0E , where
(U,E) = {s̃δpĨCl(F,E)}c. The converse is obvious. □

Corollary 3.5. (1) s̃δpĨCl(F,E) is s̃δpĨ-closed in (X, τ̃ , E, Ĩ) for any (F,E)∈ SS(X,E);
(2) (F,E) ∈ SS(X,E) is s̃δpĨ-closed (resp. s̃δpĨ- open) if and only if it is the

soft intersection (resp. soft union) of soft pre-Ĩ-regular pre-Ĩ-closed (soft pre-Ĩ-
regular pre-Ĩ-open) sets.

Lemma 3.6. Let (X, τ̃ , E, Ĩ) be a soft ideal topological space and (F,E) ∈ SS(X,E).

Then s̃δpĨCl(F,E) is the smallest s̃δpĨ-closed set in (X, τ̃ , E, Ĩ) containing (F,E).

Proof. Let {(Fi, E) : i∈Λ} be the collection of all soft s̃δpĨ-closed subsets of (X, τ̃ , E, Ĩ)

containing (F,E). So by Lemma 3.2, s̃δpĨCl(F,E) = ⊓{(Fi, E) : i ∈Λ} is s̃δpĨ-closed.
Since (F,E) ⊑ (Fi, E) for each i ∈ Λ, we have (F,E) ⊑ ⊓{(Fi, E) : i ∈ Λ} =

s̃δpĨCl(F,E). Thus s̃δpĨCl(F,E) is a soft s̃δpĨ-closed set containing (F,E). Also,
since s̃δpĨCl(F,E) = ⊓{(Fi, E) : i ∈Λ}, then s̃δpĨCl(F,E) ⊑ (Fi, E) for each i ∈ Λ.
Consequently, s̃δpĨCl(F,E) is the smallest s̃δpĨ-closed set in (X, τ̃ , E, Ĩ) containing
(F,E). □

Remark. It is clear that by Corollary 3.1, every soft pre-Ĩ-regular pre-Ĩ-open set is s̃δpĨ-
open. However, the converse is not true as shown by the following example.

Example 3.5. Let(X, τ̃ , E, Ĩ) be the soft ideal topological space as in Example 2.4, then
we have {(e, {h1, h2})}, {(e, { h1, h3})} are soft pre-Ĩ-regular pre-Ĩ-closed sets. Thus
by Corollary 3.5, {(e, {h1, h2})} ⊓ {(e, { h1, h3})} = {(e, {h1})} is s̃δpĨ-closed, and
so {(e, { h2, h3})} is s̃δpĨ-open. But s̃pĨInt(s̃pĨCl{(e, { h2, h3})}) = 1E , and so
{(e, { h2, h3})} is not soft pre-Ĩ-regular pre-Ĩ- open.
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Remark. The soft union of even two s̃δpĨ-closed sets need not be a s̃δpĨ-closed set as
shown by the following example.

Example 3.6. Let(X, τ̃ , E, Ĩ) be the soft ideal topological space as in Example 3.4. {(e, {h2})},
{(e, {h3})} are soft pre-Ĩ-regular pre-Ĩ-closed sets. Thus, by Corollary 3.5, {(e, {h2})},
{(e, {h3})} are s̃δpĨ-closed. However, {(e, { h2, h3})} is not s̃δpĨ-closed.

4. SOFT DELTA PRE-Ĩ -SEPARATION AXIOMS

In this section, we introduce the concept of soft separation axioms using soft delta pre-
Ĩ-open sets. We define a s̃δpĨ − T0 space, a s̃δpĨ − T1 space and a s̃δpĨ − T2 space and
study some of their properties.

Definition 4.1. A soft ideal topological space (X, τ̃ , E, Ĩ) is said to be a s̃δpĨ − T0

space if for every pair of soft points xe, ye ∈SP (X,E) such that xe ̸= ye, there ex-
ists (F,E) ∈ S̃δP ĨO(X,E), containing one of them but not the other.

