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MULTIVARIATE RIGHT SIDE CAPUTO FRACTIONAL TAYLOR FORMULA
AND LANDAU INEQUALITIES

GEORGE A. ANASTASSIOU

ABSTRACT. Here we present a multivariate right side Caputo fractional Taylor’s formula
with fractional integral remainder. Based on this we give three multivariate right side
Caputo fractional Landau’s type inequalities. Their constants are precisely calculated and
we give best upper bounds.

1. INTRODUCTION

We are inspired by the following two results. First from [2]], we have the following nice
result:

d 2
IfAf=5" ( B%i) f is the Laplacian of a function defined on R?, then for 0 < k <
0 0

i=1
2n,
‘ & O,
where ||| denotes the Lo, (R?) norm. A™ f needs to be defined only in the distributional
sense and the result is valid in many other Banach spaces such as LP spaces. C' (n, k) is an
existential constant and A% = A (AF=1),
From [3]], we have the following interesting result which is the sharp inequality

d
[Aflloo < 2\/$\/Ilflloollﬁzfllw 2)

in RY, d > 2, where Af is the Laplacian and A2 = A (A).
This result is an analogue of the famous Landau inequality ([4]) in R:

1 Moo < V24/I1f oo [1F7ll oo 3)

where ||-||, means the L., norm on R? (respectively on R).

< C(n, k) |1 £1 ) an % (1)
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In this article we first prove a multivariate right side Caputo fractional Taylor’s formula
and based on it we prove three multivariate right side Caputo fractional Landau’s type in-
equalities where all the constants are precisely calculated and we obtain best upper bounds.

2. BACKGROUND

Here we follow [[1]], Chapter 23.
We need

Definition 2.1. Let f € L; ([a,b]), @ > 0. We define the right Riemann-Liouville frac-
tional operator of order « by

b
o f(2) = ﬁ/ (s — 2)° L F (s) ds, @)

YV x € [a, b], where T is the gamma function.
We set I := I (the identity operator).

By [1l, p. 334 we get that I)* f (x) exists almost everywhere on [a,b] and I f €
L1 ([a,b]). Alsoif a > 1 then I)* f € C ([a,b]).
We need

Definition 2.2. Let f € AC™ ([a, b]) (space of functions from [a, b] into R with (m — 1)-
derivative absolutely continuous function on [a, b]), m € N, where m = [a], & > 0 (]]
the ceiling of the number).

We define the right Caputo fractional derivative of order o > 0, by

Dy f () = (=)™ "7 fm) (), (5)
that is

_1\m b
Dy f(z) = (1))/ (s — g)m et pm) (s)ds. (6)

L(m-—a
By [, p. 337 we get that Dy f (x) exists a.e. on [a, b] and Dy f € Ly ([a, b]).
When a = m € N, then
Dy f () = (=1)" £ (), ()
V€ la,b].
We also need the right Caputo fractional Taylor’s formula with integral remainder.

Theorem 2.1. ([L]], p. 341) Let f € AC™ ([a,b]), x € [a,b], & > 0, m = [«]. Then

m=1 e() b
n=y1 Al(b) (=) + ﬁ / (s—2)" " Di_f(s)ds. (8
=0 . x

3. MAIN RESULTS
We make

Remark. Let Q be a compact and convex subset of RF, k > 2; z := (21, ..., 2x), 2o :=
(1'01, ...,(E()k) S Q Letf e Cn (Q), n € N.

Set
9 () == [ (x
9:(0) =

zo+t(z—m)), 0<t<I €))
flzo), 9:(1) = f(2).
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Then

k J
ggj) (t) = (Z (zi — 20i) ai) [l (@o+t(z—20)), (10)

i=1
and

g9 (1) = (Z(a—m)(ﬁ,) fl (), (1)

forj=0,1,....n.
. k
Ifall fo (2) = gw{ (2) =0, a:= (01, ..,ar), ; €EZT,i=1,...k o] = > a; =
i=1

I, then gtV (1) =0, wherel € {0,1,...,n}.
Clearly here g, € C™ ([0, 1)), in particular g, € AC™ ([0, 1]).
We also have that

