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SEQUENTIAL GENERALIZED FRACTIONAL OSTROWSKI AND GRUSS
TYPE INEQUALITIES FOR SEVERAL BANACH ALGEBRA VALUED
FUNCTIONS

GEORGE A. ANASTASSIOU

ABSTRACT. Employing sequential generalized Caputo fractional left and right vectorial
Taylor formulae we establish mixed sequential generalized fractional Ostrowski and Griiss
type inequalities for several Banach algebra valued functions. The estimates are with re-
spect to all norms |[|-[|,,, 1 < p < oo. We finish with applications.

1. INTRODUCTION

The following results motivate our work.
Theorem 1.1. (1938, Ostrowski [10]) Let f : [a,b] — R be continuous on |a,b] and

differentiable on (a,b) whose derivative ' : (a,b) — R is bounded on (a,b), ie
| £/ .= sup |f'(t)| < +oc. Then

t€(a,b)
1 b 1 (‘"E - L—H})Q su
m/ﬂ ft)dt — f () 4+(b—;)2]( —a) ||l fI% ¢))

for any x € [a,b]. The constant i is the best possible.

Ostrowski type inequalities have great applications to integral approximations in Nu-
merical Analysis.

Theorem 1.2. (] 882 Cebysev [6]) Let f, g [a,b] = R be absolutely continuous functions
with ', g' € Lo ([a,b]). Then

[ rwswa (i [ e (7 [swa)

1
*Q(b*a) 1 oo 119"l oo - )

The above integrals are assumed to exist.
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The related Griiss type inequalities have many applications to Probability Theory.

In this article we present sequential generalized fractional Ostrowski and Cebysev-
Griiss type inequalities for several Banach algebra valued functions. Now our sequential
generalized left and right Caputo fractional derivatives are for Banach space valued func-
tions and our integrals are of Bochner type. The main motivation here is Theorem at
the end of section 2. Several applications finish this article. Inspiration came also from [[7],
[18]]. See also [2]]-[4].

2. VECTORIAL SEQUENTIAL GENERALIZED FRACTIONAL CALCULUS BACKGROUND
We need

Definition 2.1. ([5], p. 106) Let 0 < a < 1, f € C*([a,b], X), where [a,b] C R,
and (X, ||-]|) is a Banach space. Let g € C* ([a,b]), strictly increasing, such that g=! €
1 (g (), g (b))

We define the left generalized g-fractional derivative X -valued of f of order « as fol-
lows:

(Deah) @)= e [ 0@ =9 @) "0 O (g™ (a)de.

YV x € [a,b], where T is the gamma function. The last integral is of Bochner type ([9]).

If 0 < o < 1, by Theorem 4.10, p. 98, [5], we have that (Dg,.,f) € C ([a,b], X).
We set
AN/
Diygf @)= ((fog™) og) (@) € C(la8], X), @
Dg"r;gf(x) = f(CC), Vze [a7b] :
When g = id, then
Dng;gf = Dg+;idf = Dga.ﬂ (5)
the usual left X -valued Caputo fractional derivative, see [Sl], Ch. 1.
We make

Remark. By (B) we have
(0200 @) < 57— | a@=-sor g w](ros™) @] ar <

(fo *1)10 z
HH gr(lj)’m“’[“’b]/a (9(x)—g@®) "¢ (t)dt =

R | Y e

A 1) (©)
fog!)'e
T W
Hence
(D340 ) (@) = 0. ”
We need

Definition 2.2. ([5], p. 107) Let 0 < o < 1, f € C*([a,b], X), where [a,b] C R,
and (X, ||-||) is a Banach space. Let g € C* ([a,b]), strictly increasing, such that g=! €
C'(lg(a),g(®)])-
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We define the right generalized g-fractional derivative X-valued of f of order « as
follows:

1 b Cu .
(D) @)= s | 00 =) g O (ro57)
Y z € [a, b]. The last integral is of Bochner type.
If 0 < a < 1, by Theorem 4.11, p. 101 ([3]), we have that (Dgf_;gf) e O (a,b], X).
We set

/

(g(t)dt, (@8)

Di_yf (@) == ((Fog™") og) (@) € C(a,8], X), ©)
Dy f(z):=f(x), Vae&lab].
When g = id, then
Dy_yf () = Dy_iaf () = Dy f, (10)
the usual right X -valued Caputo fractional derivative, see [S], Ch. 2.

