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SOME OPERATIONS OF FUZZY SETS IN UP-ALGEBRAS WITH RESPECT
TO A TRIANGULAR NORM

SAWITTREE THONGARSA, PAKPIMON BURANDATE AND AIYARED IAMPAN*

ABSTRACT. This paper aim is to apply the notions of the intersection and the union of
any fuzzy set to UP-algebras. We investigate properties of the intersection and the union
of T-fuzzy UP-subalgebras, T-fuzzy near UP-filters, T-fuzzy UP-filters, T-fuzzy UP-
ideals, T-fuzzy strongly UP-ideals, anti-T-fuzzy UP-subalgebras, and anti-7T-fuzzy near
UP-filters of UP-algebras.

1. INTRODUCTION AND PRELIMINARIES

The branch of the logical algebra, a UP-algebra was introduced by lampan [4]] in 2017,
and it is known that the class of KU-algebras [10] is a proper subclass of the class of
UP-algebras. It have been examined by several researchers, for example, Somjanta et al.
[[16] introduced the notion of fuzzy sets in UP-algebras, the notion of intuitionistic fuzzy
sets in UP-algebras was introduced by Kesorn et al. [7], Kaijae et al. [6] introduced the
notions of anti-fuzzy UP-ideals and anti-fuzzy UP-subalgebras of UP-algebras, the notion
of Q-fuzzy sets in UP-algebras was introduced by Tanamoon et al. [19]], Sripaeng et al.
[18] introduced the notion anti-Q)-fuzzy UP-ideals and anti ()-fuzzy UP-subalgebras of
UP-algebras, the notion of A'-fuzzy sets in UP-algebras was introduced by Songsaeng and
Tampan [17], Senapati et al. [14} [15] applied cubic set and interval-valued intuitionistic
fuzzy structure in UP-algebras, Romano [[L1] introduced the notion of proper UP-filters in
UP-algebras, etc.

In this paper, we apply the notions of the intersection and the union of any fuzzy set
to UP-algebras. We investigate properties of the intersection and the union of T-fuzzy
UP-subalgebras, T'-fuzzy near UP-filters, T-fuzzy UP-filters, T-fuzzy UP-ideals, T-fuzzy
strongly UP-ideals, anti-7T'-fuzzy UP-subalgebras, and anti-1-fuzzy near UP-filters of UP-
algebras.

Before we begin our study, we will introduce the definition of a UP-algebra.
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Definition 1.1. [4] An algebra X = (X, -,0) of type (2,0) is called a UP-algebra where
X is a nonempty set, - is a binary operation on X, and O is a fixed element of X (i.e., a
nullary operation) if it satisfies the following axioms:

(UP-1): (Vz,y,2 € X)((y-2)- ((z-y)- (z-2)) =0),
(UP-2): (Vzxe X)(0-z=u2x),

(UP-3): (Vo € X)(z -0 =0), and

(UP-4): Ve,ye X)(xz-y=0,y-2=0=z=y).

From [4], we know that the notion of UP-algebras is a generalization of KU-algebras
(see [LOD).

Example 1.2. [13] Let X be a universal set and let 2 € P(X) where P(X) means the
power set of X. Let Po(X) = {A € P(X) | Q C A}. Define a binary operation - on
Pa(X) by putting A- B = BN (A° U Q) for all A, B € Pq(X) where A® means the
complement of a subset A. Then (Pq(X), -, ) is a UP-algebra and we shall call it the
generalized power UP-algebra of type 1 with respect to . Let P%(X) = {A € P(X) |
A C Q}. Define a binary operation * on P(X) by putting A x B = BU (A N Q) for all
A, B € P(X). Then (P#(X), x,Q) is a UP-algebra and we shall call it the generalized
power UP-algebra of type 2 with respect to Q. In particular, (P(X),-,?) is a UP-algebra
and we shall call it the power UP-algebra of type 1, and (P(X), *, X) is a UP-algebra and
we shall call it the power UP-algebra of type 2.

