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GENERALIZED CANAVATI TYPE ¢g-FRACTIONAL IYENGAR AND
OSTROWSKI TYPE INEQUALITIES

GEORGE A. ANASTASSIOU

ABSTRACT. We present here generalized Canavati type g-fractional Iyengar and Ostrowski
type inequalities. Our inequalities are with respect to all L, norms: 1 < p < oco. We finish
with applications.

1. BACKGROUND - I
We are motivated by the following famous Iyengar inequality (1938), [7].
Theorem 1.1. Let f be a differentiable function on [a,b] and | f' (x)| < M. Then

SMb-a® (fO-f@)
4 4M

b
[ t@de =3 0-a) @+ £0)

We need the following fractional calculus background:

Let o > 0, m = [a], ('] is the integral part), 8 = a —m,0 < 5 < 1, f € C([a,b]),
[a,b] C R, € [a,b]. The gamma function I is given by I' (a) = [ e~ 't*~'dt. We
define the left Riemann-Liouville integral ([1], p. 24)

(U2 @) = g [ -0 O @
a < x < b. We define the subspace Cg, ([a, b]) of C™ ([a, b]):
Cey (fa.b)) = {f € €™ (la,8)) : S € O ([a ) } 3

For f € C¢, ([a,b]), we define the left generalized a-fractional derivative of f over

[a, b] as
!
Dgf = (T2, )

see [[1I], p. 24. Canavati first in [6]] introduced the above over [0, 1].

We have that D}, f = f™:;n eN.

Notice that D, f € C ([a, b]).

Furthermore we need:
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Letagaina > 0, m = [a], 8 = a—m, f € C ([a, b)), call the right Riemann-Liouville
fractional integral operator by

(5 f) (@) == ﬁ / -0 0 (5)
x € [a, b], see [2]. Define the subspace of functions
Ci (ab]) = {f € C™ (fa,b]) s =" ") € C* ([a,b)) } ©)
Define the right generalized a-fractional derivative of f over [a, b] as
D f = ()" (Y ™
see [2]. We set DY _f = f. We have D} f = (—1)" f(); n e N. Notice that Dy f e

C ([a,0]).
From [3]] we have the following Canavati fractional Iyengar type inequalities:

Theorem 1.2. Letv > 1,n = [v]and f € C}, ([a,b]) N Cy_ ([a,b]). Then

[P0 @) - ) ) ) - 0| <
k: k+1)!
max{HD +fH J(la,b]) ? )| }
a a, OO,([CL,Z)]) _ v+1 _ v+1
a3 (t—a -0, ®
Vtelab],
ii)att = a—“’ the right hand side of (@) is minimized, and we get:
1 R
/ fla)de - (k +1)! : 2k+)1 [f(k) (a) + (=1)"f® (b)}
maX{HDa+fHoo([ab 00,([a,b]) } (b—a)”“ )
T(v+ 2) v
i) if f*) (a) = f*) () =0, forall k = 0,1, ...,n — 1, we obtain
b J ma'X{HDZ“'fHoo,([a,b]) ' HDll;*fHoo,([a,b])} (b—a)" ™!
f(z)dz| < T (v +2) v ) (10)

which is a sharp inequality,
iv) more genemlly, forj=0,1,2 ..., N €N, it holds

—a k+1 1
<k+11> (55°) [ @+ ot - o (b)}‘

max HDa fH w1 2=l gy 5 (b= a\"*!
< { + PE b]+2) ([a,b]) }( Na) [j”“—k(N—j)VH},

(11)
v)if f®) (a) = f(k) b=0k=1,..,n— l,fromwe get:

dx_( )[Jf() (N =) 1 )]

<
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maX{HDa"FfHoo ([a,b])
F(V+2)

7=0,1,2, ..., N,
vi) when N = 2 and j = 1, (@) turns to

/abf(:v)dx— (b_a

maX{HDa+fH ([a,b])

_ v+1
ooq,([mb])} (bNa) [jy+1+(N_j)u+1 (2)

