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ABSTRACT. The main objective of this paper is to achieve the Chen-Ricci inequality for
skew CR-warped product submanifold isometrically immersed in a Cosymplectic space
form in the expressions of the squared norm of mean curvature vector and warping func-
tions. The equality cases is likewise discussed. However, in particular, we also derive
Chen-Ricci inequality for CR-warped product submanifolds.

1. INTRODUCTION

A. Bejancu [1]] presented and studied the idea of CR-submanifolds in 1981 as a gener-
alization of holomorphic and totally real submanifolds. Further, Chen [6] investigated the
geometry of CR-submanifolds of almost Hermitian manifolds in greater depth in order to
gain a better understanding of their geometry. In 1990 Chen [7] introduced a generalized
class of submanifolds namely slant submanifolds. Moreover, advances in geometry of CR-
submanifolds and slant submanifolds stimulate various authors to search for the class of
submanifolds which unifies the properties of all previously discussed submanifolds. In this
context, N. Papaghuic [21]introduced the notion of Semi-slant submanifolds in the frame
of almost Hermitian manifolds and showed that submanifolds belonging to this class enjoy
many of the desired properties. Later, the contact variant of Semi-slant submanifolds was
studied by Cabrerizo et al. [[17]. Recently, B. Sahin [4]] investigated another class of sub-
manifolds in the setting of almost Hermitian manifolds and he called these submanifolds
Hemi-slant submanifold. This class includes the CR-submanifolds and Slant submanifolds.

In 1990, Ronsse [16] started the study of skew CR-submanifolds in the setting of almost
Hermitian manifolds. skew CR-submanifolds contain the class of CR-submanifolds, Semi-
slant submanifolds and Hemi-slant submanifolds.
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The acknowledgment of warped product manifolds appeared after the methodology of
Bishop and O’Neill [22] on the manifolds of negative curvature. Analyzing the way that a
Riemannian product of manifolds can not have negative curvature, they build the model of
warped product manifolds for the class of manifolds of negative (or non positive) curvature
which is characterized as follows:

Let (S1,91) and (S2, g2) be two Riemannian manifolds with Riemannian metrics ¢;
and go respectively and v be a positive differentiable function on S;. If a : S1 X S5 — 51
and b : S1 x Sy — S5 are the projection maps given by a(z,y) = z and b(z,y) = y
for every (z,y) € S1 X Sa, then the warped product manifold is the product manifold
M = 57 x S5 endowed with the Riemannian structure such that

g(X7Y) = gl(x*X7 ‘T*Y) + (w © x)292(y*X7 y*Y)a

for all X, Y € T M. The function ¢ is called the warping function of the warped product
manifold. If the warping function is constant, then the warped product is trivial i.e., simply
Riemannian product. Further, if X € T'S; and Z € T'Ss, then from Lemma 7.3 of [22]],
we have the following well known result

VxZ =VzX = (%)Z, (1.1)

where V is the Levi-civita connection on M.

Some common properties of warped product manifolds were concentrated in [22]. B.
Y. Chen ([6], [8]]) played out an outward investigation of warped product submanifolds in a
Kaehler manifold. From that point forward, numerous geometers have investigated warped
product manifolds in various settings like almost complex and almost contact manifolds
and different existence results have been researched (see the survey article [12]). Recently,
B. Sahin [3]] contemplated skew CR-warped product submanifolds in the setting of Kaehler
manifolds and got some essential outcomes. Further, these submanifolds were explored by
Haidar and Thakur in the frame of Cosymplectic manifolds[23]].

In 1999, Chen [9] discovered a relationship between Ricci curvature and squared mean
curvature vector for a discretionary Riemannian manifold. On the line of Chen a series
of articles have been appeared to formulate the relationship between Ricci curvature and
squared mean curvature in the setting of some important structures on Riemannian mani-
folds (see [[13], [121], [150], [190, [20]).