Example 1.3. [3] Let IN be the set of all natural numbers with two binary operations o and

e defined by
B y ifzr <y,
(Va,y € IN) (x oY= { 0 otherwise >

and

_Jy fz>yorx=0,
(Va,y € N) (xoy—{ 0 otherwise )

Then (IN, o, 0) and (IN, e, 0) are UP-algebras.

Example 1.4. [17] Let A = {0,1,2,3,4,5,6} be a set with a binary operation - defined
by the following Cayley table:

01 2 3 45 6
0j0 1 2 3 4 5 6
110 0 2 3 2 3 6
2/0 1.0 3 1 5 3
3]0 1 2 0 4 1 2
410 0 0 3 0 3 3
5/0 0 2 0 2 0 2
6/0 1 0 01 10

Then (A4, -,0) is a UP-algebra.

For more examples of UP-algebras, see [}, 15} 12} [13]].
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In a UP-algebra X = (X, -, 0), the following assertions are valid (see [4. 3]).

(Ve e X)(z -2z =0),

Ve,y,z€ X)(x-y=0,y-2=0=x -2 =0),
Ve,y,z€ X)(xz-y=0=(z-2)-(2-y) =0),
Ve,y,z€ X)(z-y=0= (y-2)-(xz-2) =0),

(

(

(

(Va,y € X)(z- (y- ) =0),

Ve,ye X)((y-z) -2 =0& 2=y 1),
(Va,y € X)(z- (y-y) = 0)
(
(
(
(
(
(

Va,z,y,z € X)((z-(y-2)) - (x-((a-y)-(a-2)))
x) - ((z-y)-2)

Va,x,y,zeX)((((a- ) (ay))z)
Vr,y,z€ X)(((x-y)-2)-(y-2) =0),
Va:,y,zEX)(:cy:Oé:v(Zy)ZO),

Va,y,z € X)(((x-y)-2) - (z- (y-2)) = 0), and

2. FUzzY SETS WITH RESPECT TO A T-NORM IN UP-ALGEBRAS

(1.1)
(1.2)
(1.3)
(1.4)
(1.5)
(1.6)
(1.7)
(1.8)
(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

Definition 2.1. [20] A fuzzy set A in anonempty set X (or a fuzzy subset of X) is described
by its membership function a4. To every point z € X, this function associates a real
number a4 (z) in the unit interval [0, 1]. The number « 4 () is interpreted for the point as
a degree of belonging z to the fuzzy set A, thatis, A := {(z,as(z)) | z € X}. We say

that a fuzzy set A in X is constant if its membership function a4 is constant.

Definition 2.2. [8] A triangular norm (briefly, t-norm) is a binary operation 7" on the unit
interval [0,1], i.e., a function T : [0, 1] x [0, 1] — [0, 1] that satisfies the following axioms:

(T1): Boundary condition: (Vz € [0,1])(T(z,1) = ),
(T2): Commutativity: (Vz,y € [0,1]))(T(x,y) = T(y, x)),

(T3): Associativity: (Va,y,z € [0,1))(T(z,T(y,2)) = T(T(x,y), z)), and
(T4): Monotonicity: (Vz,y,z € [0,1))(y < z = T(z,y) < T(x, 2)).

Let T be a t-norm. Then the following properties hold (see [2]).

(Va,y € [0,1]))(T(x,y) < zandT(z,y) < y),
(Vz € [0,1])(T(,0) = 0),

(Va,b,z,y € [0,1])(z < a,y < b= T(z,y) < T(a,d)), and
(Va,b,z,y € [0,1])(z < a,y < a=T(z,y) <a).

2.1)
(2.2)
(2.3)
2.4)

In what follows, let X denote a UP-algebra (X, -,0) and T a t-norm unless otherwise

specified.
Definition 2.3. [2] A fuzzy set A in X is called

(1) aT-fuzzy UP-subalgebra of X if (Vz,y € X)(aa(z-y) > T(aa(z), aa(y))).