)<f<a>+f<b>> <

bl (la,b]) } (b—a)’t

T(v+ 2) 2v (13)
We continue with L estimates:
Theorem 1.3. ([5]) Let v > 1, n = [v], and f € CY, ([a,b]) N Cy_ ([a,b]). Then
— (k) )t (k) k1
kzkﬂ 79 (@) (= ) + (1 P (5) 0= )] <
max {HDZ+fHL1([a,b]) ) ||Dg—f||L1([a,b])} Y v
Vtéela,b],
ii) when v = 1, from (I4), we have
b
[ t@de-f@ -0+ b-1) <
1N (fae)y 0 — @), YVt € [ab], 15)
iii) from ([[3)), we obtain (v = 1 case)
b— !
e ("5 ) @+ £ O <1 oy 0= @), (6)
iv)att = , v > 1, the rzght hand side ofH) is minimized, and we get:
1 (b-a)! (k) k()
/ P =3 e [ @+ (05 0)
max{nDanw,bD P8 o} 0~ "
F'v+1) v—1 7
v)if f¥) (a) = fF)(b) =0, forall k =0,1,....,n — 1; v > 1, from , we obtain
b maX{HDV b—fHLl([a,b])} (b—a)”
IRCLE et - o ay)

which is a sharp inequality,
vi) more generally, forj=0,1,2,...., N € N, it holds

_a k+1 1
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smaX{HDV T+ 1) )}<b1:fa>u[jy+(N_j)y]7 "

vii) if f*) (a) = f® (b)) =0,k =1,...,n — 1, from (@) we get:
oyde = (P50 Uf (@) + (V=) £ 0]
maX{HD”

a+fHL1([a,b]) ’
L'v+1)

])} b—a\” v
Y+ (N — 20
( I ) N =97 20
j=0,1,2,.., N,
viii) when N = 2 and j = 1, (20) turns to

[ 1@ s o) <

maX{HDZJerLl([a,b]) ’ V—fHLl([a,b])} (b—a)”

21
'v+1) 2v-1 7 @D

We continue with L,, estimates:
Theorem 1.4. ([5]) Let p,q > 1: 5 + ¢ =1L v >1,n=[;fe Cl(ab)n

C’” ([a b]). Then

n 1
1
(k) a4 (k) kt1
7 > g VP @ =0 (W e -0 <
max 4 || Dy, f w1 DEf . . 1
{H + ||LLI([ ,0]) H b HLq(l[ 7b])} |:(t_a)lj+; +(b_t)y+;:| , (22)
r@) (v+3) pe-1)+1)
Vtelab],
ii)att = “—H’ the right hand side of is minimized, and we get:
_ (b—a)"" 1) 1)k )
f ) da (k+1) S 1% (@ + (0P )| <
maX{HDV ) |Dg—fHLq([a,b])} (b— a)”*i 23)
I'(v) (1/+%) (p(z/—l)Jrl)% 2=y
iii) if f*) (a) = f*) (b) = 0, forall k = 0,1, ...,n — 1, we obtain
max {[|Dg 7, { I yqenn ) 0= )t 24)
rw) (v+3)pw-1+1)7 270

which is a sharp inequality,
iv) more generally forj=0,1,2,...., N € N, it holds

_a k+1 1
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)

DY s DV_ _ v+1 )
< maX{H a+fHLq([a,b]) | Dy fHLq(l[a,b])} (bNa> Z [j"*% LV
INC2)] (V—I—%) pv—-1)+1)7
(25)
v)if f®) (a)=f® (b)) =0,k=1,..,n—1, from we get:

<

/abf(f”)dx - (b;]a) i () + (N = j) f (B)]

p

v v v+ L
maX{HDHf”Lq([a,b])’”Db—f”Lq([ayb])} (ba> T {jwr% +(N—j)u+l],

rw) (v+1)pw-1+1)7 N
(26)
forj=0,1,2,..., N,
vi) when N = 2 and j = 1, (26)) turns to
b b
[t (250) @ s <
max {HDZﬂLfHLq([a,b]) ’ HDll;—fHLq([a,b])} (b— a)i’*i . o7

r(v) (V+%) (p(ufl)Jrl)% YT

Next we follow [4].

Let g : [a, b] — R be a strictly increasing function. Let f € C™ ([a, b]), n € N. Assume
that g € C! ([a,b]), and g=* € C" ([a,b]). Calll := fog=':[g(a),g(b)] — R. Itis
clear that [, 1, ..., 1) are continuous functions from [g (a), g (b)] into f ([a,b]) C R.

Let v > 1such that [v] = n, n € N as above, where [-] is the integral part of the number.