2. PRELIMINARIES

A (2n + 1)—dimensional C'°°—manifold M is said to have an almost contact structure
if on M there exist a tensor field ¢ of type (1, 1), a vector field £ and a 1-form 7 satisfying
(14]

¢ =—T+n®E ¢ =0,10¢=0,1() =1 @2.1)
The manifold M with the structure (¢, &, ) is called almost contact metric manifold. There
always exists a Riemannian metric g on an almost contact metric manifold M, satisfying
the following conditions

n(X) =9(X,8), 9(¢X,0U) = g(X,U) —n(X)n(U), (2.2)
for all X,U € TM where T'M is the tangent bundle of M.
An almost contact metric structure (¢, &, 7, g) is said to be Cosymplectic manifold if it
satisfies the following tensorial equation [14]

(Vx¢)Y =0, (2.3)
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for any X,Y € T M, where V denotes the Riemannian connection of the metric g. More-
over, for a Cosymplectic manifold -
Vx¢=0. 24)
A Cosymplectic manifold M is said to be a Cosymplectic space form [14] if it has
constant ¢-holomorphic sectional curvature ¢ and is denoted by M(c). The curvature
tensor R of Cosymplectic space form M (c) is given by
_ c
R(X,Y)Z = [{g(Y, 2)9(X, W) = g(X, Z)g(Y, W) — g(¢X, Z)g(¢Y, W)}
96X, W)g(9Y. Z) +29(6X.Y)g(0Z. W) = n(Z)n(Y)g(X, W) (25
(

+0(Zn(X)g(Y, W) +n(Z)n(W)g(Y, Z) + n(Z)n(Y)g(X, Z),

for any vector fields X, Y, Z, W on M.

Let M be an n—dimensional Riemannian manifold isometrically immersed in a m—dimensional

Riemannian manifold M. Then the Gauss and Weingarten formulas are VxY = VxY +
h(X,Y) and Vx¢& = —A¢X + V% respectively, for all X, Y € TM and £ € T+ M.
Where V is the induced Levi-civita connection on M, £ is a vector field normal to M, h
is the second fundamental form of M, V- is the normal connection in the normal bundle
T+ M and A is the shape operator of the second fundamental form. The second funda-
mental form h and the shape operator are associated by the following formula

g(h(X,Y),{) :g(AgX,Y). (2.6)

The equation of Gauss is given by

R(X,Y,Z,W) = R(X,Y, Z,W)+g(h(X, W), h(Y, Z)) —g(h(X, Z), (Y, W)), (2.7)

for all X,Y,Z, W € TM. Where, R and R are the curvature tensors of A/ and M
respectively.
Forany X € TM and N € T+ M, JX and JN can be decomposed as follows

JX =PX+FX (2.8)
and
JN =tN + fN, (2.9)
where PX (resp. tNN) is the tangential and F'X (resp. fNN) is the normal component of
JX (resp. JN).

It is evident that g(¢X,Y) = ¢g(PX,Y) for any X,Y € T, M, this implies that
g(PX,Y) + g(X,PY) = 0. Thus, P? is a symmetric operator on the tangent space
T, M, for all x € M. The eigenvalues of P? are real and diagonalizable. Moreover for
each x € M, one can observe

D) = Ker{P?* 4+ \*(x)I}.,

where I denotes the identity transformation on T, M, and A(z) € [0, 1] such that —\?(x) is
an eigenvalue of P?(x). Further, it is easy to observe that KerF' = D! and KerP = D9,
where D is the maximal holomorphic sub space of T,,M and D? is the maximal totally
real subspace of T, M, these distributions are denoted by D and D respectively. If
—A(z),...,—Ai(z) are the eigenvalues of P? at z, then T, M can be decomposed as

T,M =DM @ D) a@... D}

Every Dgi, 1 < i < kis a P—invariant subspace of T, M. Moreover, if \; # 0, then D;‘i
is even dimensional the submanifold M of a Kaehler manifold M is a generic submanifold
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if there exists an integer k and functions \; 1 < ¢ < k defined on M with A; € (0,1) such
that

(i) Bach —\?(x),1 <i < k, is a distinct eigenvalue of P? with
T.M =D ¢ Do DM a... aD)
forany z € M.
(ii) The distributions of DI, DX and D)¢, 1 <4 < k are independent of x € M.

If in addition, each )\; is constant on M, then M is called a skew CR-submanifolds
[L6]. It is significant to account that CR-submanifolds are particular class of skew CR-
submanifold with ¥ = 1,DT = {0}, D+ = {0} and ) is constant. If D+ = {0},
DY #= {0} and k = 1, then M is semi-slant submanifold. Whereas if D = {0}, D+ #
{0} and k& = 1, then M is a hemi-slant submanifold.

Definition 2.1. A submanifold M of an almost contact metric manifold M is said to be
a skew CR-submanifold of order 1 if M is a skew CR-submanifold with £ = 1 and \; is
constant.

We have the following result for further use

Theorem 2.1. [17] Let M be a submanifold of an almost contact metric manifold M. Then
M is slant if and only if there exists a constant X € [0, 1] such that

PP= - \NI+n®¢).