‘We make

Remark. By (8) we have
b
[(500) @ < = [ @O =9@) g O (705 (@)t <

fog™)'e
HH( gr\(l)_leLQ[a,b] /: (gt)—g(x) “g (t)dt = (11)

oo™ o] o o) — g e
I'(l-a) -« -
l|es™es|].. ...,
I'2-a)

(9(b) =g (@)™, Vaelab.

Hence
(Dg_.,f) (b) =0. 12)

We need

Definition 2.3. ([5], p. 115) Denote by (0 < o < 1)

Dty = Doy . Day gDty (ntimes),n € N (13)
and Dy, ., = I (identity operator).
We also need
Definition 2.4. ([5], p. 118)
Dy2. =Dy Dy ..Dy_., (ntimes),n € N (14)

and Dy)_., = I (identity operator).

Based on (I’Z[) and Theorem 4.30, p. 117, ([3]]), we have the following g-left generalized
modified X -valued Taylor’s formula:

Theorem 2.1. Let0 < a < 1, n € N, f € C*([a,b],X), (X, |||) a Banach space,

g € C* ([a, b)), strictly increasing, such that g=* € C* ([g (a) , g (b)]). Let Fy, := D52 f,



210 GEORGE A. ANASTASSIOU
k=1,...,n, that fulfill Fy, € C* ([a,b],X), and F,,+1 € C ([a,b],X). Then

F)- 1) = OO (b p) @)+
=2

1 ’ (n+1)a-1 (n+1)a
For | @@ —e ) o (DG ) o s

Va€la,b.

When n = 1 we obtain

Corollary 2.2. Let 0 < a < 1, f € C'([a,b],X), (X, ||-|]) is @ Banach space, g €
C' ([a, b)), strictly increasing, such that g=' € C* ([g (a) , g (b)]). Assume that D, ., f €
C* ([a,b], X), and D2%. f € C ([a,b], X) . Then

a+;g
F@) = 1@ = [ @@ =g 0 (02,0 0. a6)

Vo€ la,b].

Based on (12) and Theorem 4.33, p. 120, ([5]]), we have the following g-right general-
ized modified X -valued Taylor’s formula:

Theorem 2.3. Let f € C ([a,b], X), (X, |-||) @ Banach space, g € C* (|a,b]), strictly
increasing, such that g=1 € C1 ([g(a), g (b)]). Suppose F) = Dfﬁ‘;gf, kE=1,..n
fulfill Fy, € C* (la,b], X), and F,,+1 € C ([a,b], X), where 0 < o < 1, n € N. Then
) —g @)
fla)=f(b)= ; Fiar1) ~ Pial) O+

1
F'((n+1)a)
V€ la,bl.

b
[ 6®-g@) g 0 (D) e, a7

When n = 1 we obtain

Corollary 2.4. Let 0 < o < 1, f € C'([a,b],X), (X, ||-|]) is @ Banach space, g €
C* ([a, b)), strictly increasing, such that g=* € C* ([g (a) , g (b)]). Assume that Dy f €
C* ([a,b], X), and D3*. f € C ([a,b], X) . Then

1 b 201
f@) =1 0)= 55w / (9(t) — g (@) g (1) (D22, f) (B dt,  (18)

Va€la,bl.