Clearly when 0 < v < 1, [v] = 0. Next we follow [1]], pp. 7-9.

DLeth € C([g(a),g(b)]), we define the left Riemann-Liouville fractional integral as

1 /z v—1
—— | (z—=t)"" h(t)dt, (28)
F (l/) zZ0
for g (a) < zo < z < g (b), where I is the gamma function; I" (v) = [~ e~ "¢~ dt.
We set J;°h = h.
Leta == v =[] (0 < @ < 1). We define the subspace Cy, (g (a),g(b)]) of

O (lg(a) g (b)]), where zo € [a,b] :

Chany (l9(@) g ) := {h € C¥ ([g (), g ) : 0D € € (g (0) . g ) |
(29)
Soleth € Cy, .\ ([9(a),g(b)]); we define the left g-generalized fractional derivative of

(J5°h) (2) =

h of order v, of Canavati type, over [g (x0), g (b)] as

/
i (JEEED) 0
Clearly, for h € Cy, ) ([g (a), g (b)]), there exists
1 d [~
v B ()= -1 4 / (2= 1)~ D (1) dt, 31
( 9(wo) ) r (1 — Oé) dz g(z0)

forall g (xg) <z <g(b).
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In particular, when f o g~ ! € Chizo) (9 a) g (b)]) we have that

1 d o 1\ ([v
(Do (Fo9™)) (2) = i ey . G0 (Fey N wya, 32

9(zo)
for all g (o) < z < g(b). Wehave D7 (fog™) = (fog™" )<"> and

Dg(zo) (f og_l) =fog L.
II) Next we follow [3]], pp. 345-348.
Leth € C ([g (a), g (b)]), we define the right Riemann-Liouville fractional integral as

v L 1 %o _ v—1
(75,) () = 575 / (t—2)""Vh(t) dt, (33)
for g (a) < z < 29 < g (b). Weset JO _h = h.
Let v := v =[] (0 < a < 1). We define the subspace C7, \_ ([g(a),g (b)]) of
9

C ([g (a),g (b)]), where z € [a, ] :
Cliagy— ([g(a) , g (B)]) =

{hec(lg@),g)): Jizo nD e (g@),g @)} G4

Soleth € Cy,\_ (lg(a),g(b)]); we define the right g-generalized fractional derivative
of h of order v, of Canavati type, over [g (a), g (zo)] as

v (=1 1-a DY
DYy b= (~1) (Jg(%)fh([ ] ) . (35)
Clearly, for h € Cy/(,. . ([g (a), g (b)]), there exists
v (_1)71—1 d /g(xg) —op([v])
(Dyen-h) ()= T(0—a)de (t—2)"" R (1) dt, (36)

forall g (a) <z < g(xg) <g(b).
In particular, when f o g~ ! € Chizo)— ([9(a) ;g (b)]) we have that

1t (o)
(D (Foa ) 0 =t [ =27 (Foa ) et o)

forall g (a) <z < g(w) < g(b).
We get that

( o(xo)~ (fo!fl)) (2) = (1" (o)™ () (38)
and (DY, (fog™)) () = (fog™!) (2),all = € [g(a) g (x0)].

Let g be strictly increasing and continuous over [a, b], and f € C ([a, b]). We have that

b b g(b)
/f(m)dg(x)zf (fog—1>(g<w>>dg<:c>=/() (Fog™)(2)dz.  (39)

Here itis fog™t € C ([g(a), g ()]).

2. MAIN RESULTS - I
Next we present generalized g-fractional Iyengar type inequalities:

Theorem 2.1. Letv > 1suchthat [v] =n € N, and g : [a,b] — R be a strictly increasing
function. Assume that f € C™ ([a,b]), g € C* ([a,b]), g~ € C™ ([g (a), g (b)]).