Furthermore, if 0 is slant angle, then \ = cos? 6.

For any orthonormal basis {eq, ea, . .., e, } of the tangent space T, M, the mean curva-
ture vector H (z) and its squared norm are defined as follows
1o I O
H(x) =~ h(eer), [HIP = = > glh(es ). hlej e;)). (2.10)
i=1 i,j=1

where n is the dimension of M. If h = 0 then the submanifold is said to be totally geodesic
and minimal if H = 0. If h(X,Y) = ¢g(X,Y)H for all X,Y € TM, then M is called
totally umbilical.

The scalar curvature of M is denoted by 7(M) and is defined as

(M) = > fipg, (2.11)
1<p<g<m

where r,, = k(e, Aey) and m is the dimension of the Riemannian manifold M. Through-
out this study, we shall use the equivalent version of the above equation, which is given
by

o (M) = Z Fipq- (2.12)
1<p<g<m
In a similar way, the scalar curvature 7(L,.) of a L—plane is given by

T(La) = > Fpg- (2.13)
1<p<g<m
Let {e1,...,e,} be an orthonormal basis of the tangent space T, M and if e, belongs

to the orthonormal basis {€,,1 1, . . . €, } of the normal space T M, then we have
hpq = g(h(ep, eq), €r) (2.14)
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and
n

187 = > g(hlep, eq), hlep, q)). (2.15)
p,q=1
Let xp4 and k4 be the sectional curvatures of the plane sections spanned by e, and e,
at x in the submanifold M™ and in the Riemannian space form M™ c), respectively. Thus
by Gauss equation, we have

= Fipg + Z (hpphtg — (Ro)?). (2.16)
r=n-+1
The global tensor field for orthonormal frame of vector field {ey,...,e,} on M™ is
defined as
Z{g (e, Y)Y, e}, (2.17)
for all X, Y € T,M™". The above tensor is called the Ricci tensor. If we fix a distinct
vector e,, from {eq,...,e,} on M"™, which is governed by x. Then the Ricci curvature is
defined by
n
Ric(x) = Z K(ep A ey). (2.18)
p=1
pFU

For a smooth function ¥ on a Riemannian manifold M with Riemannian metric g, the
gradient of 1) is denoted by V¢ and is defined as
9(Vy, X) = X9, (2.19)
forall X € TM.
Let the dimension of M is n and {ej,ea,...,e,} be a basis of T'M. Then as a result

of (2.19), we get

n

V9[> = (ei(9))*. (2.20)

i=1
The Laplacian of 4 is defined by

A = {(Ve,ei)th — eieitb}. (2.21)
i=1

For a warped product submanifold N{'* x,, N5'? isometrically immersed in a Riemann-
ian manifold M, we observed the well known result, which is described as follows [[11]]

ni no A
S wlephey) = 2 Y na(Alny — [Ving|?). (2.22)
p=1qg=1

3. WARPED PRODUCT SKEW CR- SUBMANIFOLDS

Recently, Haider and Thakur [23]] demonstrated the existence of warped product skew
CR-submanifolds of the type M = N; xy N, where N; is a semi-slant submanifold
as defined by J. L. Cabrerizo [18] and IV, is a totally real submanifold. Throughout this
section we consider the warped product skew CR-submanifold M = N; x;y N in a
Cosymplectic manifold M. Then it is evident that M is a proper warped product skew CR-
submanifold of order 1. Moreover, the tangent space T'M of M can be decompounded as
follows

TM = D% ¢ DT @ D™, (3.1)
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where DY = D).

Definition 3.1 The warped product M = N; Xy N, isometrically immersed in a Rie-
mannian manifold M is called N; totally geodesic if the partial second fundamental form
h; vanishes identically. It is called N;-minimal if the partial mean curvature vector H*
becomes zero fori = 1, 2.

Let{e1,...,€p,€pt1 = P€1,...,En,—2p = dep,el, ... el et =secOPel,. ..,
e(m2=20) = gechPed, et ... e ¢} be a local orthonormal frame of vector fields
such that {e1, ..., ep, epr1 = Pe1,...,€n,=2p = Pep, &} is an orthonormal basis of Dy,
{e', ..., e9, ettt = sechPe', ..., e"=20) = sechPed} is an orthonormal basis of Dy
and {e"2t1 ... ems} is an orthonormal basis of D+.