We are greatly motivated by the following sequential generalized fractional Ostrowski
type inequality:

Theorem 2.5. (p. 140, [5]) Let g € C* ([a,b]) and strictly increasing, such that g~ €
Ct([g(a),g)]),and0 < a<1l,neN, feC (ab],X) where (X,||) is a Banach
space. Let xo € [a,b] be fixed. Assume that Fy° := DF . f, for k = 1,...,n, fulfill

To—39
F e C*([a,b],X) and Fy,9, € C ([a, 0], X) and (DL f) (z0) =0,i=1,...,n.
Similarly, we assume that G}° = D’;g*+;gf,forl<: =1,...,n, fulfill G{° € C* ([xo,b], X)

and G', | € ([zo,b], X) and (D2, f) (z0) =0, i=1,...,n.



SEQUENTIAL GENERALIZED FRACTIONAL OSTROWSKI AND GRUSS TYPE INEQUALITIES 211

Then
1

Sh—aT(ntDatl)

{0 -9 0w Dlts| 19

f ’00,[11’900]} .

3. BANACH ALGEBRAS BACKGROUND

b
7 | F@dn = f )

(g(z0) — g (a))(nJrl)a (zo — a) HD(n—&-l)a

Zo—39g

All here come from [11].
We need

Definition 3.1. ([11], p. 245) A complex algebra is a vector space A over the complex
filed C in which a multiplication is defined that satisfies

x(yz) = (zy) 2, (20)
(x+y)z=zz+yz x(y+2) =2y +zz, 21

and
a(ry) = (ax)y =z (), (22)

for all z, y and z in A and for all scalars «.
Additionally if A is a Banach space with respect to a norm that satisfies the multiplica-
tive inequality

eyl < llzlllyll (x € A,y e A) (23)
and if A contains a unit element e such that
ze=ex =z (v €A (24)
and
ell =1, (25)

then A is called a Banach algebra.
A is commutative iff zy = yx for all z,y € A.

We make

Remark. Commutativity of A will be explicited stated when needed.

There exists at most one e € A that satisfies (24).

Inequality makes multiplication to be continuous, more precisely left and right
continuous, see [11], p. 246.

Multiplication in A is not necessarily the numerical multiplication, it is something more
general and it is defined abstractly, that is for x,y € A we have xy € A, e.g. composition
or convolution, etc.

For nice examples about Banach algebras see [11]], p. 247-248, § 10.3.

We also make

Remark. Next we mention about integration of A-valued functions, see [11l], p. 259, §
10.22:

If A is a Banach algebra and f is a continuous A-valued function on some compact
Hausdorff space Q on which a complex Borel measure p is defined, then [ fdu exists and
has all the properties that were discussed in Chapter 3 of [11ll, simply because A is a
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Banach space. However, an additional property can be added to these, namely: If x € A,

then
/fdu/ 7 () du(p) 26)

(/Qfdu)xz/Qf(pmdu(p). @

The Bochner integrals we will involve in our article follow [26) and [27). Also, let [ €
C (la,b],X), where [a,b] C R, (X, ||||) is a Banach space. By B, p. 3, f is Bochner
integrable.

and

4. MAIN RESULTS

We start with mixed sequential generalized fractional Ostrowski type inequalities for
several functions over a Banach algebra. A uniform estimate follows.

Theorem 4.1. Let (A, |-||) be a Banach algebra, zp € [a,b) CR, 0 < o <1, n €N,
fi € C'([a,b],A), i = 1,..,r. Let g € C*([a,b]) and strictly increasing, such that
gt e C(g(a),g (D). Assume that F? .= DFe . f;, for k = 1,....n, fulfill F? €

Zo—39
C! (la, o], A) and Fioi € Clla,zo], A) and (D;i‘_ fl) (xg) = 0,5 =2,...,n
i = 1,...,r. Similarly, we assume that G} = D’;gﬁr ofi k= 1,..n, fulfill G} €
C" ([0, 0], A) and G2, € C ([wo,b], A) and (D;§+qu> (o) = 0,j = 2,...m
1=1,..,r
Denote by