. k
ggj) (t) = Z k:]! <H (zi — Ioﬁ”) fo (o +t(2 = 20)),

a:=(a,...,ay),0; ELT ;! =1
=1

k
i=1,.. kilal:=3" ;=3
i=1

3

(12)
0<t<1,and
1T G~ 0)°
(4) Z; — o)
1 i=
gzj,( )_ > = | fa (), (13)
' oz::(oq,...,ozk),oziEZ+ H ai!
i=1,...,k;|a\:=i a;=j i=1
i=1
forallj =0,1,....,n.
Let now v > 0 with [V] = n.
By applying (§) 1o g. we find
n—1 (4) 1
j 9z 1 1 v— v
g:(0) =Y (=1) .,( ) D) / s 'DY_g. (s)ds. (14)
=0 J: 0
Still we need to interpret DY_g, as follows (0 < s < 1):
v -1 " ! n—v— n
DY_g. (5) @ F((n_)y)/ (y—9)"""" gl (y) dy = (15)

k
3 i (H <>)

:=(a1,...,on),0; €LT a;! =1
k i=1
i=1,...k;|la[:=3" a;=n

i=1

1
F(%_V) / (y—9)""""" fa(wo+y(z—0)) dy.
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Thus it holds (0 < s < 1)

k
DY{_g.(s)=(-1)" > (H — w01) )
a:=(au,.. ,ak),a ezt H a;! i=1

=

i=1,...,k;|al:= Z a;=n

(177" fa (xo +t (2 — x0))) (5) - (16)

Based on the above we have proved the following multivariate right side Caputo frac-
tional Taylor’s formula:

Theorem 3.1. Letv > 0, n = [v], f € C™(Q), where Q is a compact and convex subset
of R¥, k > 2; with x¢ := (zo1, ..., Tor) , 2 := (21, ..., 2x) € Q. Then
1)

_:1??
8

j=0 ar=(ag,...,an),0; €LT
k
i=1,..k;lal:=3 a;=j
i=1

s
Il
_

E:r

( i — T0i) > a7
o=(a1,...,0n),04 ELT H al i=1

k i=
=1,...k;|la[:=3" a;=n
i=1

1 ! v—1 (n—v
r(y)/o s (T2 fa (20 + (2 — 20))) (s) ds.

2) Additionally assume that f, (z) = 0, a = (a1,...,ax), a; € ZT, i = 1,..,k,

k
lal =3 a; =:r,r=0,1,...,n— 1, then
i=1

k
fa) =Y (H 200 )
ar=(a,...,ar),q; ELT H o;! i=1

. k 1=
i=1,..,kjlal:=> a;=n
i=1

1 ! v—1 n—v o s) ds
F(V)/O s (117 falzo+1t(z xo)))( ) ds. (18)

Next we give three multivariate right side Caputo fractional Landaus’ type inequalities.
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Theorem 3.2. Let f € C* (RY), k > 2, with [fllome < 00, and 3 < v < 4. Assume

further that

IV (folzo+t(z—x s
be s > 2o ttle=a) @)
JJO)ZERE7S€[O71] a::(ah.”’ak%?iez#» il;ll ai!
i=1,...k;lal:=3" a;=4
i=1
(19)
Then we derive the best upper bounds:
1)
" of 1N\ / 144 T, s
<4 = - 4 oy} , 20
Z@mi - <9) <F(V+1)) HfHOO’R'i < oo (20)
=1 oo,]R’j
2)
a 528
> ! <2 /I o me ®u <400, 2D
k F'v+1) [
a:=(a,...,a),a; €ZF H Oél'!
i:l,.“,k;\od::zk: ;=2 =1
=t oo,RF
and
3)
T 4( 144 \1
1 3
= < | —— . ® .22
> ; —3<r(y+1)) 15 e @ < Foo0. (22)
a=(o,...,o),0,€ELT H ;!
i:l,...,k;|a|:=i ;=3 =1
=t oo,RF
Proof. We set
k..
Ar(z)= 3
AQ (Z) = Z 7];“('2) ,
a:=(ay,...,ay),0; LT _Hllli!
k =
i=1,..., k;\a|::_§lai:2 (23)
and
Az (2) := 7{?‘(2) .
a::(al,.‘.,ak),aieZ'*' 'l;Ilai!

k
i=1,....k;j|la[:=3" a;=3
i=1

We can choose xg,z € R* sothat z; — x0; = —h, alli = 1,....k, where h > 0. By

Theorem 3.1 we get
fwo) = f(2)+ A

(2) h+ Az (2) B2 + Az (2) h® + Ryh*, 24
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where