Throughout this paper we consider that the warped product skew CR-submanifold M =
Ny x¢ Ny is D—minimal. Now we have the following lemma for further application

Lemma 3.1. Let M™ = N{""" x; N, be a D—minimal warped product skew CR-
submanifold isometrically immersed in a Cosymplectic manifold M, then

1 - T T T
I = — > (Wygamgsn T+ By + 0 R, (32)
r=n+1

where || H ||? is the squared mean curvature.

4. RICCI CURVATURE FOR WARPED PRODUCT SKEW CR- SUBMANIFOLD

In this section, we compute Ricci curvature in the expressions of squared norm of mean
curvature and the warping functions as follows

Theorem 4.1. Let M™ = N x; N'* be a D—minimal warped product skew CR-
submanifold isometrically immersed in a Cosymplectic space form M c). If the holomor-
phic and slant distributions D and Dy are integrable with integrable submanifolds N
and Ny'* respectively. Then for each orthogonal unit vector field x € T, M # &, either
tangent to N\*, Ng? or N''?, we have

(1) The Ricci curvature satisfy the following inequalities
(i) If x is tangent to N, then

1 . n3 A\ c 1
ZnQHHH2 > Ric(x) + Sf I 1<n1 + ning + Nang + ning — 5). 4.1)
(ii) x is tangent to N, then
n3Af ¢

1 3
ZTLQHHHQ > Ric(x) + — —(n1 + nin2 + nansg + ning — 2+ B cos? ). (4.2)

f 4
(iii) If x is tangent to N'®, then
nsA c
3f f — Z(nl + ning + nong + ninsg — 2) (43)
(2) If H(xz) = 0 for each point x € M™, then there is a unit vector field x which
satisfies the equality case of (1) if and only if M™ is mixed totally geodesic and x
lies in the relative null space N, at x.
(3) For the equality case we have
(a) The equality case of holds identically for all unit vector fields tangent
to Nt at each x € M™ if and only if M™ is mixed totally geodesic and
D—totally geodesic skew CR-warped product submanifold in M™ (c).

1
T IH P = Rie(x) +
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(b) The equality case of [@3) holds identically for all unit vector fields tangent
to Ny at each x € M™ if and only if M is mixed totally geodesic and either
M™ is Dy- totally geodesic skew CR-warped product submanifold or M™ is
a Dy totally umbilical in M™ (c) with dim Dy = 2.

(c) The equality case of [#.2) holds identically for all unit vector fields tangent
to N'* at each x € M™ if and only if M is mixed totally geodesic and either
M?™ is D*- totally geodesic skew CR-warped product or M is a D+ totally
umbilical in M™ (c) with dim D+ = 2.

(d) The equality case of (1) holds identically for all unit tangent vectors to M™
at each x € M"™ if and only if either M™ is totally geodesic submanifold
or M™ is a mixed totally geodesic totally umbilical and D— totally geodesic
submanifold with dim Ny = 2 and dim N = 2.

Where ny, no and ng are the dimensions of Ny*, Ny* and N'® respectively.

Proof. Suppose that M™ = N2 x ; N7 be a skew CR-warped product submanifold
of a Complex space form. From Gauss equation, we have

n?|H|? = 2r(M™) + ||h||* — 27 (M™). 4.4)
Let{e1,...,€n,€n141,---,Cny,-- - €y} be alocal orthonormal frame of vector fields
on M"™ such that {eq, ..., ey, } is tangent to Nj*', {€n, 41, ..., €n, } is tangent to N, and

{€nst1, ..., €n}istangent to N, So, the unit tangent vector y = e4 € {e1,...,e,} can
be expanded (4.4) as follows

T 1 - T T i
n?||H|? = 2r(M") + B} Z {(his+ By + -+ hy = R A) + (Wa)%)
r=n+1

m

= > > by —2r(M™). (4.5)

r=n+11<i#£j<n
The above expression can be written as follows

n 1 - r r r
n2||H||2:2T(M )+§ Z {(h11+hn2n2++hnn)2

r=n+1

+ (2R — (B + -+ h,))° ) +2 i > (hyy)?

r=n+11<i<j<n

2SS -2
r=n+11<i<j<n
6,JF#EA
In view of the assumption that skew CR-warped product submanifold M = Ny x; N, is
D—minimal submanifold. Then the preceding expression takes the form,
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m

n 1 r r r
’n,2||H||2 = 2T(M ) + 5 Z {(hn1+1n1+1 +... hngng +o 4+ hnn)2
r=n+1
1 i,
T 5 Z (QhTAA - (h21+1ﬂ1+1 +... hnznz +ot h:m)>2 (4.6)
r=n+1
23 Y o2 Y Y m -
r=n+11<i<j<n r=n+11<i<j<n

i,jAA
Considering unit tangent vector Y = e4, we have three choices Y is either tangent to the
base manifolds N.', Ny or to the fiber N'* .
Case 1: If x is tangent to N.", then we need to choose a unit vector field from {eq, ..., ey, }.
Let x = ej, then by @) and the assumption that the submanifolds is D—minimal, we
have