0 (f17 (L) fr) (.’L‘O) =

T b r
/ H fg x)dx — / H fi (x) | dz | fi(xo)] - (28)
a i—=1

= T i
Then
[ Cfrs o fr) (@ )”*F((n—i-i)oH—l HHH(DSZ“)“L)M J[aso]
(g (z0) — g (a))" )" / ﬁllfj(:c)ll dv || + (29)
o |2

i

Iy @@ =G | [ TL15 @) |

J47 .
JFi

[[Ced)

Proof. By Theorem[2.3]we obtain

@) = fion) = ey [ @O - g @) @ (DU (e
(30)

Va€la,z),i=1,..,r
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Also, by Theorem [2.1] we get

fi (@) = fi (a0) = m / (9(@) =g ()"0 g (1) (DT ) (0
€29

Ve [.’E()J)] ’L:]., LT

Left multiplying and (31) with (HJ 1 fi(x )) we get, respectively,

J#£i

H fi(x) | £ H fi (@) | fi(zo) (32)

3752 J#Z

[l=1fi@))  a

Va€la,xo),i=1,..,7
and

H fj (x) fi H fJ fz 1‘0

22 J#Z
(on@) R
W/xo(g(x)—g(t)) g’()(DIﬁg fL>() L33

V€ [xg,b],i=1,..,r
Adding (32) and (33) as separate groups, we obtain

Z Hfﬂ fi Z HfJ fi (@o)

=1\ j=1 =1\ j=1
J#i J#i

i (M2 6 @)

[ a0 -g @)ty @ (D) a6

F'((n+1)«)
YV € [a,xg],
and
> | 115 @ | fi@) = [15 @) | £
BV AV

S (2 5 @)

F'((n+1)a)
Ve [$0,b].

| @@ -y @ (D) a6
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Next, we integrate and with respect to € [a, b]. We have

Z/ (HfJ ) dzZ(/ (Hf] )ﬂf)fz(xo)

1 T To T
e DY {/ﬂ (JHlfy m)

J#i

( /:0 (g(£) — g (@)1 g (1) (Dggt}_;a fi> (t) dt) d.r:| , (36)

Z/IO (Hfa ) dwf; (/b (ﬁfg(fv)) d:c) fi (20) =

T'((n+1)a) { (H fi(@ )
o 7 1
JFi

and

( / (9 (x) yrhe=t gr jjilg fL dt> dx} . (37)
xo
Finally, adding (36)) and (37)) we obtain the useful 1dent1ty

Q(f1y e fr) ( =

AT
r«lﬁn{ (Hfﬂ )

([ @O =gy (D2 5) ) d

; {/ (ﬁ A <x>) ([ w@ =gy (Di’;f;‘“fJ “ dt) d” |

i

(38)
Therefore, we get that

1 T
19 (1, fr) (o) < T((nt1)a) {
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< /: (g (£) — g ()" ¢/ (1) (D;’;t}ga fi) (t) dt> dx] i

‘ {/ (ny )(/ (9(x) = g ()" g (1) (DTN F:) (Udt)dz]
J#
Jj#i

( / (90— 9 ()01 g 1) (DL ) 1) dt)

(39)

dac] +
(H I <r>) ( / (9) —g ()" g (1) (D)) ¢ )dt)

1 . N
=T+ Da) 2 H/ (Hlfj (x))

J#
J#

(["wO-gwntty @ (o) o a) ] +
{/b (ﬁlfg(w)) ([ o =gty (st Z)midt)dx”

J#i
=: (). (40)
Hence it holds
12 (frs s fr) (@o)|| < (%) (41)

We have that .

F'(n+1l)a+1)

i {( 0] [ / O(f[mx)) <g<xo>g<x>><"+”“dx]
+ |:’<D$ii)o‘f')oo[ / (HfJ ) (z) — g(xo))("ﬂ)adx” <

rernarn S UIEseRl..,

(%) <
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(g9 (w0) — g (a))" D" (/ (Hf] ) )]+ (42)
J#
() I ——— (/0 (m ) )”
J#

proving (29). 0

Next comes an L estimate.