1 4!
Ry = ) Z p
ai=(a,...,ar),0; LT I ai!
k i=1
=1,...k|la|:=3" a;=4
i=1

1
/ s”_llf:” (fo (o +1t(z—20))) () ds] .
0
Therefore, V h > 0, we get

A1 (2)h+ Ay (2) B2+ As (2) h3 = f (z0) — f (2) — Ryh* = Ay,
Ay (2)2h 4+ Ag (2) 4h? + A3 (2) 8K = f (z ) f(z)— R416h4 : A,
and

A1 (Z) 3h 4+ Ay (Z) 9h% + Asg (Z) 27h3 = f (:L‘()) —f (Z) — R481h4 =: As.

We solve the system of three equations (26) and we find:
a1 = Byt
A2 (Z) — 2 2h21 3

b

)

and
Ag (Z) _ 3A g;:lz-l-As
‘We have also that
Rl < 240,
L < =Y
Lv+1)

We calculate

18A; — 94y + 243 = 11(f (z0) — f (2)) — 36 R4h™.
Therefore it holds
W fllope 1440,

A1)l < —5 ENOEY

Vh>0,VzeR-E.

We get that
11 fll o 1449
A < — Y ) h?
1Brlloe e < =55+ (r(u+ 1)) ’
vV h>O0.
Next we find
4A2 - 5A1 - A3 =-2 (f (IO) - f (Z)) + 22R4h4
Hence

2| fll oo mE 264
< - v 2
B2 (2)] < —3 +<r(u+1)>h’

Vh>0,VzeRE.
The last implies

2| fll o 264®
A < i Y ) K2
|| 2||00,R’i — h2 + <1-\ (V + 1)) 9

Y h>0.

(25)

(26)

27

(28)

(29)

(30)

€2y

(32)

(33)

(34)
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We also calculate
3A1 — 3A2 + A3 = (f (.’IJ()) — f (Z)) — 36R4h4.

| £l oo 5 144®
< i 1%
A3 ()] < —g55— (F(u+1)>h’

Therefore

Vh>0,VzeRF.
The last implies

£l oo mE 144®
< i 1%
1Aslloo e < =575+ (I‘(V+ 1)) ,

vV h>D0.
We will work on (31).
1SNl o ...
Call jp 1= —— =, 0 := (r%jff)) , both are positive.
We study

y(h):%whi”, Y h> 0.

We have
y' (h) = —ph ™2 + 30h% =0,
with one critical number

1
. —p o= (H\*
hcmt.no. - hO - (30) > 0.
‘We have that
y" (ho) = 2uhy® + 60hg > 0,

implying that y has a global minimum. We see that

4
y(ho) = puhg "+ 0% = hi (uhg ™" +0) = 701 p.
4
ILe. 4
y(ho)::‘gaiﬂ%,
32

is the global minimum.
Consequently

-

3
11\* 144 K 3 1
A <4 — - 4 P
18leme <4(5) (pomg) Mie

Next we work on (34).
Call ¢ := 2| fll g g » ¥ := % > 0.
We study
y(h) == %+¢h2, Vh>0.
We have
y' (h) = —2ph™> + 2¢bh = 0,
with

1
1
hcrit.no. - hO = (Z) > 0.

Notice that
y" (ho) = 6phy* + 24 > 0.

(35)

(36)

(37

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(40)

(47)
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Thus we have that y has global minimum which is

y (ho) = phy® + ¥h2 = h2 (phy® + 1) = 292 o3,
that is -
y(ho) =22 p2. (48)

528
[A2]| o g <2 TwrDV 1/ loo me Po- (49)

Finally we work on (36).
[ Py

Therefore we derive

Let A := —5— B = l}?ffi’) , both are positive.
We study
A
y (h) ::ﬁ—i—Bh, v h>0. (50)
Then
y' (h) = —3Ah~* + B =0, (5D
so that )
3A\*
heritno. = ho = <B) > 0. (52)
Here
y" (ho) = 12Ahg° > 0. (53)
Hence y has global minimum which is
4
y (ho) = Ahg® + Bho = ho (Ahg* + B) = 3TﬁB%.
4
That is 4
y(ho) = S ATBY, (54)
4
the global minimum of y.
Consequently it holds
3
4 144 K 1 3
A < = [ =—— 1 DS 55
alce <5 (o) M1 55)
The theorem is proved. (]
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