. 1 = ., . )
n?||H|? >Ric(x) + 3 Z (M gtmyg1 oo Py 5+ R
r=n+1
nsAf 1 - ” , i,
+ f + 5 Z (2h11 - (hn1+1n1+1 +. hnznz -+ hnn))2
r=n+1
+ > (s = (hip)?)
r=n+11<a<f<n;

+ o (il — (1)) 4.7)

Y (ALhg — (h)?)

¥ - S o)
r=n+1 1§i<g§7 r=n+12<i<j<n
—27(M)+ Y R(ei ) + T(Np') + T(Ng?) + 7(NT?),
2<i<j<n

Putting X = W =¢;,Y, Z = ¢; in the formula (Z.2), we have

27 (M) = Z(n(n ~1)) - Z(Q(n — 1) — 3(ny — 1) — 3n cos? ) 4.8)
Z K(es ) = g((n —1)(n—2)) - 5(2(71 —2) — 3(ny — 2) — 3ny cos? )
FNZ) = g(nl(nl — 1)+ 3ny) — §(2(n1 —1) = 3(ny — 1))
F(ND?) = g(@(ng 1) - g(—Sng cos? ).
) = S (m (s — 1)

8
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Using these values in (4.7), we get

- 1 1 - T T T
2| H|? 2Ric) + 5n*[HIP 4+ 5 > 2y = (Bl g+ 4 0)°
r=n-+1

r=n+11i=1 j= n1+1

DD D MR D D Mihjg 49

r=n+1i=1 k=no+1 r=n+1 [3—2
m niy na
rpr
-2 G B Vb SN A
n+14i=2 j=n1+1 r=n+11i=2 k=ns+1

c 5
- Z(n + ning + nonz + ninz — 5)

In view of the assumption that the submanifold is D—minimal, then

m niy m
D0 D Muhhy= Y (W)?
r=n+13=2 r=n+1
m  n m
SDID N S TIRED SINTTIA R S SN
r=n+11i=2 j=ni+1 k=ns+1 r=n+1j=n1+1
Utilizing in #.9), we have
. 1 1 - r r r
n2||HH2 ZRZC(X) =+ 577’2”[{”2 + 5 Z (2h11 - (hn1+1n1+1 +o hnn))2
r=n+1
nBAf
30 3 SNl
r=n+11i=1 j=n1+1 (410)
P Y e e S
r=n+1i=1 k=ns+1 r=n+1 =1 j=n1+1
c b)
- Z(n + ning + nang + ning — 5)
The third term on the right hand side can be written as
1 - T T T T
5 Z (2h11 - (h7z1+1n1+1 +ee hngng -+ hnn))2
r=n-4+1
=2 > (A1)’ + n2||H||2 2 Z Z hiy by @.11)
r=n-+1 r=n+1 j=ni+1

+ Z iy ]

k=ns+1
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98
Combining above two expressions, we have
m m n
r \2 r
E ( 11 ) - E E h’l 1 h]]

r=n+1j=n1+1

1
S IHI? > Rie(x) +

r=n+1

1 m

+ 5 Z (h:Ll-‘rlnl-i-l + h;wzg C+ h:m)
r=n+1 4.12)
m ni n
r n3Af
DD D SRUAEEE
r=n+1i=1 j=n1+1
- z(n + ning + nong + ning — 5)
Or equivalently
1 , 1 & i, , .
TP 2 RicO) + 7 30 Pl = (Wysanyn 40 4 By 00+ h00))
r=n+1
m ni n
n3A
£y (1 + ™22 !
r=n+11i=1 j=n1+1
5
).
4.13)

(n+ning + nanz + ning — 3

, €ns |- SUppose

Which gives the inequality (z) of (1).
Case 2. If x is tangent to N2, we choose the unit vector from {e,,, 41,

X = €n,, then from (@.6), we deduce
TL2||H||2 ZRZC(X) + 5 Z (h:zl+1n1+1 +. h:LQnQ s hgn)2
r=n+1
nsAf 1 . . , r
f + 5 Z ((h 1+1ng+1 +. hn2n2 A hn ) - thzng)
r=n+1
m m
Z (hoahhs = (hog) )+ D> > (hihi = (hly)?)
l11<a<B<n; r=n+ln;+1<s<t<ns
DI S U LYY
n+1no+1<p<q<n r=n+11<i<j<n