Example 4.2. Let (X, τ̃ , E, Ĩ) be a soft ideal topological space, where X = {h1, h2}, E =
{e1, e2}, τ̃ = {1E ,0E , {(e1, {h1})}, {(e1, {h2}), (e2, {h1})}, {(e1, {h1}), (e2, {h2})}, {(e1, X), (e2, {h1})}}
and Ĩ = {0E , {(e1, {h1})}}. The space (X, τ̃ , E, Ĩ) is a s̃δpĨ − T0 space.

Definition 4.3. A soft ideal topological space (X, τ̃ , E, Ĩ) is said to be a s̃δpĨ − T1

space if for every pair of soft points xe, ye ∈ SP (X,E) such that xe ̸= ye, there ex-
ist (F,E), (G,E) ∈S̃δP ĨO(X), such that xe ∈̃ (F,E), ye /̃∈ (F,E) and ye ∈̃ (G,E),
xe /̃∈ (G,E).

Example 4.4. The soft ideal topological space (X, τ̃ , E, Ĩ) in Example 4.2 is a s̃δpĨ − T1

space.

Definition 4.5. A soft ideal topological space (X, τ̃ , E, Ĩ) is said to be a s̃δpĨ − T2

space if for every a pair soft points xe, ye ∈ SP (X,E) such that xe ̸= ye, there ex-
ist (F,E), (G,E) ∈ S̃δP ĨO(X,E), such that xe ∈̃ (F,E), ye ∈̃ (G,E) and (F,E) ⊓
(G,E) = 0E .

Example 4.6. The soft ideal topological space (X, τ̃ , E, Ĩ ) in Example 4.2 is a s̃δpĨ−T2

space.

Remark. From Corollary 3.5(2) we have:
(1) A soft ideal topological space (X, τ̃ , E, Ĩ) is s̃δpĨ − T0 if and only if for every

pair of distinct soft points xe, ye of SP (X,E), there exists a soft pre-Ĩ-regular
pre-Ĩ-open set containing one of the soft point but not the other.

(2) A soft ideal topological space (X, τ̃ , E, Ĩ) is s̃δpĨ−T1 if and only if for every pair
of distinct soft points xe, ye of SP (X,E), there exists a soft pre-Ĩ-regular pre-
Ĩ-open set (U,E) in SS(X,E) containing xe but not ye and a soft pre-Ĩ-regular
pre-Ĩ-open set (V,E) in SS(X,E) containing ye but not xe.

(3) A soft ideal topological space (X, τ̃ , E, Ĩ) is s̃δpĨ − T2 if and only if for every
pair of distinct soft points xe, ye of SP (X,E), there exists a soft pre-Ĩ-regular
pre- Ĩ-open set (U,E) and (V,E) in SS(X,E) containing xe and ye, respectively,
such that (U,E) ⊓ (V,E) = 0E .

Remark. If (X, τ̃ , E, Ĩ) is an s̃δpĨ − Ti space, then it is s̃δpĨ − Ti−1, i = 1, 2. The
converse need not be true as shown in the following example.
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Example 4.7. Suppose that (X, τ̃ , E, Ĩ) is the soft ideal topological space in Example 2.4.
The soft pre-Ĩ- regular pre-Ĩ-open sets are {1E , 0E , {(e, {h1})}, {(e, {h2})}}. It is clear
from Remark 4.1, that (X, τ̃ , E, Ĩ) is s̃δpĨ − T0 space but it is not s̃δpĨ − T1.

Remark. It is easy to see from Remark 4.1 and the fact that every soft pre-Ĩ-regular
pre-Ĩ-open set is soft pre-Ĩ-open, that if a space (X, τ̃ , E, Ĩ) is s̃δpĨ − Ti, then it is soft
pre-Ĩ−Ti, i = 0, 1, 2. The converse need not be true as seen from the following example.

Example 4.8. Let (X, τ̃ , E, Ĩ) be a soft ideal topological space where X = {h1, h2, h3, h4},
E = {e}, τ̃ = {1E ,0E , (e, {h1}), (e, {h3}), (e, {h1, h3})} and Ĩ = {0E , (e, {h1})}.
Then we have that S̃P ĨO(X,E) = {1E ,0E , {(e, {h1})}, {(e, {h1, h3})}, {(e, {h3})}, {(e, {h1, h2, h3})}, {(e, h1, h3, h4)}
and the soft pre-Ĩ-regular pre-Ĩ-open sets are {1E ,0E , {(e, {h1})}, {(e, {h3})}. Then we
have (X, τ̃ , E, Ĩ) is soft pre-Ĩ − T0 but not s̃δpĨ − T0.