Theorem 4.2. All as in Theorem. plus

)<oz<1 n € N. Then

| 19 i ) )] < it
.T { HH(D;Z:lg)afi)HHLI([a 20]) (g (o) *g(a))(”ﬂ)a*l (/wo (ﬁ If5 ()] da:)]
S | R
+ {l( S,y @O =gl [ (H 5 @ )
J# _(43)
Proof. We have that (by @0), (1))
19"l o fa,
)< F s D

S U@, | O(ﬁf](x)) <g<xo>g<x)><n+1>mdx]
H(Dgil;afv)HHL( / (H f5 (= ) g(xo))(mﬂ)aldzH

19l oo
T ((nt+ 1)a)

Jir (el a>><"+”1(/ (Hfj ) )]

- J#

: [ (0528 00 ( / (ﬁ " @) )” |
i

+

<
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proving the claim. O

An L, estimate follows.

Theorem 4.3. All as in Theorem plusp,qg >1: =+

1
p
Then

1
12 (fr,. fr) (0)]| < i
T+ D) (p((n+1)a-1)+1)F

S [l (eta) oo

n a—1 o :
(9 (z0) — g (a)) "D / L0 @)l | de | | +
a =1
2
D(n+1)a ) o —1HH bY — o (za)) PO~ %
[HH( vo+ig ) g q,[g(zo),g@)](g() g (o))

1 _ 1

¢,[9(a),9(z0)]

b r
[ | s @ | as |- @
o j:1
i
Proof. By (@0) and (#I)) we obtain

T

O= e o || [ [T

i=1 =
J#i

(/m (1) — g ()| (DS 5) 0 g7") (g(t))Hdg(t)) dx]+
[ s

"\
([ @@ g (05505) o) @) dao ) as]| a0
~soana || T @

i=1 =
J#i

(/g(g:O) (2 — g(x)>("+1)a—1 H (( ;7;+lg fl) ) (z)H dz) dz| +
[ (Mo | ([ we-aeme (o) o) ] )

Zo ] 1 Zo
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= F((n}rl)a) i H/lU (ﬁ I1f; (m)) (/T(TO) (2 — g (a))P((rDa-D) dz>p
i=1 @ j=1 g(x
g9(zo) o
([ (o) ooty o) dx] .
b r o g(x) . 7229((" Dao1) . %
{/ (jHle >) (/g(zo) (9 @) 2y d>

%
((D;ﬁi}g)afi) o g*) (z)Hq dz) ' dx] } < 47)

(/g(w)
g(xo)
1

(n+1a)(p((n+1)a-— 1)+1)%

r
ZHHH(( "H Z) ) a,[9(a),g(x0)]

(/“ ﬁ I ("’3)) (9 (wo) —g (@) dw)] +
@ ] 1

J
HH((D(n—H)a 1) 971>““q,[g(m0)7g(b)]

b r p((n+)a—1)+1
(/ (HL())( (@) - g(xo))”dx)]]
RV
<

1
L+ Da) (pl(n a1+ 1))

P {H H (D(HH)Q ) ¢.l9(a).g(xo)]

(9 (20) 9 (a) "7 (/ (Hfa ) )
J#

1
_’_HH Din+~1)ai 0g-1 b) — o (x (n+1)a—1
(D" 0e) o0 ot gy 9 )~ 9 (70)

b r
( / (H I <x>) d)] | )
i

proving the claim. 0

|—|‘H\H

When n = 1 we get the following results:
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Corollary 4.4. (to Theorem[.1) Let (A, ||-||) be a Banach algebra, zo € [a,b] C R, 0 <
a<1, fieC'(a,b],A),i=1,..,r Let g € C*([a,b]) and strictly increasing, such

that g=1 € C ([g (a), g (b))). Assume that D, . fi € C' ([a,20],A) and D32 f; €
C(la,z0),A); i = 1,..,r. Similarly, assume that DS .. f; € C"([xo,b] ,A) and
D3, o fi € C([xo,b], A)si=1,...,7.