- Z Z (h:Zh;j) - 277_(M) + Z ’T{(ehe]')
=n+11<i<j<n 1<i<j<n
i,j#n2 i,j#ng
T(NpY) + 7(Ny2 + 7(NT?)).
(4.14)

From (2.2) by putting X = W = e;, W, Z = ¢;, one can compute
Y klenes) = <((n—1)(n—2)) — g(Q(n —2) —3(ny — 1) — 3n cos?0)

1<i<j<n

1,j7#n2
(ma(n1 = 1)) = S(2(m — 1) = 3(m — 1))

m c
T(Np') = S
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(NG = <
B c

FNT?) = < (na(ng = 1))

Using these values together with (4.8) in (#.14) and applying similar techniques as in Case
1, we obtain

ng(ng — 1)) — g(—?mg cos? 6).

m

|| H|* 2 Ric(x) + 5 Y (i anggr + o By ) = 207,,))°

nang
r=n+1
YD O

ngAf
r=n+11<i<j<n

+ nQHHII2

m ng—1

+ Z Z hn277,zh;t+ Z hn2n2

r=n+1 t=n1+1 l=ns+1
rr
B IDSCTIRED S
r=14=1 j=ni1+1 k=no+1

3
— g(n +ning +nong +ninz —4 + 3 cos? 6).

(4.15)
By the assumption that the submanifold M™ is D—minimal, one can conclude
m N ng—1
) S SNTTINED S
r=1i=1 j=ni+1 k=n2+1
The second and seventh terms on right hand side of {#.I5) can be solved as follows
1 m no—1
5 Z ((h;1+1n1+1 +eee h;n) - 2h;2n2) Z Z hngngh’;t + Z hngng
r=n+1 r=n+1 t=n;+1 l=no+1
1 % T T
- 5 Z (hn1+1n1+1 +eee hnn +2 Z 712712
r=n+1 r=n-+1
m n m m
r T 2
-2 Z Z TLQTLz ]] + Z Z h’nznz htt - Z (h’l’bznz)
r=n+1j=ni+ r=n+1t=n;+1 r=n-+1
1 m m
r \2 r
5 Z n1+1n1+1 + hnn) + Z (hngng)
r= r=n+1

m

- Z Z h:mh;J

r=n+1j=n1+1

(4.16)
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Utilizing these two values in (#.13)), we arrive

1 ' m . m n .
5"7‘2||I_[||2 ZRZC(X) + Z (hn2n2)2 - Z Z h‘nn 37
r=n-+1 r=n+1i=n,+1
1 &, , 1 n3Af
*3 Z (M 1my s - + hpn)® + 57”02||HH2 + 7
r=n-+1

- 3
Z (hz‘rj)Q - g(n +ning + nans +ning — 4 + 5 cos? 6).

4.17)
By using similar steps as in Case 1, the above inequality can be written as
1 N 1 G T T T
TNHIP ZRic00 + 7 3 @, = (W a1+ h0))°
r=n+1 (4.18)
A 3
+ n3f ! — %(n—i—nlng 4+ nong +ning —4 + 50052 0).
The last inequality leads to inequality (iz) of (1).
Case 3. If  is tangent to V'|'?, then we choose the unit vector field from {e,,11,...,e,}.
Suppose the vector  is e,,. Then from (@.6)
. 1 < r r r
WP 2Ric(0 + 5 D2 (Wpany 1+ i, + o+ )
r=n+1
?’LgAf 1 U s r r r
+ f 5 Z ((hn1+1n1+1 +... hngng + hnn) - 2hnn)2
r=n+1
Y > (b= (i) + >0 > (hihi — (hL)?)
r=n+11<a<p<n; r=n+1ln;+1<s<t<ns
ropT T \2 r\2
+ Z (hpp aq (hpq) )+ Z Z (hij)
r=n+1n;+1<p<q<n r=n+11<i<j<n

I
(=
>
SE
<3
<
I
[\
Bl
B
_|_
2
£
\.@
<

(4.19)

From (2.2)), one can compute

S kleney) = g((n— 1)(n—2))— g(Q(n— 2) — 3(ny — 1) — 3(na — 1) cos? 0)

T(Np') = g(m(m -1)) - %(2(n1 —1) = 3(ny — 1))
T(Ng?) = g(nz(nz -1)) - g(—?mg cos? f).