Theorem 4.1. Let (X, τ̃ , E, Ĩ) be a soft ideal topological space. A space (X, τ̃ , E, Ĩ) is
s̃δpĨ − T2 if and only if it is soft pre-Ĩ- T2.

Proof. Assume that (X, τ̃ , E, Ĩ) is a soft pre-Ĩ − T2 space. Let xe, ye ∈ SP (X,E) such
that xe ̸= ye, then by the assumption, there exist disjoint soft pre-Ĩ-open sets (U,E)
and (V,E) containing xe and ye, respectively. Since (U,E) ⊓ (V,E) = 0E and (V,E) is
soft pre-Ĩ-open, then s̃pĨCl(U,E) ⊓ (V,E) = 0E and thus, s̃pĨInt(s̃pĨCl(U,E)) ⊓
(V,E) = 0E . Similarly, since s̃pĨInt(s̃pĨCl(U,E)) is soft pre-Ĩ-open, then s̃pĨInt(s̃pĨCl(U,E))⊓
s̃pĨCl(V,E) = 0E which implies that s̃pĨInt(s̃pĨCl(U,E)) ⊓ s̃pĨInt(s̃pĨCl(V,E)) =

0E . Now, (U,E) ⊑ s̃pĨInt(s̃pĨCl(U,E)) and (V,E) ⊑ s̃pĨInt(s̃pĨCl(V,E)) as
(U,E) and (V,E) are soft pre-Ĩ-open sets. Thus, s̃pĨInt(s̃pĨCl(U,E)) and s̃pĨInt(s̃pĨCl(V,E))

are disjoint soft pre-Ĩ-regular pre-Ĩ- open sets containing xe and ye, respectively. Hence
by Remark 4.1 (3), (X, τ̃ , E, Ĩ) is s̃δpĨ −T2. The converse of proof follows from Remark
4.3. □

Theorem 4.2. A soft ideal topological space (X, τ̃ , E, Ĩ) is a s̃δpĨ − T0 space if and
only if for each pair of distinct soft points xe and ye of SP (X,E), s̃δpĨCl({xe}) ̸=
s̃δpĨCl({ye}).

Proof. Let (X, τ̃ , E, Ĩ) be a s̃δpĨ−T0 space and xe, ye ∈ SP (X,E), such that xe ̸= ye.
Then, there exists a s̃δpĨ-open set (G,E) containing xe but not ye and therefore (G,E)

c is
a s̃δpĨ-closed set which contains ye but not xe. By Lemma 3.6, we have s̃δpĨCl({ye}) ⊑
(G,E)

c and xe /̃∈s̃δpĨCl({ye}). Hence s̃δpĨCl({xe}) ̸= s̃δpĨCl({ye}). Conversely,
suppose that xe, ye ∈ SP (X,E), xe ̸= ye. Then by the assumption, s̃δpĨCl({xe}) ̸=
s̃δpĨCl({ye}). Hence there exists at least one soft point ze ∈ SP (X,E) such that
ze ∈̃ s̃δpĨCl({xe}) and ze /̃∈ s̃δpĨCl({ye}), say. We claim that xe /̃∈s̃δpĨCl({ye}). If
xe ∈̃s̃δpĨCl({ye}), by Lemma 3.1(2), s̃δpĨCl({xe}) ⊑ s̃δpĨCl({ye}) which is a contra-
diction to the fact that ze /̃∈ s̃δpĨCl({ye}). Thus xe ∈̃ {s̃δpĨCl({ye})}c. But by Lemma
3.1(1) and Corollary 3.5(1) we have {s̃δpĨCl({ye})}c is a s̃δpĨ-open set that doesn’t con-
tain ye. Therefore (X, τ̃ , E, Ĩ) is a s̃δpĨ − T0 space. □