GENERALIZED CANAVATI TYPE g-FRACTIONAL IYENGAR AND OSTROWSKI TYPE INEQUALITIES 63

Assume further that f o g1 € Cy ) (l9 (@) ,g (0)])) N Cgy_ ([9 (a) , g (D)]). Set

B 100Ny}
ow)- (foug )oo,[,q(a),g(b)]

M (f,q) —max{HDg(a) fog H

9(a).g(b)]
(40
Then
i) )
b n—
[ 1@ =Y g (00" (@) (=g (@)
@ k=0 ’
D! (Fog )P g0 (9 0) - 2| <
FL O [ gty a0 -] @)

Vzelg(a),g(b)],
ii)at z = M, the right hand side of is minimized, and we get:

b 1 (gb) —ga)!
/a f (Jj) dg (x) - z;) (k + 1) 2k+1

M (f,9) (g(b) — g ()"
T (v+2) 2V ’ (“42)
i) if (fog™) " (g (@) = (fog™) " (g(8) = 0. forall k = 0,1,...n — 1, we
obtain
My (f.9) (g (b) — g ()"
/ F@)dg (@) < 70705 v ’ “43)

which is a sharp inequality,
iv) more generally, for j = 0,1,2,..., N € N, it holds

n—l —a(a)\
[ 1w ; o (19552)
[ (o g™ (@) + (1F =) (Fog™) " (0 8)]

1/+1

< IA‘4(1V(+2 ( —g(a ) (N — >u+1} ’ (44)

Vi (Fog ™) (g(@) = (Fog™)™ (g w0 — 1, from (44) we
get:
b —g(a
[ 1@ s - (g(b)Ng”) [f (@) + (V) F )| <
M (f.9) (g®b) —g(@\" 1.4 RS
F(Z/+2)< N ) = (45)

j=0,1,2,..,N,
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vi) when N = 2 and j = 1, ({#3)) turns to
b — a
[ s @s - (ZOZHD) (r @+ s o)

Mi (f.9) (g(b) — g ()"
I'(v+2) 2v ’

(46)

Proof. Apply Theoremfor fog tover[g(a),g(b)]and take into account (39). I

Next come L estimates:

Theorem 2.2. All as in Theorem[2.1l Set

Ms (f,g) = max{ ‘DZ(Q) (f ° g—l)

Dl/ B o -1 }.
g(b) (f g )Ll[g(a),g(b)]

Li[g(a),g(b)]’

7)
Then
i) )
b n—
[ r@ds@) =Y g (700" (@) (=g (@)
+(=1F (fog™) M (90D (9 0) = 2| <
e (- g @) o) - 21, @)
Vzelg(a),g )],
ii) when v = 1, from (@), we have
b
/ f(z)dg(x) —[f(a) (z —g(a)) + f(b) (g (b) —2)]| <
[Foa™ ], sy, @ (@), (49)
Vzelg(a),g(d)],
iii) from [@9) we obtain (v = 1 case)
b — a
[ r@ag) - (51 ) @+ s o) <
[Foa™ ], oy, @@ =g (@), (50)
iv)at z = M’ v > 1, the right hand side of is minimized, and we get:
’ = 1 (gb)—g)"
/a f(fﬂ)dg(x)*];)(k_’_l)! ok+1
[(Fog ™)™ (@) + (1) (fog ™) g))| =
M; (f,9) (9(b) — g (a))” 51)

Fv+1) 2wt
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. _1\ (k) N —1\(k) _ _ .
v)lf(fog ) (9(a)) = (fog ) (g(0)) =0, forallk=0,1,...n—1; v >1,
from (51), we obtain

_ My (£.9) (9(8) g 0))"
“Tw+1) v—1 ’

b
/ f () dg (x) (52)

which is a sharp inequality,
vi) more generally, for 7 = 0,1,2,..., N € N, it holds

/abf(x)dg(x)—nz:l (“11)! <g<b)]_vg(a))kﬂ

k=0

[ (e ™)™ (g (@) + ()W =) (Fog™)™ (9 0)]|

vii) if (f o g™1)"

ger:
b — a

3"+ (N =571, (54)

j=0,1,2,.., N,
viii) when N = 2 and j = 1, (34) turns to

/abf(m)dg(x)_ (g(b);g()) (f () + £ (b))

My (f,9) (g(b) — g (a))”
T(v+1) -1

<

(55)

Proof. Application of Theorem for f o g=! over [g(a), g (b)] and take into account
. ([l

We continue with L,, estimates:

Theorem 2.3. All as in Theorem Letp,g>1: % + = = 1. Set

1
q

Dy (fog™)

Mz (f,9) = maX{HD_Z(a) (9™, o

Lq[g(a)yg(b)]} '
(56)