(2) aT-fuzzy near UP-filter of X if

(i) (Vz € X)(aa(0) > au(x)), and

(i) (Va,y € X)(aa(z-y) = T(aa(y), aa(y)))
(3) aT-fuzzy UP-filter of X if

() (Vz € X)(@a(0) > aa(x)), and
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(i) (Vz,y € X)(aa(y) = T(aa(z - y), aa(@))).
(4) aT-fuzzy UP-ideal of X if
(i) (Vz € X)(@a(0) > aa(x)), and
(i) (Va,y,2 € X)(aa(z-2) 2 T(alz - (y-2)),aa(y))).
(5) aT-fuzzy strongly UP-ideal of X if
1) (Vx € X)(aa(0) > aa(x)), and
(i) (V,y,2 € X)(aa(@) > T(aa((z-y) - (= ), aa(y)))-
Burandate et al. [2] proved the generalization that the notion of T-fuzzy UP-ideals is
a generalization of T-fuzzy strongly UP-ideals, the notion of T-fuzzy UP-filters is a gen-
eralization of T-fuzzy UP-ideals, the notion of T-fuzzy near UP-filters is a generalization
of T'-fuzzy UP-filters, and the notion of T-fuzzy UP-subalgebras is a generalization of T-
fuzzy UP-filters. Moreover, the notion of T-fuzzy near UP-filters does not coincide with
the notion of T-fuzzy UP-subalgebras.

Example 2.4. [2] Let X = {0,1,2,3,4} be a UP-algebra with a fixed element 0 and a
binary operation - defined by the following Cayley table:

-0 1 2 3 4
0|0 1 2 3 4
110 0 2 3 2
2/0 1 0 3 1
3|0 1 2 0 4
410 0 0 3 O
Let Tryk be the Lukasiewicz t-norm defined by
(Vz,y € [0,1])(Tuw (2, y) = max{z +y — 1,0}). (2.5)

Define a fuzzy set A in X by

/0 1 2 3 4
=107 04 02 05 03 )

Then A is a Ty -fuzzy UP-ideal of X. Since
a4(2) =0.2<04=TLx(aa((2:-0)-(2-2)),aa(0)),
we have A is not a Ty -fuzzy strongly UP-ideal of X.

Example 2.5. [2] Let X = {0,1,2,3,4} be a UP-algebra with a fixed element 0 and a
binary operation - defined by the following Cayley table:

01 2 3 4
00 1 2 3 4
110 0 0 0 O
210 2 0 0 O
310 2 2 0 0
410 2 2 4 0

Define a fuzzy set A in X by

/0 1 2 3 4
=108 07 09 09 09 )

Then A is a Ty y-fuzzy UP-subalgebra of X (see Tpy in Example @]) Since
aA(l) =0.7<08= TLuk(OéA(4 . 1), aA(4)),

we have A is not a T y-fuzzy UP-filter of X. Since a4 (0) < c4(2), we have A does not
satisfy the condition: (Vz € X)(a4(0) > aa(x)).



SOME OPERATIONS OF FUZZY SETS IN UP-ALGEBRAS WITH RESPECT TO A TRIANGULAR NORM 5

Example 2.6. [2] Let X = {0,1,2,3,4} be a UP-algebra with a fixed element 0 and a
binary operation - defined by the following Cayley table:

-0 1 2 3 4
0/0 1 2 3 4
110 0 0 0 O
210 2 0 0 O
3|0 2 2 0 0
410 2 2 4 0
Let Ty, be the Godel t-norm defined by
(Vz,y € [0,1])(Tmin(z, y) = min{z, y}). (2.6)

Define a fuzzy set A in X by

/0 1 2 3 4
=109 01 03 02 0 /)"

Then A is a Trin-fuzzy UP-subalgebra of X (see Trin in Example[2.5)). Since
a4(4-3)=0<0.2=Tnn(a(3),aa(3)),
we have A is not a Tpy,-fuzzy near UP-filter of X.