T(N}®) = g(nz’,(ns —1))
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By usage of these values together with (#.8) in (#.19) and analogous to Case 1 and Case 2,
we obtain

- 1 1 % T T T T
AH P 2 Ric(x) + g lHIP+ 5 3 (Bl + o By o 1) = 2R,)°
r=n+1

sy S

r=n+11<i<j<n

ni

n—1
S ST 5B Sl pi s
r=n+1g=n1+1 r=n+11i=1 j=n1+1
C
—1(n+n1n2—|—n2n3—|—n1n3+1—4).
(4.20)

Again using the assumption that M™ is D — minimal and it is easy to verify

Z Z Z hj;h; = 0. 4.21)

r=n+11i=1 j=n1+1
Using in (#.20), we obtain

m

. 1 1 r r r r
RAHIP 2Ric() + G2l HIP 4+ 5 Y (B o By o ) = 200,
r=n+1
m n—1
ngAf T T
1 SHD RUSEE S SR TS
r=n+11<i<j<n r=n+1qg=ni;+1

c
— z(n + ning + nang + ning — 4).
(4.22)

The third and sixth terms on the right hand side of (4.22)) in a similar way as in Case 1 and
Case 2 can be simplified as

m m n—1
1 T r T r o\2 T T
Z ((h 1+1ng+1 +. hngng +oe hnn) - 2hnn) + Z Z hnnhqq
r=n-+1 r=n+1qg=n;+1
1 m . . N m .
= 5 Z (hn1+1n1+1 +.. hngng -+ hnn) Z (h’nn)
r=n-+1 r=n-+1

D D Mwhiy
r=n+1j=n1+1
(4.23)

By combining (#.22) and (.23) and using similar techniques as used in Case 1 and Case
2, we can derive

1 . 1 - r r r
TP > RieG) + 7 D7 (2R = (R 0+ A7)
r=n+1 (4.24)
ngA c
+ 3f I i(n—i—nlng + nang + ning — 4).

The last inequality leads to inequality (i¢) in (1).
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Next, we explore the equality cases of (1). First, we redefine the notion of the relative
null space N, of the submanifold M™ in the Complex space form M™(c) at any point
x € M", the relative null space was defined by B. Y. Chen [9], as follows

N, ={X € T,M": h(X,Y) =0,VY € T,M"}.

For A € {1,...,n} aunit vector field e 4 tangent to M™ at x satisfies the equality sign
of (4.1) identically if and only if

ny n
)Y hp, = Z Zh’"A =0 (iii) 2hy 4 = Z hiy  (425)

p=1g=ni1+1 b= 1A¢1 q=n1+1

such that r € {n + 1,...m} the condition (¢) implies that M™ is mixed totally ge-
odesic skew CR-warped product submanifold. Combining statements (i7) and (#i7) with
the fact that M™ is skew CR-warped product submanifold, we get that the unit vector field
X = e4 belongs to the relative null space V.. The converse is trivial, this proves statement
(2).

For a skew CR-warped product submanifold, the equality sign of (4.1]) holds identically
for all unit tangent vector belong to N;l at x if and only if

(i)i Z hr, =0 (ii ZZth = 0 (iii) 2h7, Z he o (4.26)

p=1qg=n;+1 b= 1A¢A qg=ni1+1

where p € {1,...,n1} andr € {n+1,...,m}. Since M™ is D—minimal skew CR-
warped product submanifold, the third condition implies that 2, = 0, p € {1,...,n1}.
Using this in the condition (i), we conclude that M™ is D—totally geodesic skew CR-
warped product submanifold in /™ (c) and mixed totally geodesicness follows from the
condition (7). Which proves (a) in the statement (3).

For a skew CR-warped product submanifold, the equality sign of holds identically
for all unit tangent vector fields tangent to N> at z if and only if

Z Z ey Z Z hy 4 = 0 (iii) 2hhe e = Z iy (427)

p=1qg=n;+1 b=1 A=n,+1 g=ni1+1
b#£A

suchthat K € {ny+1,...,nz}andr € {n+1,...,m}. From the condition (#i¢) two

cases emerge, that is
hxx =0, VK € {n1+1,...,np}andr € {n+1,...,m} ordim N,* =2. (4.28)

If the first case of 1i satisfies, then by virtue of condition (%), it is easy to conclude
that M™ is a Dy— totally geodesic skew CR-warped product submanifold in M ™ (c). This
is the first case of part (b) of statement (3).