Then
i) . B
/a f(z)dg(l’);)(kil), [(7og™)™ (g (@) (= — g (@)
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ii)at z = M, the right hand side of is minimized, and we get:

b 1 (gb) —ga)!
/a f (Jj) dg (x) - 2;) (k + 1) 2k+1

[(Feg™) g(@)+ (D" (rog™)™ (9 0)
Mj (f,9) ) =g @) 58)
I (v) (V—F%) (pv—1)+1)r ]

i) if (fog™) " (g (@) = (fog™)" (g() = 0. forall k = 0,1,...n — 1, we
obtain

—

b v41
/ /@) dg a)) < e (Ol s
a F(u)(u+;)(p(y—1)+1)p 2V~

which is a sharp inequality,
iv) more generally, for j = 0,1,2,..., N € N, it holds

/f )dg (z :Z:k+ ((bmg(a))’““

[ (Foa™) ™ (g @) + (D (V= ) (o g™ M (0 0)]| <

Ms (f,9) g®) —g @\, ol
1 P (N_ ) Py (60)

rw) (v+d)ew-1)+1)7 ( N ) : 2
V) l_f (f Og_l)(k) (g (Cl)) = (f og—l)(k) (g (b)) = O k = 1 -1 from @) we

get:

oo @)~ (LD G @)+ (- ) £ 0)

M (£.9) <g<b> —g(a))”“ﬂ -] e
rw) (v+d)ew-1+1)

i=0,1,2,...,N,
vi)when N =2 and j = 1, (@ turns to

=

0~ (251D (r@+ £ o) <
M; (£, 9) g -g@)™F .
F(V)<V+%)(p(y—1)+1)5 ov—3
Proof. Application of Theoremto fog tover[g(a),g(b)] and using (39). O

3. BACKGROUND - II

In 1938, A. Ostsrowski [8] proved the following important inequality.

Theorem 3.1. Let f : [a,b] — R be continuous on [a, b] and differentiable on (a,b) whose
derivative f' : (a,b) — R is bounded on (a,b), i.e., ||f'|. = sup |f'(t)] < +oc.
te(a,b)
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Then )
1, (o=o)

I :
e T0a @) < |G

for any x € [a,b]. The constant % is the best possible.

<

] “(b=a)If'll (63)

Since then there has been a lot of activity around these inequalities with important ap-
plications to numerical analysis and probability.

We mention and need the following left generalized g-fractional, of Canavati type, Tay-
lor’s formula:

Theorem 3.2. ([4]) Let fog™? € Chzo) (g (a) ;g (b)]), where xo € [a,b] is fixed, v > 1.

Then

ID)

-1 p o —1)F) -
£ - oy = 3 L0 gy gy
k=1 :
1 g(z) vt B |
T (v) /g(mo) (9(z) —1t) ( 9(z0) (f og )) (t)dt, allz € [a,b]: & > xo. (64)

We also mention and need the following right generalized g-fractional, of Canavati type,
Taylor’s formula:

Theorem 3.3. ([d]) Let fog~' € Cy, s (lg(a),g(b)]), where xo € [a,b] is fixed,
v > 1. Then

TN
@)= £ ) = 3 L0 ) gy
k=1

1 9(zo) b , o
T /g (t—g(x)) ( o (z0)— (fog )) (t)dt, alla <z < xo. (65)

4. MAIN RESULTS - 11

Next we present generalized g-fractional Ostrowski type inequalities:

Theorem 4.1. Let g : [a,b] — R be a strictly increasing function, v > 1, [v] = n € N,
f € C"(la,b]). Assume that g € C* ([a,b]), and g~ € C™ ([g (a), g (b)]). For z¢ €
[a, b], assume that fog~1 € Cyzo) ([9(a), g (b)]) and f og~le Cyzo)— (L9 (a) . g (D))

Furthermore assume that (f o gil)(k) (g(x0))=0,allk=1,....,n— 1. Then

b
M/ f(z)dg () — f (20)

{HD;(ZO) (fog_l)H (9 (z0) — g(a))" ™ +

00,[g(a),g(x0)]

<

-
(9(b) —g(a))

HD_Z(aco) (fog™) H (g(b) —g (m))““} < (66)

00,[9(20),9(b)]
1

——  _max< [|[DY  (fog ! H ,
T'(v+2) {H o= (S 29 )007[9(‘1)7!1(900)]

|2 (70570 b - @)