Definition 2.7. [2] A fuzzy set A in X is called
(1) ananti-T-fuzzy UP-subalgebra of X if (Vz,y € X)(aa(zy) < T(aa(z),xa(y))).
(2) an anti-T-fuzzy near UP-filter of X if
(i) (Vz € X)(@a(0) < aa(x)), and
(i) (Va,y € X)(aa(z-y) < T(aa(y), cay))).
(3) an anti-T-fuzzy UP-filter of X if
(1) (Vx € X)(@a(0) < @a(x)), and
(i) (Va,y € X)(aa(y) < T(aa(z-y), aa(z))).
(4) an anti-T-fuzzy UP-ideal of X if
i) (Vz € X)(a(0) < aa(z)), and
(i) (Vz,y,2 € X)(aa(z - 2) <T(aa(z - (y-2)),@a(y))).
(5) an anti-T-fuzzy strongly UP-ideal of X if
(i) (Vz € X)(@a(0) < aa(x)), and
(i) (Va,y,z € X)(aa(e) < T(aa((z-y) - (=~ 2)), aa(y))-

Burandate et al. [2]] proved the generalization that the notion of anti-7T-fuzzy near UP-
filters is a generalization of anti-T-fuzzy UP-subalgebras. Moreover, the notions of anti-
T-fuzzy strongly UP-ideals, anti-T'-fuzzy UP-ideals, anti-T'-fuzzy UP-filters, and anti-T-
fuzzy UP-subalgebras coincide.

Theorem 2.1. [2]] If A is an anti-T-fuzzy UP-subalgebra of X, then A is constant.

3. MAIN RESULTS

In this section, we investigate properties of the intersection and the union of T-fuzzy
UP-subalgebras, T'-fuzzy near UP-filters, T-fuzzy UP-filters, T-fuzzy UP-ideals, T-fuzzy
strongly UP-ideals, anti-T'-fuzzy UP-subalgebras, and anti-7-fuzzy near UP-filters of UP-
algebras.

Definition 3.1. [9] Let &/ be a nonempty family of fuzzy sets in a nonempty set X . Define
the intersection N/ in X by its membership function an o, which defined as follows:

(Vz € X)(anw (z) = inf{aa(z)}acw)- 3.1
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Define the union Ug? in X by its membership function oo, which defined as follows:
(Ve € X)(auw(z) = sup{aa(z)}acw). (3.2)

Theorem 3.1. Let o7 be a nonempty family of T-fuzzy UP-subalgebras of X. Then N.ef is
also a T-fuzzy UP-subalgebra of X.

Proof. Let x,y € X. Then as(z -y) > T(awa(x),aa(y)) for all A € /. Since
inf{oa(®)}acw < aa(z) and inf{aas(y)}aco < aa(y) for all A € o, it follows

from (2.3) that
(VA € &)(T(inf{aa(z)} scer, inf{aa(y) }aewr) < T(a(@), @ay)) < aalz-y)).
Thus
T(one (z), ona (y)) = T(inf{aa(r)}ace, inf{aa(y)taca)
< inffaa(z-y)taca
= Olﬁszf(x : y)-
Hence, N.e/ is a T-fuzzy UP-subalgebra of X. (]

The following example show that the union of T-fuzzy UP-subalgebras of X is not a
T-fuzzy UP-subalgebra of X.

Example 3.2. Let X = {0, 1,2, 3} be a UP-algebra with a fixed element 0 and a binary
operation - defined by the following Cayley table:

~]0 1 2 3
0[0 1 2 3
10 0 2 2
2/0 1 0 2
3]0 1.0 0

Define two fuzzy sets A; and As in X as follows:

/0 1 2 3
=\ 09 07 01 01 )"

/0 1 2 3
@2 =\ 08 04 05 06 )°

Then A; and A, are Ty,-fuzzy UP-subalgebras of X (see Ty, in Example[2.6). We thus
obtain the union of A; and A, as follows:

/(0 1 2 3
A4 =\ 99 07 05 06 )°

and

Since
aAluA2(1 : 3) =05<06= Tmin(aAlqu(l)u QA UAS (3))
Therefore, a 4,04, () is not a Tyyiy-fuzzy UP-subalgebra of X.