Theorem 4.3. A soft ideal topological space (X, τ̃ , E, Ĩ) is a s̃δpĨ − T1 space if and only
if the soft singleton sets of SS(X,E) are s̃δpĨ-closed.
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Proof. Suppose that (X, τ̃ , E, Ĩ) is a s̃δpĨ−T1 space and xe ∈ SP (X,E). Let ye ∈ SP (X,E)⧹{xe}.
Then xe ̸= ye and so there exists a s̃δpĨ-open set (U,E) such that ye ∈̃ (U,E) but
xe /̃∈ (U,E). Consequently, ye ∈̃ (U,E) ⊑ xc

e. Now, xc
e = ⊔{(U,E) : ye ∈̃ xc

e ∈̃ SδP ĨO(X)}.
Therefore, xe is s̃δpĨ-closed. Conversely, Let xe, ye ∈ SP (X,E) such that xe ̸= ye
and xe, ye are s̃δpĨ-closed sets. Then by the assumption, xc

e is a s̃δpĨ-open set contain-
ing ye but not xe. Similarly, yce is a s̃δpĨ-open set containing xe but not ye. Therefore
(X, τ̃ , E, Ĩ) is a s̃δpĨ − T1 space. □

Definition 4.9. A soft function fpu : (X, τ̃ , E, Ĩ1) → (Y, σ̃, E, Ĩ2) is called s̃δpĨ-continuous
if f−1

pu (G,E) ∈ S̃δP ĨO(X) for every (G,E) ∈ S̃δP ĨO(Y ).

Theorem 4.4. If (Y, σ̃, E, Ĩ2) is s̃δpĨ − T0 space and fpu : (X, τ̃ , E, Ĩ1) → (Y, σ̃, E, Ĩ2)

is s̃δpĨ-continuous and soft injective, then (X, τ̃ , E, Ĩ1) is s̃δpĨ − T0 space.

Proof. Let xe, ye ∈ SP (X,E) such that xe ̸= ye. Since fpu is soft injective and
(Y, σ̃, E, Ĩ2) is s̃δpĨ−T0, there exists (G,E)∈ S̃δP ĨO(Y ) containing xe and fpu(xe) ∈̃ (G,E), fpu(ye) /̃∈ (G,E)

with fpu(xe) ̸= fpu(ye). Since fpu is s̃δpĨ-continuous, then we have f−1
pu (G,E)∈ S̃δP ĨO(X)

such that xe ∈̃ f−1
pu (G,E) and ye /̃∈ f−1

pu (G,E). Therefore (X, τ̃ , E, Ĩ1) is s̃δpĨ − T0

space. □

Definition 4.10. A soft function fpu : (X, τ̃ , E, Ĩ1) → (Y, σ̃, E, Ĩ2) is said to be soft point
δpĨ-closure one-to-one if xe, ye ∈ SP (X,E) such that s̃δpĨCl({xe}) ̸= s̃δpĨCl({ye}),
implies s̃δpĨCl({fpu(xe)}) ̸= s̃δpĨCl({fpu(ye)}).

Theorem 4.5. If fpu : (X, τ̃ , E, Ĩ1) → (Y, σ̃, E, Ĩ2) is soft point δpĨ-closure one-to-one
and (X, τ̃ , E, Ĩ1) is s̃δpĨ − T0 space, then fpu is one-to-one.

Proof. Let xe, ye ∈ SP (X,E) such that xe ̸= ye. Since (X, τ̃ , E, Ĩ1) is s̃δpĨ − T0,
then by Theorem 4.2 we have s̃δpĨCl({xe}) ̸= s̃δpĨCl({ye}). But fpu is soft point
δpĨ-closure one-to-one implies that s̃δpĨCl({fpu(xe)}) ̸= s̃δpĨCl({fpu(ye)}). Hence
fpu(xe) ̸= fpu(ye). Therefore fpu is one-to-one. □

Definition 4.11. A soft function fpu : (X, τ̃ , E, Ĩ1) → (Y, σ̃, E, Ĩ2 ) is said to be s̃δpĨ-
closed if fpu(G,E) ∈ S̃δP ĨC(Y ) for every (G,E) ∈ S̃δP ĨC(X).