For a skew CR-warped product submanifold, the equality sign of (4.3]) holds identically
for all unit tangent vector fields tangent to N''* at « if and only if

ny

0 Z ho, =0 (ii Z Z hy 4 = 0 (iii) 2k, = Z hi,  (4.29)

p=1q=n1+1 b=1 A=no+1 q=ni1+1
b£A

suchthat L € {ng 4+ 1,...,n}andr € {n+ 1,...,m}. From the condition (i) two
cases arise, that is

hip=0,VLe{na+1,...,ntandr e {n+1,...,mlordim N®* =2. (4.30)
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If the first case of satisfies, then by virtue of condition (%), it is easy to conclude that
M™ is a D — totally geodesic skew CR-warped product submanifold in M™ (c). This is
the first case of part (c) of statement (3).

For the other case, assume that M™ is not D —totally geodesic skew CR-warped prod-
uct submanifold and dim N''® = 2. Then condition (7) of (4.29) implies that M™ is D | —
totally umbilical skew CR-warped product submanifold in M (c¢), which is second case of
this part. This verifies part (c) of (3).

To prove (d) using parts (a), (b) and (c) of (3), we combine (@.26),(#.27) and (#.29).
For the first case of this part, assume that dimN,? # 2 and dimN'"® # 2. Since from
parts (a), (b) and (c) of statement (3) we conclude that M™ is D—totally geodesic, Dy—
totally geodesic and D — totally geodesic submanifolds in M ™ (c). Hence M™ is a totally
geodesic submanifold in M™(c).

For another case, suppose that first case does not satisfy. Then parts (a), (b) and (c¢)
provide that M™ is mixed totally geodesic and D— totally geodesic submanifold of M ™ (c)
with dimNg = 2 and dimN, = 2. From the conditions (b) and (c) it follows that M™ is
Dy— and D, —totally umbilical skew CR-warped product submanifolds and from (a) it is
D—totally geodesic, which is part (d). This proves the theorem. O

In view of (2.22) we have the another version of the theorem 2 as follows

Theorem 4.2. Let M™ = N ™™ x; N'* be a D—minimal warped product skew CR-
submanifold isometrically immersed in a Cosymplectic space form M c). If the holomor-
phic and slant distributions D and Dy are integrable with integral submanifolds N7 and
Ny respectively. Then for each orthogonal unit vector field x € T, M, either tangent to
N7, Ng? or N''*, we have

(1) The Ricci curvature satisfy the following inequalities
(i) If x is tangent to N*, then

1 . c
—n?||H|* > Ric(x) + nz(Alnf — | VInf||?) — = (n1 + ning + nans
4 4 (4.31)

+ning — 5)

(ii) x is tangent to Ny, then

1 . c
fn2||HH2 > Ric(x) + ns(Alnf — ||Vlan2) — —(ny 4+ ning + nang
4 4
3 4.32)
+ning — 2+ 3 cos? 0).

(iii) If x is tangent to N'?, then

Cc

1
ZnQHHH2 > Ric(x)+ns(Alnf —||Vinf|?) 4(n+n1n2 +nong+ning—2). (4.33)

(2) If H(x) = 0 for each point x € M™", then there is a unit vector field x which
satisfies the equality case of (1) if and only if M™ is mixed totally geodesic and x
lies in the relative null space N, at x.

(3) For the equality case we have

(a) The equality case of [#-1)) holds identically for all unit vector fields tangent
to Nt at each x € M"™ if and only if M™ is mixed totally geodesic and
D—totally geodesic skew CR-warped product submanifold in M™ c).

(b) The equality case of [@#3) holds identically for all unit vector fields tangent
to Ny at each x € M™ if and only if M is mixed totally geodesic and either
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M™ is Dg- totally geodesic skew CR-warped product submanifold or M™ is
a Dy totally umbilical in M™ (c) with dim Dg = 2.

(c) The equality case of {#.2) holds identically for all unit vector fields tangent
to N'? at each x € M™ if and only if M is mixed totally geodesic and either
M™ is D*- totally geodesic skew CR-warped product or M™ is a D totally
umbilical in M™ (¢) with dim D+ = 2.

(d) The equality case of (1) holds identically for all unit tangent vectors to M™
at each x € M™ if and only if either M™ is totally geodesic submanifold
or M™ is a mixed totally geodesic totally umbilical and D— totally geodesic
submanifold with dim Ny = 2 and dim N = 2.

Where ny, no and ng are the dimensions of Np*, Ny'? and N'* respectively.
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