Theorem 3.2. Let o/ be a nonempty family of T-fuzzy near UP-filters of X. Then N/ is
also a T-fuzzy near UP-filter of X.

Proof. Letx € X. Since a4(0) > a4(x) forall A € o7, we have

anez(0) = inf{aa(0)}acw > inf{aa (@)} acw = anw ().
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Letz,y € X. Thenaa(z-y) > T(aa(y), aa(y)) forall A € . Since inf{as(y)} acer <
aa(y) forall A € o, it follows from (2.3)) that

(VA € &) (T(inf{aa(y)}ace, inf{aa(y)aca) < T(aaly), aa(y)) < aalz-y)).
Thus
T(ana (y), ane (y) = T(inf{aa(y)}acw, inf{aa(y)} ace)
< infl{aa(z-y)}taers
= anus (e ).
Hence, N/ is a T-fuzzy near UP-filter of X. O

Theorem 3.3. Let <7 be a nonempty family of T-fuzzy UP-filters of X. Then N is also
a T'-fuzzy UP-filter of X.

Proof. The proof of the first statement is similar to the proof of Theorem[3.2] Letz,y € X.
Then as(y) > T(aa(z-y),aa(z)) forall A € o. Since inf{as(z-y)}acew < an(z-y)
and inf{a4(2)}acwr < aa(z) forall A € 7, it follows from (2.3) that

(VA € &)(T(inf{oa(z - y)}acw,inf{aa(®)}sexr) < T(aa(z - y),0a(x)) < aaly)).
Thus
T(ang (- y), ong (x) = T(inf{oa(z - y)}aca, inf{oa(®)}acr)
< inf{aa(y)}ac
= an(Y)-
Hence, Ng/ is a T-fuzzy UP-filter of X. O

The following example show that the union of T-fuzzy UP-filters of X is not a T-fuzzy
UP-filter.

Example 3.3. Let X = {0,1,2,3} be a UP-algebra with a fixed element 0 and a binary
operation - defined by the following Cayley table:

|0 1 2 3
0[0 1 2 3
1[0 0 2 2
2/0 1 0 1
310 000

Define two fuzzy sets A; and As in X as follows:

/0 1 2 3
Y=\ 07 03 04 03 )"

/0 1 2 3
2=\ 08 05 02 02 )

Then Ay and Ay are Tpin-fuzzy UP-filter of X (see Tpin in Example[2.6). We thus obtain
the union of A; and A, as follows:

/(0 1 2 3
@aud =\ 08 05 04 03 )°

and

Since
QA UAS (3) =03<04= Tmin(aAlqu(l . 3), 04A1UA2(1))~
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Therefore, a4, 4, () is not a Tin-fuzzy UP-filter of X.

Theorem 3.4. Let o/ be a nonempty family of T-fuzzy UP-ideals of X. Then N is also
a T-fuzzy UP-ideal of X.

Proof. The proof of the first statement is similar to the proof of Theorem[3.2] Let z,y, z €
X. Then as(z - z) > T(aa(x - (y- 2)),aa(y)) forall A € of. Since inf{aa(z - (y -
2N taco < aa(z-(y-z))and inf{aas(y)}aco < aa(y) forall A € o, it follows from

(2:3) that
(VA € &) (T(inf{aa(z - (y - 2)}acw, nf{aa(y)tacr) < T(aalz - (y-2)), aa(y))
< aalx-2)).
Thus
T(ang(z- (Y- 2)), ana(y)) = T(inf{aa(z - (y- 2))}aew inf{aa(y)taex)

< inf{aA(x . Z)}Aed
= ang(x - 2).

Hence, N.e/ is a T-fuzzy UP-ideal of X. O

The following example show that the union of 7T'-fuzzy UP-ideals of X is not a T-fuzzy
UP-ideal.