Denote by

Q (fl7 ceey f?") (Io) =

T b
Z/a Hf] x)dx — /a Hf] dr | fi(xo)| . (49)
J#L

i=1
J#z
Then
1
12 (fr, e £) (& >u_mz[[nuwis_ Il o
(g (x0) — g (a))* / Hllfj dr || + (50)
J#Z
2 b 4
D2 ) o (0 = 9 @™ | [ TLI @) [ o | || = (o).
"\
Proof. By Theorem[.T|and Corollaries 2.2} 24] O

We continue with

Corollary 4.5. (fo TheoremAll asin Corollary plus % < a <1 Then

19"l o0, a. o
192(Fr. s £2) (@) _T;“ @2 s e

(oo -9 @ | [ TLI5 @ | de | | +
i

D2 o2 gy (9 @) = 9 o™ |

x

b r
_H 1f5 (@) | da = Az (z0) .-
i

Proof. By Theorem[4.2] O
We also give
C ; Sl 1
orollary 4.6. (to Theorem All as in Corollary plusp,q > 1: st = 1, and
2i < a <1 Then
q
1
T'(2a) (p(2a —1) +1)7

12 (f1, s fr) (o)l <
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T

(2220 oM, 0

i=1

g(a),g(zo0)]

(oo —g @+ | [T TS @ | ar | |+

i#i
(2285 007 My (9 ) = 9 o)
b r
/ H Ilfj ()| | de = A3 (20).
zo | j=1
J#i

Proof. By Theorem[4.3]

We make

Remark. 1) Call and assume

Ja,zo]?

WhM~M{WWWWW
" | zo€la,b]

.....

w w<mﬂﬁwuhw}<w~

zo€la

Then (by (50))

— a 2o 1 Tyeees Jr - b 4
Mg < EOEE B e I ST T | o

ki
2) Call and assume

.....

i) 5= e { s 1y
zo€[a,b]

seup HH( xo-&-gf’)”HLl([zo,b])} < %0
zo

Then (by (1))
b) — a 20‘71N2 Ty ooy Jr
Ay (o) < 19l 0. 0,0 (9 (D) 55233 (f1s s fr)
T b r
[T @ | s
= ot

3). Call and assume

.....

N3 (f17' 7f7") = 'maxr{ Supb]””('l)g;‘é ng °g IHH U«) ‘1(10)]’

(52)

(53)

(54)

(55)

(56)
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beu[p H||(D?c?+ gfl Og_lHHq,[g(ro),g(b)]} =
To

Then (by [©2))

(g(b) ((L)) qN3(f17' 7f7“) .
As (z . y dx
o) < O Z/ l;[llf
Next denote by

b
D (f1,.ey fr) ::/ Q(f1, . fr) (o) dzg =

T

Z (b—a) / HfJ x)dx | —

i=1 a

J#z

/ab f[fj(z) dr (/abm)da:)

J#i
Furthermore, it holds (see (30)-(52))

b b
19 (Frvoo £l < / 19 (Fr, oo £1) (o)l do < / A (o) deo, i = 1,2,3,

under proper assumptions, respectively, and

1 (f1ses o)l =
S lb-a) / Hfj 2)de | —
i=1 a
J;ﬁz
b T b
/ [[74i @) |de (/ fi(l‘)dx> :
a =1 a
J#i
Therefore, by (54) we get that
D A R )Nl (frr )

T

H 1£; (x

J#l

i=1 a
and by (56) we obtain

19"l oo ey (0 = @) (g (B) = g (a))** ™" Na (f1, s £)

[ (fisees fr)]l < I' (20)

221

(57)

(58)

(59)

(60)

(61)

(62)
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T

b T
[ TLss @ | de | 6

i=1 j=
J#i

and finally by (58) we derive that

(b—a)(g(b) = g(a)* % Ny (fi,s /1)
I'(2a) (p(2a—1)+1)7

”q) (flv 7f7“)|| <

T b T
S| @i || (o4
— a |
J#i
all the above are valid under proper assumptions, respectively.

We have proved the following generalized Griiss-Cebysev type inequalities for several
functions over a Banach algebra. A uniform estimate follows.