00,[g(20),9(b)]
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Proof. By Theorem L when ( o g—l)(k) (g(z9)) =0,fork=1,...,n— 1, we get

(x)

flw) - T (Dyay (Fog™)) Wt (6D

Vx € [zo,b].
By Theorem when (f o gfl)(k) (g(z0))=0,fork=1,...,n—1, we get

g(lo)

g(zo)
F@ =) =g [ ema@) T (D (Fos™)) a6

(V) x)
YV € [a,xo] .
Hence
1 g(z) v 5 _
F@ = Feol < gy [ 0@ =07 | (D (o0 0]

1 9(x) .
< z)— )" dt HD”z og! H
I (v) </g<m0> A w0 (29| ey s

00,[g(0),9(b)]
—1
Diupy (Fo97)| , (69)

00,[9(20),9(b)]

V€ [zo,b].
That is

[Py (o9
1 (@) — £ (w0)] < .

Ve [.’ﬁo, b] .
Similarly, it holds

7 @)~ f(w0) < o7 /g(g(z‘))(t—g()) (D5 (Fog ™)) 1)

1 g(zo) L L
< t— v HD N og™ H
I'(v) /gm (t =9 (@) o= (/297 o0,[g(a).g(o)]

Dl/ _ o -1 H 9 71
g(zo0) (f g )oo,[g(a),g(%)] a

00,[9(x0) 9(b)] B v
V) (9(2) =g (x0)",  (70)

YV € [a, ).
That is

Dr o0
g(zo)— 00,[g(a),g(zo)] »
T(v+1) (9 (o) =g ()", (2

/f z)dx — f (zo)| =

[f () = f(20)] <

YV € [a,xo] .
We observe that
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/f z)dz — f (o) (g (5) — 9 (a))

(73)

/|f () dx
{/ @)= 1 o)l @ d:v+/|f ($0)|9()d:c}

Oy 0. T 1 Diaey- (Fog™ H
— (9(0)—g(a)

L'v+1)
/m0 (9 (z0) — g (2))" ¢’ (x) dz+
Dy o) (fog™) Lo (9(20),9(b)] b .
L(v+1) /zo (9(z) —g(20))" g (x)dx p = (74)
1

(9(b) =g ()T (v+2) {HDZ(“)‘ (fos™) Hoo,[g(a)»g(wo)] (9 (o) = g (a)""

+‘ D.‘J(Io f g H

g(a),g(zo)]

v+1
oy @O =)} <

T R 7 Bl
T(v+2) max{H w0~ I oy ateon”

‘ Dy (f Og_l)H

b)—g(a)”. 75
Oo,[g(xo)g(b)]} (9(b) —g(a)) (75)

We continue with an L{-estimate:

Theorem 4.2. All as in TheoremEd_1l Then

/f Vg (2) — £ (z0)| <
1

(g(b) —g(a))T (v +1) {HD;(ZU) (fog™)

+ HDV ° —1 b o T u} S
g(zo) (f Y ) L [9(x0),0(b)] (g(b) — g (x0))
1

oD maX{HD;(IU) (fog™)

HDZ(xO) (fog™)

z0) — a(a))”
L1(lg(a),g(z0)]) (9 (z0) — g (a))

L1 (lg(a),9(z0)])

b) =g (@)’ 76
Ll([g(xo)vg(b)])} (9 (b) =g (a)) (76)
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Proof. Similar to the proof of Theorem 4.1} O

We continue with an L,,-estimate:

Theorem 4.3. All as in TheoremH andletp,q>1:

b
M/ (@) dg (z) = f (wo)| <

(9(6) = g(@)T () (p (v = 1) +1)7 (v+1)
{to )~ 9@+ | Dy (7007

v -1 <
g(zo) (f °9 )‘ Lq[g(wo),g(b)]} -

) max{HD;(mo)_ (fog™)

Lq([g(a),g(z0)])

+(g(b)—g (J:O))”“‘%
1
L) (p(v—1)+1)7 (,,+%

HDZ(xO) (fo 971)‘

La(l9(a),g(0)])

1

}@a»—gw»“«. )

Lq([9(z0),9(b)])
Proof. Similar to the proof of Theorem 4.1} O

Applications follow:

Proposition 4.4. Let v > 1 such that [v] = n € N, and f € C™ ([a,b]), where [a,b] C
(0, +00). Assume that f olnx € C%, ([ea,eb ) nNCY_ ([ea,eb}). Set

M,y (f, %) = maX{HD:a (f o)l ooy » | D5 (f 0 lnx)Hoo’[ea’eb]} . (T8)
Then

i)
/ f(z)e"dx — Z < (k Ji 1! [<f olnz)™ (%) (= — )"
+@nkwomme¥H¥*2kHH<
G (o] ez
Vze [ere],

ii)at z = eageb, the right hand side of is minimized, and we get:
o G

/f dw*Z(,ﬁ DINNFES

(7 oln)® () + (1) (o ln)® ()] <

My (f,e”) (e — ea)VH
Tw+2) 20

(80)
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iii) if (f olnz)® (e2) = (f olnz)™ () = 0, forall k = 0,1, ...,n — 1, we obtain

v+1
| < Mi(fre") (" —e?)
/ f(z)edz| < F( 2) v ) (81)
which is a sharp inequality,
iv) more generally, for j = 0,1,2,..., N € N, it holds
b n—1 b aN k+1
1 e’ —e
z —
freeae Y e ()
[ (foma)™® () + 1)’“( — ) omn)® ()]
My (f,e” ,,+1 Av+l
< _
< Foa3 ( R DiaeP (82)
v) if(folna:)(k) (e*) = (folna:)(k) () =0,k=1,...,n—1, from we get:
b a
. e’ —e . )
[ e (S )[Jf(a)+(N—J)f(b)] <
v+1
M1 (f, €x) eb — Ca + +1 Av+1
1% N_
Foiy w 74+ v = (83)
j=0,1,2,... N,
vi) when N = 2 and j = 1, (@) turns to
b eb — et
[ t@ea- (55 @ o) <
v+1
M, (f,¢7) (" — )" (84)
I'(v+2) 2v '
Proof. By application of Theorem[2.1]for g (z) = €®. d
We finish with
Proposition 4.5. Let v > 1, [v] = n € N, f € C"([a,b]), [a,b] C (0,+00). For
zo € [a,b], assume that f o e® € C},  ([lna,Inb]), and foe” € C};,, _ ([Ina,lnb]).
Furthermore assume that (f o e )( ) (Inzg) =0,allk=1,....n — 1. Then
A C)
LS (N ACO <
|(lnz>/a b S
1 u . To v+1
DT (12 Pt 0 sy (0 5)
b v+1
HDlynwo (foex)Hoo,[lnmo,lnb] <1H mO) } = (85)

1 5 N
m maX{HDlnxg— (f oe )Hoo,[lna,lnwo] )

v x b Y
Db, (2 i} (102
Proof. By Theorem[4.1] for g (z) = In . O



72 GEORGE A. ANASTASSIOU

REFERENCES

[1] G.A. Anastassiou. Fractional Differentiation Inequalities, Research Monograph, Springer, New York, 2009.

[2] G.A. Anastassiou. On Right Fractional Calculus, Chaos, Solitons and Fractals, 42 (2009), 365-376.

[3] G.A. Anastassiou. Inteligent Mathematics: Computational Analysis, Springer, Heidelberg, 2011.

[4] G.A. Anastassiou. Generalized Canavati type Fractional Taylor’s formulae, J. Computational Analysis and
Applications, 21 (7)(2016), 1205-1212.

[5] G.A. Anastassiou. Canavati fractional Iyengar type Inequalities, Analele Universitatii Oradea, Fasc. Matem-
atica, Tom XXVI (2019) (1), 141-151.

[6] J.A. Canavati. The Riemann-Liouville Integral, Nieuw Archief Voor Wiskunde, 5 (1) (1987), 53-75.

[7] K.S.K. Iyengar. Note on a inequality, Math. Student, 6 (1938), 75-76.

[8] A. Ostrowski. Uber die Absolutabweichung einer differtentiebaren Funktion von ihrem Integralmittelwert,
Comment. Math. Helv. 10 (1938), 226-227.

GEORGE A. ANASTASSIOU
DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF MEMPHIS, MEMPHIS, TN 38152, U.S.A.
Email address: ganastss@memphis.edu



	1. Background - I
	2. Main Results - I
	3. Background - II
	4. Main Results - II
	References