Example 3.4. Let X = {0,1,2,3} be a UP-algebra with a fixed element 0 and a binary
operation - defined by the following Cayley table:

-0 1 2 3
00 1 2 3
10 0 2 2
200 1 0 1
3 00

0 0

Define two fuzzy sets A; and As in X as follows:

oo (0 1 2 3
A=\ 07 03 04 03 )°

/(0 1 2 3
@2 =\ 08 05 02 02 )

Then A; and A, are Tpyip-fuzzy UP-ideal of X (see Ty, in Example [2.6). We thus obtain
the union of A; and A, as follows:

/(0 1 2 3
@44 =\ 08 05 04 03 )°

Therefore, a4, 4, () is not a Typ-fuzzy UP-ideal of X because

aA,04,(0-3) =0.3 < 0.4 =Tmin(@a,04,(0-(2-3)), xa,04,(2)).

Theorem 3.5. Let o be a nonempty family of T-fuzzy strongly UP-ideals of X. Then N</
is also a T-fuzzy strongly UP-ideal of X.

and

Proof. The proof of the first statement is similar to the proof of Theorem[3.2] Let ,y, z €
X. Then as(z) > T(aa((z-y) - (z-x)),aa(y)) forall A € o. Since inf{as((z-y) -
(z-2)}acw < aa((z-y) - (z-x)) and inf{aa(y)}aco < aa(y) forall A € o | it
follows from (2.3) that

(VA € &)(T(inf{aa((z-y) - (2 2))}acw, nf{aa(y)taca) < T(ea((z-y) - (z- 7)), @a(y)) < aalz)).
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Thus

T(ona((z-y) - (2 @), 0ne (y)) = T(inf{aa((z - y) - (2 7)) aca, inf{aa(y)}aca)
< inf{OéA(.’E)}AeQ{
= ang ().

Hence, N.o/ is a T-fuzzy strongly UP-ideal of X. (]

Theorem 3.6. Let of be a nonempty family of anti-T-fuzzy UP-subalgebras (is also anti-
T-fuzzy near UP-filters) of X. Then U< is also an anti-T-fuzzy UP-subalgebra of X.

Proof. By Theorem [2.1] we have aa(x) = a4(0) for all x € X. Then oy (x) =
sup{aa(x)}acw = @a(0). Letz,y € X. Then

auer(z-y) = aa(0)

= aa(0-0) ((UP-2))
< T(as(0),xs(0)) (Definition
=T (oww (x), aua (y))-

Hence, U.¢/ is an anti-T-fuzzy UP-subalgebra of X. (]

Theorem 3.7. Let o/ be a nonempty family of anti-T-fuzzy UP-subalgebras (is also anti-
T-fuzzy near UP-filters) of X. Then N/ is also an anti-T-fuzzy UP-subalgebra of X.

Proof. By Theorem [2.1] we have as(x) = a4(0) for all x € X. Then any(x) =
inf{oa(z)}acw = @a(0). Letz,y € X. Then

ane(z-y) = aa(0)

=ax(0-0) ((UP-2))
< T(aa(0),xa(0)) (Definition 2Z.7[2)][GD)
= T(anw(2), anw (y)).

Hence, N/ is an anti-T-fuzzy UP-subalgebra of X. O

Theorem 3.8. Let o7 be a nonempty family of anti-T-fuzzy near UP-filters of X. Then
U is also an anti-T-fuzzy near UP-filter of X.

Proof. Letx € X. Since a4(0) < aa(z) forall A € o, we have
aug (0) = sup{aa(0)} acw < sup{aa(z)}acy = auw ().

Letz,y € X. Thenaa(zy) < T(aa(y),aa(y)) forall A € o7. Since sup{aa(y)tacw >
a4(y) forall A € o, it follows from (2.3)) that

(VA € &) (T(sup{caa(y)}acer,sup{aa(y)taca) = T(aa(y), aa(y)) = aalz - y)).
Thus
T(avw (y), e (y) = T(sup{aa(y)} aca, sup{aa(y)}acw)
> sup{aa(z - y)tacw
= ayy(x-y).
Hence, U/ is an anti-T'-fuzzy near UP-filter of X. O
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