Theorem 4.6. Let (X, τ̃ , E, Ĩ1) be s̃δpĨ − T1 and fpu : (X, τ̃ , E, Ĩ1) → (Y, σ̃, E, Ĩ2) is
s̃δpĨ-closed surjective function. Then (Y, σ̃, E, Ĩ2) is s̃δpĨ − T1.

Proof. Suppose that ye ∈ SP (Y ). Since fpu is soft surjective, then there exists xe ∈ SP (X,E)

such that fpu(xe) = ye. Since (X, τ̃ , E, Ĩ1) is s̃δpĨ − T1, then from Theorem 4.3, we ob-
tain xe ∈ S̃δP ĨC(X). Again by the hypothesis, we have fpu(xe) = ye ∈ S̃δP ĨC(Y ).
Hence, (Y, σ̃, E, Ĩ2) is s̃δpĨ − T1. □

Theorem 4.7. Let fpu : (X, τ̃ , E, Ĩ1) → (Y, σ̃, E, Ĩ2) be a soft injective and s̃δpĨ-
continuous function. If (Y, σ̃, E, Ĩ2) is s̃δpĨ − T1, then (X, τ̃ , E, Ĩ1) is s̃δpĨ − T1.

Proof. It’s similar to the proof of Theorem 4.4. □

Theorem 4.8. If (X, τ̃ , E, Ĩ) is s̃δpĨ − T2 space, then for all xe, ye ∈ SP (X,E) with
xe ̸= ye there exists (F,E) ∈ S̃δP ĨO(X) such that xe ∈̃ (F,E) and ye /̃∈ s̃δpĨCl(F,E).
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Proof. Let xe, ye ∈ SP (X,E) such that xe ̸= ye. Since (X, τ̃ , E, Ĩ) is s̃δpĨ − T2,
then there exist two disjoint soft sets (F,E), (G,E) ∈ S̃δP ĨO(X) such that xe ∈̃ (F,E)

and ye ∈̃ (G,E). Clearly we have, (G,E)c ∈ S̃δP ĨC(X), s̃δpĨCl(F,E) ⊑ (G,E)c

and therefore, ye /̃∈ s̃δpĨCl(F,E). □

Theorem 4.9. Let fpu : (X, τ̃ , E, Ĩ1) → (Y, σ̃, E, Ĩ2) be a soft injective and s̃δpĨ-
continuous function. If (Y, σ̃, E, Ĩ2) is s̃δpĨ − T2, then (X, τ̃ , E, Ĩ1) is s̃δpĨ − T2.

Proof. Since fpu is soft injective, so fpu(xe) ̸= fpu(ye) for each xe, ye ∈ SP (X,E) and
xe ̸= ye. Now, (Y, σ̃, E, Ĩ2) being s̃δpĨ − T2, there exists (F,E), (G,E) ∈ S̃δP ĨO(Y )
such that fpu(xe) ∈̃ (F,E), fpu(ye) ∈̃ (G,E) and (F,E) ⊓ (G,E) = 0E . Sup-
pose that (U,E) = f−1

pu (F,E) and (V,E) = f−1
pu (G,E). Then by s̃δpĨ-continuity,

(U,E), (V,E)∈ S̃δP ĨO(X). Also, xe ∈̃ f−1
pu (F,E) = (U,E), ye ∈̃ f−1

pu (G,E) = (V,E)

and (U,E) ⊓ (V,E) = f−1
pu (F,E) ⊓ f−1

pu (G,E) = 0E . Hence (X, τ̃ , E, Ĩ1) is
s̃δpĨ − T2. □

5. CONCLUSION

The present work is devoted to define and study new classes of soft sets, namely soft
delta pre-Ĩ-open sets and soft pre-Ĩ-regular pre-Ĩ-open sets in soft ideal topological space.
Also, a new class of soft separation axioms, namely soft delta pre ideal- Ti spaces, i =
0, 1, 2 is introduced. We believe that it would be interesting to extend this approach to
other structures such as Fuzzy soft topology, fuzzifying soft topology etc. We intend to
investigate all these issues in future research works.
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