Theorem 4.7. Let (A, ||-||) be a Banach algebra, [a,b] CR,0 < a < 1, f; € C* ([a,b] , A),
i=1,..,r Letg € C' ([a,b]) and strictly increasing, such that g~ € C* ([g (a) , g (b)]) -
Assume thatfor everyxg € [a,b], DS . fi € C' ([a, 0], A) and D22 _. gfl € C([a,x0], A);
i = 1,...,r. Similarly, assume that for every xg € [a,b], D .. fi € C' ([xo,b],A) and

D2, fi € C([xo,b],A);i=1,..,r. Here Ny (fi, ..., f) is as in . Then

To+;g

b—a j z -
> | >/a Hf
J#Z
b r b
/ [14@) |de (/ fi(w)dw> <
g%

b—a b) — N yrey Jr -
( )(9()Fé(a)+)1)1f1 Ir) z::/a UH]‘J de|. (65

J#Z
An L estimate follows.
Theorem 4.8. All as in Theorem % < a < 1. Here Ny (f1,..., fr) is asin . Then

r

3 <b—a>/ Hfj /i -

i=1 a
J#t

/ab li[fj(x) da (/abm)da:)

i

IN
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b—a)(g(b) —g(a)** " Na(fi,e fr) & " 1
19' |, a5y (0= @) (g (b) — g (a)) (f f)z / H||fj($)H dz

I (2a) P -
J#i
(66)
An L, estimate follows.
Theorem 4.9. All as in Theorem p,q > 1: Il) % = 1and i < a < 1. Here
N3 (f1,..., fr) is as in (57). Then
Z (b—a) / Hf] fi(x)dx | —
i=1 @
J#z
b v b
/ H fi(z) | dz </ fi (z) dx) <
a le a
JFi
b—a b) — g (a))** 7 N e ) — N s
['(20) (p (20— 1) +1)7 im1 | Je | =

J#i
5. APPLICATIONS

‘We make

Remark. From now on we assume that (A, ||-||) is a commutative Banach algebra. Then,
we get that

T b T
Q(fl)' 7f7“) : (Hfj )dl’-z / Hf] (x) dx fi(x0)7
'
(68)
xo € [a,b].
Furthermore, it holds (case of n = 1)

®(fr, o ) 2 b—a/ (Hfj )dx_
r o[ - X
Z /a jl;[lfj (z) | dz </a fi(x)dx> ) (69)

= i
When r = 2, we get that
b b b
Q(f1, f2) (o) = 2 / f1 (@) fo () da — f1 (z0) / fo (@) dz — f (o) / fi (z) dz,
a a a (70)
To € [av b} 5
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and

b b b
‘P(fl,fz)?[(ba)/ fl(w)fz(x)dx</ ﬁ(x)dx) (/ f2 () de

case of n = 1.

(71)

We give

Corollary 5.1. All as in Theorem[d.1| A is a commutative Banach algebra, r = 2. Then

1926 2 @0 S F T HHH( (e

‘H axg

xo 2
(oo =@ | [T @] | do ||+ )
T
2
3300 - | | Finton]
T
Proof. By Theorem[.1] O

We continue with

Corollary 5.2. All as in Theorem r=2mn=1 Ni(f1,f2) as in ; Aisa
commutative Banach algebra. Then

—a —g(a)* N1 (f1,.fo) [ [*
I (1. o)) < SO 0L ”(/ (161 @)l + 172 (@) )

I'(2a+1)
(73)
Proof. By Theorem[4.7] O
We finish with
Corollary 5.3. (to CorollaryAll as in Corollary.forg (t) = €t. Then
1 n+1)a
©(fi. f2) (@)l < {[Cn] |
19,112 G0l < F i) 2 H (o)L
o 2
@ a\(n+1)a
e = ey L T @ o | |+
i
mena | [P T
n+1)a T n «
s, €= [ T @ || || os
(o, b] zo | =1

J#i
Proof. By Corollary[5.1] O
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